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PREF ACE 


The present collection of articles is the result of many years 
of research conducted by our team into various aspects of designing 
and building the component base of promising high-speed comput- 
ational systems. The articles deal with the following topics: 

(a) the optimal design and functioning of parallel computational 
systems, (b) the optimal recognition of optical and acoustic fields 
in synthesizing an optimal dynamic analyzer, and (c) the modeling 
of nonlinear transfer processes in the component base of a computer. 

We discuss new mathematical methods that can be applied in 
solving specific problems arising in the construction of mathematical 
models for handling the above-mentioned three topics. Although 
various countries have developed devices and technological processes 
for creating new generations of computers, there is still no general 
theoretical approach. In this respect the present collection fills an 
important gap in the literature on the subject. 

All results set forth in this collection are new and obtained only 
recently. Here we give a brief survey. 

The article written by S. M. Avdoshin, V. V. Belov, V. P. Maslov, 
and A.M. Chebotarev is devoted to constructing a theory of the 
optimization problems that emerge in the development of the archi- 
tecture, the organization of parallel computations, and the design 
of flexible manufacturing systems for homogeneous multiprocessor 
computational systems. The following concept lies at the base of the 
suggested approach: all the optimization problems considered here 
are linear in a space of functions with values in semirings. Depending 
on the choice of the semimodule, for instance, the Hamilton-Jacobi 
equation and the Bellman equation prove to be linear in the new 
sense. For these equations analogs of the Duhamel principle and 
the Fredholm alternatives prove valid. This concept leads to a new 
definition of an integral corresponding to the semigroup operation 
of the “sum” type, the concept of a measure additive in this new 
sense, and an analog of the scalar product (Say, (Q;, @.) = 


min [@, (z) + @ (z)] or (1, G2) = max [min g (z), 2 (z)]), which 


x x 
makes it possible to go over to adjoint operators and define functions 
“generalized” in the new sense. On the basis of the “linearity” concept 
and the notion of generalized convergence in optimization problems 
dealing with homogeneous computational systems, we consider the 
passage to the limit in a natural large parameter proportional to the 
number of elementary processors in the computational system. For 
a broad class of problems the solutions to the limiting equations can 
he set up on the basis of Pontryagin’s maximum principle. 

The article by V. P. Belavkin and V. P. Maslov has a direct 
bearing on the problem of mathematical synthesis of an optimal 
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dynamic analyzer, a device intended for automatic sound recognition. 
As is known, establishing a verbal link between man and computer 
is one of the key problems in the design of fiith-generation com- 
putational systems. The article provides a systematic exposition 
of the wave theory of representations and measurements, the theory 
that is based on similarities with quantum mechanics and used to 
solve problems of detection, separation, identification, and estima- 
tion of the parameters of acoustic and visual images within the frame- 
work of the noncommutative theory of wave hypothesis testing. The 
idea of applying quantum mechanics to the problem of recognizing 
wave images emerged at the beginning of the 1970s, when a seminar 
devoted to quantum mechanics and image recognition was opened 
in the Physics Department of Moscow State University under the 
direction of Yu. P. Pyt’ev and this author. 

The article by V. G. Danilov, V. P. Maslov, and K. A. Volosov 
is directly related to the key issue of creating the component base 
of computers, namely, the calculation and design of new technological 
methods for the various stages of designing integrated circuits and 
other computer elements. Mathematical modeling in this case is 
a preliminary stage. Most of the modeling problems can be reduced 
to a quasilinear parabolic equation or a system of such equations. 

The article suggests new methods for building asymptotic equa- 
tions to quasilinear parabolic equations. From the mathematical 
view the class of problems considered is characterized by two effects: 
localization of a perturbation and the finiteness of the speed with 
which the perturbation travels. In other words, the support of the 
solution is a compact set or a semibounded set, and the boundary 
of the support propagates with a certain speed. At the support 
boundary the solution undergoes a weak discontinuity; hence, along 
with the problem of constructing the asymptotics in a small param- 
eter there emerges the problem of the propagation of the singularity 
(the weak discontinuity). The theory developed in the article is 
applied to calculating such processes as diffusion, heat conduction, 
turbulent filtration, adsorption (desorption), epitaxy, and film flow. 
Application of the findings to the various stages of the technological 
processes reduces designing time and production costs. 

The abundance of basically new material, that is, new methods, 
notions, definitions, etc., must have posed certain difficulties in 
preparing the manuscript for print. For this reason I would like to 
express my sincere gratitude to Mir Publishers for undertaking to 
introduce the foreign reader to the achievements in this field of 
knowledge. In particular, I would like to thank the staff of the 
mathematics editorial office for preparing the Russian version of the 
manuscript for translation and the English physics and mathematics 
editorial office for the expert translation. 


January 1988 Academician V. P. Maslov 


1 Design of Computational Media: 
Mathematical Aspects 


S.M. Avdoshin, V.V. Belov, V. P. Maslov, 
and A.M. Chebotarev 


1.0 A Brief Survey 


In the present article we aim at a solution of certain 
problems associated with the architecture and analysis of parallel 
programs and flexible manufacturing systems (FMS) for homogeneous 
multiprocessor computational systems (CS), which are characteristic 
of fifth-generation computers. 

These problems constitute examples of optimization problems 
containing a natural large parameter proportional to V, the number 
of elementary processors in the CS. As a rule, the complexity of the 
solution algorithms for these problems increases rapidly with NV 
(at least like N?). This brings us to the problem of the limiting tran- 
sition as VN — oo, that is, a limit problem whose solution does not 
depend on N and approximates the solution of the initial problem 
all the better as NV increases. In some important specific cases this 
limit problem can be associated with the Bellman equation [1.1]. 
Asa rule, however, even for smooth initial data the limit equation 
has no differentiable solutions (except for a small number of extremely 
special problems). Hence, the classical statement of the Cauchy 
problem for this equation usually has no meaning. More than that, 
the Bellman equation does not even have generalized solutions in the 
usual sense. Hence only Pontryagin’s maximum principle applied 
to such cases has a clearly defined mathematical meaning. This 
principle has been used in solving the corresponding optimization 
problems [1.2]. 

The general approach suggested in this paper to solving optimiza- 
tion problems related to multiprocessor computers can also be applied 
to optimization problems of an entirely different nature. This ap- 
proach is based on the fact that all optimization problems considered 
here are “linear” in function spaces whose elements have values in 
certain semi-rings. Here is what this means. Let us consider a func- 
tion space in which the common operations of addition and multi- 
plication by numbers are replaced with other semi-group operations, 
® and ©, related through the distributivity law. For instance, 
instead of the sum of two functions we take their supremum, and 
instead of the product of a function by a number we take the infimum. 
The linearity of equations in such spaces means that, if y, (z) and 
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yo (x), x € X, are solutions, then sup (Y; (%), Ye (z)) and es (Ya (x), W) 
xe X 
or aes (y» (x), 4), 4 = const, are also solutions. Next i  huien 


the ae of an “integral” corresponding to a semi-group operation 
of the “sum” type, the concept of measure that is additive in this 
new sense, and an analog of the scalar product, which makes it 
possible to introduce conjugate operators and define functions that 
are “generalized” in the new sense. For example, the scalar product 
in a space of functions with values in a semi-ring A where the sum 
is replaced with min and the product with the common sum, +, 


has the form 
def 


(Pir 2) = min (p; (2) +92 (2)) = } o1(2)Ooa(e) de 
£ 
In this space, for the Hamilton-Jacobi equation 
Ou Ou 


we have the superposition principle for solutions, that is, if y, and 
Y, are solutions, then A, © y, © Ag © Yo, with A; = const (i = 1, 2), 
are also solutions. This leads to a formula that represents a_ solution 
of the equation in terms of a source, or 


u(x, t) == \ i (x, C, t)©u,(S) dt 
PP 
=min(k(z, ¢, t)-+u,(6)), (1.0.1) 
CEX 


where # (z, 6, 0) = 6 («7 — 6), and 6 (x — ©) is understood to be 
the functional — (6 (cx — ¢) + @(C)) = @ (a), say, 6 (a — 4) = 
EX 


= [(c — C)?/e]. It is easy to see that k (x, C, t) = min \Z dt, 


ao & is the Lagrangian, and formula (1.0.1) proves to be the well- 
known representation of a solution to the Hamilton-Jacobi equation 
(*) in the small in terms of a generating function. 

The “Fourier transform” in a space of functions with the values 
in a semi-ring A is the eigenfunction expansion of the translation (or 
shift) operator 7,, that is, Tag (x) = g (x + A); the SISarUneHONS 
, (x) of Ty, have the form ux: Taye = pw (x + Az) == pA + ur = 
uA © pz, and the corresponding eigenvalues are uA. The “Fourier 


transform” of a function @ (x) has the form }¥ (x) © @ (x) dx = 


a (ux -+ @ (x)) and in the case at hand coincides with the Legendre 
x € 3 


he which is “linear” in this space. It has been established 
that if H (p, x, t) is a function homogeneous of degree one in p, 


4. Design of Computational Media 11 


then the Cauchy problem for equation (*) is also “linear” in the 
space of functions with the values in the semi-ring A: © = min, 
() == max. The Cauchy problem for the Bellman equation also proves 
to be “linear” in appropriate function spaces of functions with values 
in a semi-ring A. 

The general differential equation in spaces of functions of a con- 
tinuous argument that generalizes both the Bellman equation and 
the Hamilton-Jacobi equation is an equation for which the resolving 
operator is linear in function spaces with values in the appropriate 
semi-rings and whose solution is generalized in the above-mentioned 
new sense (that is, is a “linear” continuous functional with respect 
to the new “scalar product”). We will call this equation the gener- 
alized Hamilton-Jacobi equation and in the discrete case the gener- 
alized Bellman equation. For such equations there exists an analog 
of Fredholm alternative theorems. For a broad class of problems the 
solutions of these equations can be constructed using Pontryagin’s 
maximum principle as a basis. 

The concept described above makes it possible to determine the 
limiting values when NV — oo and overcome the difficulty that arises 
from the fact that usually the solutions of such problems assume only 
two values, 0 and 1. For the sake of comparison we first turn to the 
linear case, where the discrete problem converges to a continuous 
one. . 

Example 1. Suppose a discrete problem is described by the differ- 
ence scheme 


att! — Lay, n€Z, k€Z4, (1.0.2) 


where LZ is a linear difference operator with constant coefficients on 
an integer lattice, with the initial value a, a nonzero constant (say, c) 
for n > 0 and zero for n < 0. This problem has no limit in the ordin- 
ary sense of the word as k —» oo. Nevertheless, the concept of a gen- 
eralized solution introduced by S. L. Sobolev makes it possible to 
find the weak limit of the solution to this problem. To this end we 
take a family of functions of continuous independent variables, 
v, (t, x), €€ 10, Tl], T = const, x € R', that depends on parameter 
h€(0, 1] and is such that 


Up, (kh, nh) = ar, 


With the initial problem (1.0.2) we associate the problem for 
Up, (, x): 


v» (t +h, 2) = Lavy (t, 2) Vapico = v(x), t = kh. (1.0.2’) 


Here L, is the natural continuation of Z on functions of a continuous 

. h 

independent variable. For example, if Lak = > C;Q,+;, then 
2 
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Lyvp (t, z) = >» c;Vp (t, x + ih). The condition k — oo is equivalent 
i 
to h 0, since kh < T. Let us assume that on smooth functions 


the operator (L,)'’ converges to the operator e’40 as 1 oo, lh 1, 
where L, is a linear differential operator that, ash +O, is approxi- 
mate on smooth functions by the operator [L, — 1]/h. Then, if the 
initial value v® (x) is a smooth function, the family of functions 
v; (lh, x) converges (in C (R,)) to the solution v (¢, x) of the differen- 
tial equation 


Ov 

Ot 
If vO (x) is a discontinuous function, the solution to the difference 
problem converges to a solution of the differential equation in the 
sense of generalized functions. Indeed, for any smooth finite function 
~ we have 


(v, (1h, x), )=((L,)'v, @) =(v®, (Lt) @) 


= 10, Vie ¢=U" OO). (1.0.3) 


def 
—> (Vo, eho p) = (ev, @) = (U(t, £), ©) 
def ¢ 


_= | p(x)u(t, x) dz, 


where v (¢, x) is a generalized solution to problem (1.0.3). 

We have therefore found that the weak limit of the solution to 
a difference problem is a generalized solution to the respective limit- 
ing equation, to which the initial difference equation converges only 
on smooth functions. 

Let us now study the analogy between the example just considered 
and the solution to the respective discrete optimization problem. 

Example 2. Consider the process {a*, k = 0,1, ...} with a 
discrete space of states Z x Z, a®: Z x Z +R', and satisfying 
the Bellman equation 


qt +1 (m, n) —= min fa" (m — 1, n), a" (™, Wye 1) 5, 


n,m€Z, k=0,1,..., (1.0.4) 


and the initial data of the form 


QO ifn=O0,m >Oorm=-0, n ; 
a(m, n)= < aie (1.0.5) 
+ co otherwise. 
Note that this equation is linear in the space of functions with dis- 
crete arguments with values in the semi-ring A = (R' JU {+0}, 
® = min, © = +), where | =O and O = +co. We may re- 
write it in a form quite similar to the one discussed in Example 1: 


ak*! (m, n) = Lya" (m, n), (1.0.6) 
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where the “linear” operator Ly is given by the formula 
Lya"(m, n)= @® ¢j;@a"*(m—i, n—}j), 
(4,3) EV 
cyg= i =0, V={(0, +1), (+1, 9)}, 


and the initial value is 


1 ifn=0, m>Oorm=0,n QO, 
a®(m, n) = — - (1.0.7) 
Just as in the linear case, this problem has no limit if we send & 
to oo. Nevertheless, the concept of “generalized” solutions makes 
it possible, as in the linear case, to obtain the weak limit of problem 
(1.0.6), (1.0.7). With problem (1.0.6), (1.0.7) we associate the follow- 
ing problem for functions of continuous arguments (z, y) € R* U 
f+oo}, t€[0, T], T = const > 0: 


up, (t+h, t, y)=Lpy yup (t, 2, y), t=kh, kEZ, (4.0.6) 
lifx=—0,y>O0ory=0, x«>0, 
u, (O, XL, y) =u (2, N=, if r0 or y 40 


QO otherwise. 


(1.0.7°) 
in such a manner that u, (kh, mh, nh) = a* (m, n). 
The operator LZ; y in the given case acts according to the formula 


Ly yl (ty 2, y)= min (uy, (t, z—h, y), un (t, z, y—h)). 
(1.0.8) 


At t = kh the solution to problem (1.0.6’), (1.0.7') assumes the form 


Un(t, , y)=(Ln,v)"U (x, y). 
Allowing for (1.0.3), we can calculate the right-hand side of this 
equation explicitly: 

Up (t, Ly y) = a y—h&,)}. 


2 
oy, 
Ys 
sR 


i 
/ — 


Let us introduce the “scalar product” for A-valued functions assuming 
that 


(P Pa= | ole, WOV(e, y)dedy 
D 
de 


f 
= vee y) + p(x, y). (1.0.9) 


Now we wish to calculate the weak limit, as h ~0, of the solution 
to problem (1.0.6’), (1.0.7) on smooth functions with respect to the 
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“scalar product” introduced above (this, as noted earlier, is equiv- 
alent to finding the limit as & tends to ~). Suppose k > 00, kh —~ 1%), 
t, €[0, T]. Then for every smooth function @ (zx, y) we have 


(Up, (tos Ly, y), p(x, y)e@ = (Ln, y)*u (x, y), Dp (2, y)a 
= (w(x, y), (Live (2, y)e, 


where operator bee is the conjugate of a with; respect to the 
scalar product ( , )g introduced above. 
It can easily be verified that 


(Li v)* o(z, y)= amin {9 (2+ hk, y+ hbe)}. 


2— 


an 
Hence 
(Un (to, 2, y), P(L, Y)@ 
= (uo (xz, y), i {Pp (2+ hey; Y= ho.) Pe 
"CiCL 


We denote by wy (t), x, y) the weak limit of the solution to problem 
(1.0.6°), (1.0.7'): wp (fo, x, y) = s — lim uy» (ty, x, y), where s is 
h>0 


a fixed vector function whose meaning will be defined later on 
Sending h to 0 and kh to ft, in the last equation, we get 


(Ug (to; Ly, y)s Pp (x, ye 
= Lim (up, (to, 2, y), P(Z, Y)e@: 


= (u° (x, y), min {@ (%-+- N49 y+ N2)}). (1.0.10) 


i +Ne=lo 

nN; l 
We will call the generalized function wy (ty), x, y) defined by (1.0.10) 
a generalized solution to the limiting generalized Hamilton-Jacobi 
equation to which Eq. (1.0.6’) converges on smooth functions. This 
limiting equation has the form 


ou a { Ou Ou | 
a Ox’ Oy e 


The solution to this equation can be obtained by employing Pontrya- 
gin’s maximum principle [1.2, 1.3]. 

In contrast to the linear case, the statement of smooth initial 
data for discrete optimization problems has no meaning, as arule. 
For this reason a study of the limiting equation of an optimization 
problem is justified only in constructing generalized solutions to this 
equation in the above sense. 
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The example of the discrete optimization problem (1.0.4), (1.0.5) 
is closely related to an analysis of the activity of homogeneous 
multiprocessor computational systems (see Sec. 1.2). When the 
number of processors, V, in such a system grows, that is, N + oo 
(h ~ 1/N -+0), the support of the generalized solution (1.0.10) 
to the limiting Hamilton-Jacobi equation determines, at each 
moment t > 0, the set of processors carrying out calculations at 
time f. 

The suggested approach enables considering generalized solutions 
for general optimization problems, too. But here we will give a brief 
description of the properties of discrete optimization problems that 
arise when the operation of homogeneous computational systems is 
analyzed. 

It appears that all such problems can be studied using solutions 
(generalized solutions in the limiting case of N —> oo) to the gener- 
alized Hamilton-Jacobi equation in the space of functions with 
values in semi-rings. It has also been found that in problems related 
to the architecture of multiprocessor homogeneous CS, the range of 
the sought functions has the structure of a crystal lattice with certain 
symmetry properties. For instance, in the simplest case of a matrix 
processor, a draft of which was proposed in 1982 by a group of US 
scientists [1.4-1.7], the common Bravais lattice [1.8] serves as such 
a range. 

For optimization problems connected with the estimation of the 
effectiveness of parallel programs, a discrete lattice with nontrivial 
symmetry groups (a nonempty set of nonelementary translations) 
serves as a natural range of independent variables of the functions 
involved in the problems. The symmetry of such lattices is uniquely 
determined by the text of the program, while the execution time of 
the program operators is determined by the values of the coefficients 
of the appropriate system of generalized Hamilton-Jacobi equations 
(systems of discrete generalized Bellman equations). 

In optimization problems related to the operation of CS, these 
equations are usually nonhomogeneous steady-state equations (the 
right-hand side of the equations describes the interaction of the set 
of processors in a CS with the external memory of the system). The 
solution to these equations is found as the limit, as V > wo, of the 
solutions of appropriate evolutionary nonhomogeneous equations. 
Solving the latter can be reduced to solving homogeneous equations, 
using an analog of Duhamel’s principle. 

The difference between this case and the common linear case lies 
in the following: although for a steady-state problem there is no 
limiting generalized Hamilton-Jacobi equation, in the limit the 
corresponding nonstationary problem can be reduced to the evolu- 
tionary generalized Hamilton-Jacobi equation. This makes it pos- 
sible, by means of Duhamel’s principle, to write the limiting problem 
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in terms of generalized solutions of a certain Cauchy problem for the 
generalized Hamilton-Jacobi equation. We call such a problem a 
stabilization one. Thus, a generalized solution of a stabilization 
Cauchy problem is the limit (in the new sense of the word), as f + o0, 
of the solution to the Cauchy problem for the generalized Hamilton- 
Jacobi equation. 
Let us illustrate the aforesaid with two examples. In the first 
example we will consider a nonhomogeneous steady-state scalar 
equation on a simple one-dimensional lattice, so as to demonstrate 
how Duhamel’s principle can be employed. In the second example 
we will study an optimization problem on a two-dimensional discrete 
lattice with a nontrivial symmetry group. 
Example 3. Let us consider the simplest one-dimensional “tracing” 
problem, the problem of finding the shortest route [1.9-1.11] on a 
discrete lattice Q, = {g = x, = ne,n =O, +1, ...} with spacing 
€, where € is a positive parameter. The following relation exists for 
the length s, (nm) of the shortest route at point n: 
S, (n) = min {s, (n — 1) + ec, s, (n + 2) 
TCs: ae ge) ty We, (1.0.11) 
where c, and c, are constants, and ¥, (n) = g (ne), with g (z), 
x € Rt, a continuous function bounded below. 
Problem (1.0.11) is a steady-state problem with a right-hand side 
equal to ¥ , (nm) and is linear in the space of functions with values 
in the semi-ring 
A={RU {+o}, @=-min, O= +}, 

where OQ = +00, and 1 =O. We rewrite it in the form 
Se (wm) = Les, (n) @ F ¢ (n) 

where operator L, acts according to the rule 


LS. (n) = @ cy (Vv) © Se (n — v), 


veV 
with V = {v, = 1, vg = —2}, c, (Y) = ec, and c, (V,) = &¢o. 
With this problem we associate the following problem for the 
family of functions of a continuous variable wu, (x), x € R1, © € (0, 11: 


u, (x) = Lette (x) ® g (a), (1.0.11’) 


where operator L, is defined as follows: 
LU, (x) = min {u, (x — &) + ec), Ue (a + Ze) + Ey}. 


Obviously, u, (ne) is the solution to the initial discrete problem 
(1.0.11). The solution to problem (1.0.11’) is the limit, as t > oo, 
of the solution to the evolutionary nonhomogeneous equation 


fe(t +e, x) =L,f (t, 2) @ g(x), t=ke, k=0,1,..., 
(1.0.12) 
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with the initial data 
fe (0, z) =O = +o. 

Just as in the linear case, by virtue of Duhamel’s principle (see 
Sec. 1.1), solution f, (t, z) is the integral (in the sense of ®) of 
solution W, (f, t, x) of the Cauchy problem 

We (¢ + &, T, x) aie LW (Z, T, x), i >t, 
W, (t, T, x) lt=t ee (x). 


In the case at hand, 


[0,2] 
te (Z, x) = \ W. (ZL, T, X) dt 
Dp 
def 
— min WwW. (t, T, x). (1.0.13) 
0<t<t 


Similar to the solution to problem (1.0.6’), (1.0.7') in Example 2, 
we can calculate 


Wl, 4 2) = sae! kecsby + ecbo + 8 (@— eb + 2e6s)}, 


(1.0.14) 
where t= ke and t= le, k Sl, k, LE€Z4. 
Hence, from (1.0.13) and (1.0.14) it follows that 


fe (t, 2) = Re(t) g(a) 
—= min min {ec,,+¢ec,0, + g (4x— eC, +228C.)} 


Ox<ea<i ef, +&0,=—ea 
jtoy 


(1.0.15) 


where we have introduced the notation k —l=a, a€Z.. If we 
now send ¢ to oo, we find the solution wu, (x) to Eq. (1.0.11’): 


U, (x) ss fe (t, x) sa {ec,C, + £056, 
eZ, 
+ § (x— €0,+ 2eCy)}. (1.0.16) 


We denote by wu (zx) the strong limit of the solution to problem 
(1.0.11°): 


u(r)=limu,(z), «rE R'. 
e—>0 


sending ¢ to 0 in this equation, we obviously arrive at 
u(r) = Red {Ci + CoN. + & (LX —N + 2N,)}. 


+ 
2—0105 
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Now suppose that g (x) in Eq. (1.0.11°) is a discontinuous function 
that assumes only two values, say 


| if z>0, 
g (x)= - if «<0. 


The concept of generalized solutions (in the new sense of the word) 
makes it possible to calculate in this case the weak limit of problem 
(1.0.11’) with respect to the “scalar product” for A-valued functions 
(for the meaning of the “scalar product” see Eq. (1.0.9)). This limit 
is the generalized solution of the stabilization Cauchy problem for 
the limiting generalized Hamilton-Jacobi equation, to which Eq. 
(1.0.12) is reduced on smooth functions. The stabilization Cauchy 
problem for the limiting equation has the following form: 


Ou Ou Ou 
“ae {1—3e> c+ 25%} ? (1.0.17) 
u|i—o = 2g (2), $—limu (Z, xr) =W (2). 


Let us find the generalized solution W (zx) to problem (1.0.17) 
using the explicit form of the resolving operator A, (t) of problem 
(1.0.12) defined in (1.0.15). As in Example 2, it is easy to verify that 
R% (t) is the conjugate of RA, (t) with respect to the scalar product 
(, )@ and operates according to the rule 


Re (t)p(z)= min {eceyO,+ Cobo + (e+ &,—2eC,)}. 
0<k-1<k 
sitSe=R-l 
i + 
Combining this with (1.0.15) and (1.0.16), we find that for every 
smooth finite function @ (2), 


def 


(W (2), (Zr))@= a (Ue (x), O(X))q= me ao (R(t) g(x), @(z))@ 


_ lim lim (g(x), Re (t) 9 (X))@ 
—limlim(g(x), min min {ece,0,+ece.6, + p (x +80, —2e6,)@ 


e~-0 t-0o O<ea<ct ef, +eC.=—ea 


=(g(z), = {C41 + CoM + O(L+ M— 22) Po. (1.0.18) 


The generalized function W (xz) defined by (1.0.13) is the weak 
limit of the initial optimization steady-state problem (1.0.11). 

Example 4. Let us now take a discrete optimization problem related 
to the choice (design) of the architecture of a homogeneous multi- 
processor CS optimal from the viewpoint of effectiveness of parallel 
programs in such CS (see Section 1.2.3). For instance, for a parallel 
program Pay, for multiplying two square matrices this problem 
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can be reduced to solving, on the discrete lattice 
Q=2, U2 = f=(p,9,p=m4 1/2, ¢ =n, + 1/2} 
U fr = (p, 9), P= m+ 1/3, gq =n, + 1/4}, CZ b= 4. 2 
the equation of the following form: 
u (ny + 1/2, ny + 1/2) = max {Fy (Mm, Ng), U (Mm + 1/2 — 1, 
no + 1/2) +t), u (ny + 1/3 — 1, ny + 1/4 — 1) + £5} (1.0.19) 
at a point r € Q,, and 

u (ny + 1/3, mg + 1/4) = max {Fe (mM, NM), 
u (ny + 1/2, nz + 1/2) +t), u(m + 1/38, nz, + 1/4 — 1) 4+ ty} 
at a point r € Q,. Here (n,, m,) are the coordinates of the elementary 
processors of which the CS consists, fj = const > 0 is the time of 
execution of interprocessor data exchange operations in the Pa, z 
program, and the given functions ¥, (n,, n.)>>0,i=1,2 are deter- 
mined by the “loading” times of local subprograms (see p. 92). The 
value of the function u(r), r€Q, is the completion time of exe- 
cution of the P,., program on the n = (n,, n,) processor. Note 
that this equation is linear in the space of functions of discrete argu- 
ments with values in the semi-ring A = (R* U {+00}, ® = max, 
© = +), where J = —oo and 1 = 0, while the range of definition 
for the sought functions is the lattice Q in R* with an additive group 


of elementary translations generated by the shifts T,, and T7,, 
by vectors a, = (1, 0) and a, = (0, 1) and with aset of nonelement- 


ary translations generated by shifts by the basis vectors B, = (1/2, 
1/2) and B, = (4/3, 1/4). 

Let us find the weak limit of Eq. (1.0.19). With Eq. (1.0.19) we 
associate an equation for the family of functions of continuous argu- 
ments, v; (x), x € R*, the family depending on parameter h € (0 1], or 

vp» (x) = Lp (2) vp (t) B Dy (2), (1.0.19’) 
in such a manner that v, (nh) = u (n), n = (ny, No), 
Dp (nh) =F ,(n) if n+B,EQ,, 
D, (nh) = 2 ves 
Oh (nh) = .%,(n) if n+ 8, €Q, 
where ; (x), i = 1, 2, are families of continuous functions, with 
@;, (x) > Do (x) as h->O, and fp, = (4/2, 1/2), B, = (41/8, 1/4). 


The linear operator b , (x) depends on the point x where the result 
of its action on function v, is calculated and is determined by the 


following formulas: 
(Ln (2) vp, (€) = max {Dp (x), vp (w+ hB,— hv.) + ht, 
v, (x + hB, —hv,) + ht,} 


D4 
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for x€Q,, and 
fee (x) v;,) (x) = max {Q, (x), vp, (x + hB,) +hty, 
v, (x +hp,— hv.) + ht} (1.0.20) 


for x € Q,, where v, = (1, 0), vs = (0, 1), and v, = (4, 1). 

Since the scalar operator L, (x) is not a regular function of z 
and h, even on smooth functions it possesses no limit as h —0, and, 
hence, the corresponding stabilization Cauchy problem has no limit 
either. A similar situation emerges in the linear case when we wish 
to study the vibrations of atoms in a crystal lattice with a nonempty 


set of nonelementary translations [1.12]. 

To overcome this difficulty, instead of the scalar equation (1.0.20) 
we consider an equivalent system of equations for afamily of A-val- 
ued vector functions s,: R* +A xk A. We assume that s, = 
(Sh, s,)", with Sh (x) ae (x ag hp), Sh (x) = Vh (x an hp), and 
the superscript T standing for “transposition”, and deline A-valued 
2-by-2 matrices thus: 


QO O 1 O OO OT 
a= |, “ar »=| 90] =| 61 | %=| 60): (1.0.21) 


The system of equations for the family s, corresponding to (1.0.20) 
assumes the form 


sp=Lpysn B®, DB, = (Oh, 3)", (1.0.22) 
where the matrix operator tas is defined thus: 
(Ly ySp) (2) = (hty) © ( @. O (Vv) s,(z—vh)). (1.0.23) 


Here V is the set of vectors {v, = (0, 0), vy, = (1, 0), v; = (0,1), 
d 


A ef 
v, = (1, 1)}, and o (v;) = o;, i = 1, 2, 3, 4. 
We will denote the “scalar product” for A-valued vector functions 
by (-, -)az, assuming all along that 
def 
(O Wo= | (@(), ¥@)aa de= 6 & g'(Z)O¥H (x) 
A j=1,2 


D 
~ max max {@ (x) + 1} (a)}. 


A 


We can easily see that Lj y, the conjugate of operator (1.0.23) with 
respect to the scalar product we have just introduced, is defined thus: 


(Lh, vp) (2) = (hte) O( @ 0 (v) p(e+0h)). 
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By virtue of Duhamel’s principle, the solution to system (1.0.22) 
is the limit, as t 00, of the integral (in the sense of ®) 
. [0,2] 
R,, (t) Bp (4) = | W(t, T, £) at 
® 
[0,1] 5 
= | (Lyv)-®, (2) dt= max W, (t,t, 2), 


ds 0<t<t 


where W,, (t, tT, x) is the solution to the Cauchy problem on the 
segment t€[0, t], t = lh, for the homogeneous equation 


W,(Et+h,T, x) =LyvWp (t, t, x), W, (ft, T, x)|;-1 =O, (x), 
(1.0.24) 


corresponding to (1.0.22). The function f, (t, xz) = R, (t) O, (x) 
satisfies the equation 


fr(t +h, xz) = a fr (t, x) ® O, (x), fx (O, x) = O. 
(1.0.25) 


Employing the obvious commutation relations for the A-valued 
O;-matrices, namely, 


A 
2 2 2 2 
0} =o, = O, O03; — 03, O, = 0g; 


o;o,= 0, (i, j) € {(, 3), (2, 1), (2, 3), (8, 2), (8, 4), (4, 2)}, 
0102 = 01, 0403 = O04, 0104 = 03, 0204 = Og, 0301 = 01, 0401 = Og, 
where O is the “null” matrix, 0 = [6;;], 6;; = 0, and the operator 
methods developed in [1.13] and, in particular, the formulas of 


[1.14] and [1.15], both (LZ, ,)@-* and R, (¢) can be calculated. The 
following equation holds true 


R,, (t) } (x) = htt, 


f max max {yf (x —h (C, + 1) v.—h£,v,), | 
caus a a 


i~“+ 


— VF (#— hu, — hh yv,—hhavs)} (1.0.26) 
O<l1<k max max {y! (x —hO,vz ~ hOevs), 
Ci tGe=k—-1-1 
, Y* (x— hOyv, —h (,+1) v,)} y 


where t= kh, k—1>0, k, LE Z4, and wp = (yp, pT. 
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We denote by S (x) the generalized solution to the stabilization 
Cauchy problem for the limiting generalized Hamilton-Jacobi equ- 
ation to which (1.0.25) converges on smooth functions: 


s (tr) = s—limu(z, Lo. We; Ce. UW) 
t—>0o 
here u (x, t) is the solution to the equation 
@ on 7 (me ft, —Ou!/dx, ty—Ou?/dx en) 


Oe NG 7 max {t,—u!, t,— du*/dy} 


with the initial data w (x, t) |¢29 = Dy (x) = (Df (x), ®D (z))?. 


As in Example 3, formula (1.0.25) combined with k + oo, kh +1, 
and t —-oco implies that for every smooth A-valued vector function 


p (2) = (P (2), G (2)) we have 
(S (2), @(#))q = lim lim (Ry, (t) n (2s 9 (2) do 


= lim lim (@, (2), RE (t) ¢ (2))=(@o (2), 80 (2)@, (4.0.27) 


h>0 too 
where 
(fy + bye (Ep (M.-F Nz) + max {Qt (T+ NV. + NyVs), | 
2 (4+ n,v.+ 1.03) 
ip (x) —_ 7 ( h re le 3)}) 


fo + sup (fo(™ + M2) + max {pl (Z+ MMs + Tavs): 
| P* (LX -NyVo + NgVs)}) J 


Formula (1.0.27) defines, for any right-hand side D, = (MD), ®;)', 
the generalized function that is the limit, as h +O (in the above 
sense), of the initial discrete optimization problem (1.0.19). 


1.1 The Theory of Linear Equations 
in Semi-mcdules 


One of the main difficulties in solving optimization prob- 
lems stems from the fact that these problems usually lead to non- 
linear differential equations. However, it has been established that 
if we take function spaces with values in certain semi-rings and intro- 
duce definite nonarithmetic operations, many nonlinear equations 
important for applications become linear. This fact suggests the 
need for a thorough investigation of the corresponding axioms. This 
is done in the present chapter and is illustrated by numerous exam- 
ples. 
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The approach developed here enables setting up and evaluating 
integrals of a special type. We prove the theorem that the integral 
of a function semi-measurable below is independent of the choice 
of the continuation of the idempotent measure. For the generalized 
Hamilton-Jacobi and Bellman equations (i.e. generalized in the new 
sense) considered in this chapter, we find the analogs of Duhamel’s 
principle and the Fredholm alternative theorems. 


1.1.1 Introduction 


In this section we employ the examples of nonlinear Burgers and 
Hamilton-Jacobi equations to introduce the nonarithmetic operations of ad- 
dition and multiplication with respect to which the resolving operators of the 
equations prove to be linear. 


Let us start with the heat equation 


fe tes | ce R, t>0, (1.1.1.1) 


where hf is a positive parameter. The linear combination 
u=)u,+ AU, (1.1.1.2) 


of solutions u, and u, to Eq. (1.1.1.1) is also a solution to this equa- 
tion. 
Next we introduce 


u=exp{—w(z, t)/h} (1.1.1.3) 
in Eq. (1.1.1.1) and arrive at a nonlinear equation: 
Ow 1 (=) h dw _y 


(1.1.1.4) 


2 \ dx 


oe 2 oO 
which is known as Burgers’s equation.’ Obviously, solution u, 
(t = 1, 2) to Eq. (1.1.1.1) corresponds to solution w; = —hA Inu; 


(i = 1, 2) to Eq. (4.4.1.4). Then solution (1.1.1.2) to Eq. (4.4.4.4) 
corresponds to the following solution to Eq. (1.1.1.4): 
w=  —h In (exp {(— Wy + py)/h} + exp {(— W, + py)/h}), 


where u; = —Alnd; (i = 1, 2). 

This implies that Eq. (1.1.1.4) is also linear; however, it is linear 
in the function space where semi-group operations have been intro- 
duced, namely, the “sum” 


a @® b = —h In (exp {—a/h} + exp {—bih}) 
and the “product” 
a@A=a-—k. 


* Ordinarily, this name is given to the equation obtained from 
Eq. (1.1.1.4) by differentiating with respect to x and substituting v for dw/dz. 
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The substitution w = —h Inu maps zero into co and identity into 
zero. Thus, the semi-group zero in this new space is «©, or Q = o, 
and the semi-group identity is the common zero, or | = 0. The 
function space with the operations © and © and the added zero O 
and identity 1 is isomorphic to the common function space with 
common multiplication and addition. 

We can therefore assume that we have become accustomed to the 
new operations © and © and that Eq. (1.1.1.4) is linear. 

This example is quite simple, and we need not learn the new arith- 
metic operations since by substitution of functions we can transform 
from Eq. (1.1.1.4) to Eq. (1.1.1.5), which is linear in the common 
sense. However, it may so happen that equations interpreted in the 
sense of the new operations of addition and multiplication cannot 
be reduced by a substitution to the common linear case. It then be- 
comes expedient to consider shifting the methods developed for 
linear equations to Eq. (1.1.1.4). 

In the space of functions with values in the ring 


a® b = —h (exp {—a/h} + exp {—b/h}), NOb=A+), 


we introduce the scalar product as follows: 


(W,, W,)= —hln \ exp {—(w,-+ w,)/h} dz, , 
which, as we will show, is bilinear in this space, that is, 
(a ® 6, c) = (a, c) @ (b,c), A@®a,c)=AO (a, c). 
Indeed, 
(a@b, c)= —hAln ( \ exp {— (1/h)[—h In (exp {—a/h} 

+ exp {—b/h} +c)]} dz) 

=—h In ( \ (exp {—a/h} + exp { —b/h}) exp {—c/h} dz) 


= —hAln ( \ exp{—(a+tc)/h} dz 


—f—- 


2 \ exp {—(b-+0)/h} dz) =(a, c)@(0, c), 
(ASa, c)= —hln ( \ exp {— (a-+ A)/h} exp {— c/h} dx | 
= —hln (exp {—A/h} | exp{—(atc)/h} dz | 


=}-+ In \ exp {— (a+ ¢)/h} dx=XA@(a, Cc). 
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An example of a hermitian (or se!f-adjoint) operator in this space 
is the operator 


L: w >w © (—h In ((w’)2/h?2 — (w")/h)). 
Let us check the hermiticity of this operator. We have 


(w,, Lw,) = —hIn \ exp {—(w, + Lw,)/h} dx 


— —h|n\ exp{—(1/h)(w,+w,—h In ((w,)?/h?—w;/h))} dx 


| 


— —hln 


ex —_ “_exp{—w,/h} ax 


on 


— —hlIn 


—hin \ exp {— w,/h} exp { —w,/h} [(w)?/h?— w3/h) dx 


= exp { —w,/h}) exp {— w,/h} dx 


“e 


= —hln \ eid [(w})*/h? — wi/h] exp { —w,/h} dx 
= (Lw,, W2). 


We can also easily verify the linearity of operator ZL in the sense of 
operations ©® and ©. 

Let us construct the resolving operator of the Burgers equation, 
L434: Wy —w, where w is the solution to Eqs. (4.1.1.4) satisfying 
the initial data w |;-)9 = Wy. The solution to Eq. (1.1.1.1.) satisfying 
the initial condition wu |;-9 = u, has the form 


\ exp {— (© —§)*/(2th)} uy (E) a8. 


4 
UAL, tb) = Ta 


Allowing for the fact that u = exp {—w/h}, w = —A In u, we obtain 
the resolving operator 2; for the Burgers equation: 


LyW)= —h ln ( ear \ exp {— (x—)?/2th-+ w, (&)/h} d&). 


Let us show that formally Z; is hermitian with respect to the new 
scalar product. Indeed, 


(W,, £,w,) = —hin (— | exp {— 5 (wi —hin ( 
x | (aexp {— “ae +=) })) } ae) 
=— —hln n(— aa J ei —- (w, (2) 
+hIlin ( exp {nt = aa +} exp{—w, (x)/h}) )} dx) 
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g2 
Ox? } 


= hin rag § ent mienn (or 
< exp {— wy, (x)/h} | dz | 


-= —hln Ga \ exp {— w, (x)/h} (exp {he = | 


x exp{—w, (x)/h} | dx) 


= —hin(—— je exp { — ir (we 
—h Inj aes | dé exp { — ( ae 


+ 22))))) te) ee ee. 


If we send h to zero, the Burgers equation 2w; 4- (Wx)? — hwy, = 0 
transforms into the Hamilton-Jacobi equation 


as 1 / 0S \2 = 


The operation of “addition” a @® b = —h (In (exp {—a/h} + 
exp {—b/h})) transforms, as h|0O, into a ® b = min (a, b). The 
“product” (or the operation of “multiplication’) does not depend 
on h. Hence, we again havea © A = a+. The two operations are 
distributive, that is, (a ®@ b)@c=(a@©e)+(b Oc). 

Let us demonstrate that the Hamilton-Jacobi equation is linear 
in the function space with the operations a ® 6 = min (a, 6b) and 
a@r=a-+d. Let us consider the Cauchy problem for the Hamil- 
ton-Jacobi equation: 


as as : 
(x, t) +H (—, i t | = 0, (1.1.1.6) 


S(x, 0)=S,(x), 0<t<T, rE R’, 


where H (p, x, t) is a function (the Hamiltonian that is smooth on 
R2” « [0, T] and has a positive definite second derivative with 
respect to p. Suppose that Z (uv, xz, t) is the Lagrangian that corre- 
sponds to the Hamiltonian A (p, x, t), or 


L£(v, x,t) =max(vp—A (p, «x, t)). 
pERn 


If for every t €[0, 7] the Lagrange manifold A’ obtained from the 
gpraph A® of the differential of the function S, through the action 
of the phase flux gj generated by the system ‘of Hamilton’s equa- 
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tions ; i 

SP = (p, 2, t), SPSS (P tt) 
is mapped diffeomorphically on ae aus p =O, then there 
exists a smooth and unique solution to problem (1. 44. 6). Here 
S (x, t) is the minimum of the a 


J (y (+) = Soy 0) + [260 y(t), t)dv (4.4.4.7) 


on the set @, ,; of piecewise — functions y (-) defined on [0, ¢] 
and satisfying the condition y (t) = x. This justifies the following 
definition: a function S whose value at a point (z, ¢) is the greatest 
lower bound of the functional J on the set @,., is called the gene- 
ralized solution to the Cauchy problem (1.1.1.6). 

With such a definition problem (1.1.1.6) has a generalized solution 
for every function S, with values on the extended real axis R!. 
Thus, we have defined the resolving operator #;,;: S, —S for prob- 
lem (1.1.1.6). 

Suppose that © is the operation of the pointwise minimum of two 
functions with values in R': S, ® S, (xz) = min (S, (x), Sy (z)). 

Theorem 1.1.1.4 Operator & x is additive with respect to the operation @. 

Proof. Suppose that 

if r=€& 
od a oe if x=. 
t 
Then A476: (x, ¢) is the minimal value of the functional ley (T), 


() 
y (t), t) dt in the class @M;,; of piecewise smooth functions y (-) 
that satisfy the boundary conditions y (0) = € and y (t)=z. Min- 
imizing functional (1.1.1.7) in the functions y (-) € M,, that satisfy 
the initial condition y (0) = & and then calculating the greatest 
lower bound in & € R”, we arrive at the formula 


ApS (zr, t)= hips (AH 9¢ (2, t) + Sp (§)). 


Hence, 


(4ySo, 8 AySo2) (x, t) = min Sma (A419: (2, t) 
+ So, (€ )), inf (415: (Z, t) “Sop (§))) 
— = inf min (of 8s (x, t) + Soy (&) A Se (2, f) 


+ Soo (8) 
= inf (Aye (x, t) + min (So, (E), Sop (&))) 


S 
= A (Sq, B Soo) (2, 1). 
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A similar theorem holds true for the Bellman equation 


0S 0s 
—{z, t)+v—(z, t)—Z (v, x, t)}} =0 
max (G; (x, t) rvuze (2, 8) ( )) 
with the initial condition S (z, 0) = S, (x), provided that the ge- 
neralized solution of this Cauchy problem is understood in the 
following sense: 
t 
S(x, t)= inf (So(y (0) + \ LY (a), y(t), 0) ar). 
y(t)=x 
y (1)€V(x, t) : 


1.1.2 The Metric and Structure on a Semi-ring 


In this section we consider the axiomatics of abstract 
semi-group operations of addition and multiplication in a partially 
ordered metric semi-ring. Operations performed on points of a semi- 
ring generate in a natural manner operations performed on functions 
with values in the semi-ring A, and this makes it possible to define 
an A-valued scalar product and an A-valued delta function. We also 
discuss some examples. 

Suppose that A is an Abelian semi-ring defined by the commutative 
semi-group operations of “addition” © and “multiplication” with 
neutral elements © and Il, respectively, 

QO@Oa=Q0, Iga=a, OPa=a, 
and suppose that these operations obey the distributivity condition 
on A, that is, a© (6 @®c) = (a © 0D) GB (a Oe). 

We will assume that the partial ordering relation < has been de- 
fined on A and that this relation has the following properties: 


a@alS>O Vaca; 
faxbb>{a@cecxbvb@ec VcEA}; 
{aS bb>{a@cS>boc VeSQ0}. 
If elements a and 6b are not congruent, we will write a @ b. 
Example 1. Let us take the operation max for the operation of semi- 
group addition @ on the extended real axis A = R UY {—oo} and 
the operation of common addition for the operation of semi-group 


multiplication ©. Zero is the semi-group’s identity 1! in this semi- 
ring, while the adjoined point —oo is the semi-group zero 0. Indeed, 


OO a=-a— wo=-— wo — J, 
1©a=a+0=a, O@®a=max{a, — o}=—a, 

a-(6 ® c) = a + max (b, c) = max (a+ b,a+c) 
=(a@@b)@ (a Oc). 
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The ordering relation on A coincides with the natural ordering 
relation on the real axis, with a > 0 for every a€A. 
Example 2. Let us take the operation min for the operation of semi- 
group addition @ on the extended real axis A = R* J {oo} and the 
operation of common addition for the operation of semi-group multi- 
plication @©. Point O is the semi-group identity |, while point 
{co} is the semi-group zero QO: 
OOa=atw=w=ZJ, 1a=a+O0-=—a, 
O ® a = min {oo, a} =a, 


a@®@(ob@®@c) =a-+ min (bo, c) = min(a+ b,a+c) 
=(a@©b)@ (ao). 


The ordering relation on A is opposite to the natural ordering 
relation on the real axis. At the same time here a > 0 for every 
a€A, as in the previous example. 

Example 3. Let us take the semi-ring A = R+ U {co} generated 
by the operations ® = max and © = min the neutral elements 
QO =O and 1 = o~: 

O@©a=nmin {0,a}=9, 1 ©a=min {a, wo} =a, 
OQ ® a = max {0, a} =a, 


a@® (6 ®c) = min {a, max {b, c}} 
= min {a, max {min {a, b}, min {a, c}}} 
max {min {a, b}, min {a, c}} 


=(a©b)@(a@c). 


The ordering relation on A coincides with the natural one and 
as QU for every a€A. 

Example 4. Suppose that A = Ry U {co}, © = min, © = max, 
Q = oo, and | = 0. Then 


UV@a=max {o,a}=—O0, 16a = max {0, a}, 
OQ © a = min {oo, a} — a, 
a@ (o ® c) = max {a, min {b, c}} 


= max {a, min {max {a, b}, max {b, c}}} 
min {max {a, b}, max {b, c}} 


=(@© 59 (Oo), 
and a>OQO VWaéA. 


! 
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Example 5. Suppose that A = Ry, ® = max, O = '0,. ©: = Xs 
and | =1. Then 


OOa=0xa=Q, 1®©a=1xa=a, 
O @ a = max {0, a} =a, 


a@® (b @®c)=a XK max {b, c} = max {a X b, a X c} 
= (a © b) @ (a ©c). 


Let us now assume that topology on A is given via the metric 
0: A x A —I0, oo) that satisfies the standard axioms: 


(1) p (a, a) =0, (2) p (a, 6) = — (, a) 
(3) p (a, 6) + p (0, c) Soe (4, ¢) 
(4) 9 (a, bd) =O <>a=b. 


Set A is said to be a complete structure if any subset a € A bounded 
above (below) contains the least upper (greatest lower) bound. In 
what follows we assume that the semi-ring A is complete both as 
a structure and as a metric space. In addition, we assume that metric 
and structure are concordant in the sense of convergence, that is, 


0(a,, a2) >~O0 implies lim sup a, = lim inf a, =a, and vice 
N>oco n2N N—-oo nN 


versa. 
The following metrics are examples of metrics on R J {—oo}: 
Oexp (2, b) = exp {max (a, b)} — exp {min (a, 5)}, 


0 tan-1 (a2, b) = tan7* {max (a, b)} — tan~* {min (a, b)}. 


For the metric on (R J) {—oo})”" we can take 


Te 


Pexp (a, 0) = yi, Pexp (@;, 9;), 


Ptan-1(@, 5) = py Otan-1 (Qj, b;), 


where a = (a;, ..., @n), and b = (b,, ..., Dn). 
An example of a partial ordering relation in (R U {—c})” is 
the relation (a,, ..., @n) > (bi, ..., bn) if a; Sb; Vi. The set 


(R U {—co})" equipped with such an ordering relation is a complete 
structure concordant with the metrics 0.x) and Ptan-1, With a @®@ b= 
max (a, b). 
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The natural metrics for the semi-ring A = (R  {o})” are pexp 
and (tan-?: 


Tr 


Pexp (@, 0) = py} Pexp (@;, 9), 
jJ= 
Pexp (a;, bj) = exp (—min {a;, bj}) —exp (—max {a;, 0;}). 


The metrics pexp and Ptan-1 ensure that the corresponding metric 
spaces are precompact, that is, that there exists a finite e-mesh on 
any bounded subset. Indeed, on the set = {x: p&p (@, V) <a} 
there exists a finite e-mesh with respect to the metric (exp: N= 


[a/e] + 1, dy = O = —o~w, dk = In (a— Ke), OX K<N. On 
set R U {+00}, the e-mesh with respect to metric Otan-1 is the set 
of points {g,}, with N—=I[n/el +1, go> = 32 =—oo, gi = 


tan (—n/2 +ke), OXSkE<N, gyn=l=ow. 

Clearly, Axioms (1), (2), and (4) are satished for the above-men- 
tioned metrics. Let us now verify the triangle property (3) for metric 
Oexp and Ptan-1. It is sufficient to consider only the one-dimensional 
case, since the verification of (3) for a multidimensional case can be 
reduced to one-dimensional verification. In one dimension we have 


0 (a, b) +0(b, c) =p(a,c) if b Ela, cl, 
0 (b,c) >p(a,c) if b<a4, 
p (a, 6) >pe (a,c) if bBe, 


whereby (3) is sure to be true in all cases. 

For sets that are simultaneously structures and topological spaces 
we can define the ordering relation > as follows: a>b6 if a@€ 
int {c: c > 5b}. Clearly, here the ordering relation > obeys the 
transitivity law: if a > b and b > c, then a > c. In the discussions 
below we will assume that 7 > O and that for every a and ¢ such 
that a >c there exists a b: a>b>e. 

We start by giving a formal definition of a space with values in 
a semi-ring without employing the concept of idempotency. In 
Section 1.1.3 we introduce the concept of an idempotent measure, 
which will enable us to give a complete description of the functions 
belonging to this space. 

We denote by C, the set of continuous A-valued functions on a 
locally compact space X that are nonzero only inside certain com- 
pact metric spaces Kc X. 

On set Cy, we consider the structure A, which is a semi-module with 
respect to the operations (~ © w) (x) = @ (x) @ » (z) and (a © q) X 
(ct) =a © @ (zx) with a zero g (x) = O, an identity @ (rz) = 
and an ordering relation gpap>og(z)<p(z) VreEX. We 
equip the ordered semi-module C, (X) with a uniform structure de- 
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fined by the deviation 
Ps 7 ee? (p (x), P (2) 


with respect to which the semi-module is topological and possesses 
uniform convergence 9, —@ if 9 (Qn, g)} 0. We will say that a 
function wp (z) is semi-continuous below if the condition a < > (29) 
at point x, implies the existence of a (compact) neighborhood V Cc xX 
of this point in which (neighborhood) a< (zr) Vae€éV. For the 
product @ © wp of functions @ and we take the pointwise product 
(p © p) (x) = @ (x) © »w (x). Here are some definitions of the scalar 
product. 

Example 6. Let us consider the space with values in a semi-ring 
generated by the operations (int, +). The scalar product in such 
a space has the form (g, >) = inf (@ (x) + % (2)). 


An example of a sequence converging to the delta function is 
6, (« — &) = n(x — &)*. Indeed, lim inf (n (x — §)? + g (2)) = 


Tl—> CO x 
p (5). 
Example 7. Let us consider the space with values in a semi-ring 
generated by the operations (sup, +). The scalar product in such 


a space has the form (q, tp) = sup (@ (x) + w (z@)). 


An example of a sequence converging to the delta function is 
On (x — §&) = —n (x — &)?. Indeed, lim sup (—n (« — §)* + 


@ (x)) = @ (6). 

Example 8. Let us consider the semi-ring A = AR. generated by 
the operations (min, max). In the space of functions with values 
in this semi-ring the scalar product has the form (gq, ) = 
min max (@ (zx), w (z)). 


An example of a sequence converging to the delta function is 
5, (« — §) =n (« — &)%. Indeed, lim inf (x — 6)? n, @ (x)) = 


m (§). Since @ (x) >0, at x = E we have max (n (x — &)*, @ (z)) = 
p (§). 

Example 9. Let us consider the space of functions with values in 
the semi-ring A = R+ generated by the operations (max, min). 
The scalar product has the form (g, tp) = max min (@ (2), % (z)). 


x 
An example of a sequence converging to the delta function is 
6, = 1/[n (x — &)?]. Indeed, 


lim max {min (1/[7 (x— §)*], p(x))} = @ (§). 


TN —> 0O x 


Since @ (x) >0O, at x = — we have 
min (1/[n (x — &)?], @ (x)) = min (0, 9 (&)) = @ (6). 
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Example 10. In the space with values in the semi-ring generated 
by the operation (max, x) the scalar product has the form (9, )) = 
max {@ (x), tp (z)}. | —— 

An example of a sequence converging to the delta function is 
5, (x — &) = exp {—n (x — &)?}. Indeed, 


lim max {exp {—n (x— §)3}, p(x} = @ (6), 
since 


O if «-€, 
7 ae ee ee ae 
limexp{—n(2—99={1 ip yor 

We will now consider the endomorphisms G of the semi-module 
C, (X), that is, the mappings G of C, (X) into itself that satisfy 
the condition G(aQ®qg@b©O©wvy) =—=aOG (gq) BG DOG (¥) for all 
wp, p EC, (X), with a, b € A, and that are continuous with respect 
to uniform convergence, 9, ~— 9 = G (g,) —G (qg). In what follows 
we call these endomorphisms operators. 

The conjugate of the operator G with.respect to the scalar product 
defined above, (-, -), is the operator G* that satisfies the condition 
(Go, b) = (9, G*b), with ~, p EC, (Xx). The conjugate operator 
has values that are functions (generalized, generally speaking) and 
can be defined on any generalized function as a conjugate endomor- 
phism of A, which is a semi-module of the generalized functions, with 
the endomorphism continuous in the topology of weak convergence 
of these functions. 


1.1.3 Semi-group Additivity of Idempotent Measures 


Here we will show how one can construct an integral if the ad- 
dition operation is idempotent while the measure is not continuous at zero. 
The central role in such a construction is played by the property of semi-contin- 
uity of the functions being integrated. 


The set functions considered in this section are similar to measures, 
that is, are of fixed sign and additive. To give a simple but interest- 
ing example, we equip the set A = R LU {—oco} with the natural 
ordering relation > and the semi-group operations a@® b= 
max {a, b} and a-b = a + b. For the neutral elements of addition 
® and multiplication © we take the elements O = —oo and 1 = 0, 
respectively. Then all real values prove to be nonnegative and the 
functions bounded above prove to be bounded and nonnegative in 
the sense of the structure of semi-ring A. 

The set function 


m(b)=supf(z), fEec(R"), fx M<w, (1.1.3.1) 
xEB 
with Be # (R”) a Borel o-algebra on R”, is defined for every 
function f: R” —R and is a monotonic nonnegative countably 
3—0105 
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additive set function: 


m(U B;)= sup f(z)=sup(supf(z))= @ m(B)). (1.1.3.2) 

i=! x€ UB; i EB, 1 
If f (z) is nonpositive in the ordinary sense, then m: @ (R") > 
(0, 1]. The idempotency of measure m lies in the fact that m (B) = 
m (B) ® m (B). 

Note that the o-additivity in (1.1.3.2) occurs for intersecting sets 
B,, too. 

In contrast to classical (probability) o-additive measures, the 
set function (1.1.3.1) is not continuous on empty sets. For example, 


suppose that {B,}7 is a sequence of open balls of radii 1/k with cen- 
ters at the points r, = {1/k, 0, 0, ..., 0}. Then, obviously, 


1B, = @, but lim m (B,) = lim sup f (z) = f (0) # 0 for every 
1 k->0o R xe B, 

continuous function f (z). This result contradicts the well-known 
definitjon of continuity of measure on empty sets. More than that, 
it is cjear that m (@) depends on the choice of f and the sequence 


{B,\; converging to an empty set, whereby m(@) cannot have a 
definite value in principle. Roughly, different empty sets exist. This 
is closely related to the specific restrictions on the system of sets S 
on which the idempotent measure is given. The system S must be 
closed with respect to operation |), the union of sets. This operation 
generates the addition © of measures and does not lead to the emer- 
gence of empty sets; it can be used to continue an idempotent mea- 
sure onto the class of sets that is closed with respect to (countable) 
unions. 

In spite of the fact that idempotent measures cannot be subtracted 
(so that operations () and \ cannot be applied to the elements of S), 
the supply of sets in S should be sufficiently large. In particular, it 
would be desirable to have a system S that incorporates all the sets 
(except @) of a o-algebra Y generated by an algebra >. 

For this reason we will assume that either an idempotent measure 
is given on all nonempty sets of the o-algebra Q[ or it can be defined 
on % in such a manner that the conditions of o-additivity, non- 
negativity, and idempotency are met. 

An important feature of an idempotent measure that puts such 
a measure apart from the common one is the existence of various 
o-additive idempotent continuations from algebra > to the minimal 
o-algebra 9[ generated by 2. Suppose that X, and 2, are two algeb- 
ras of subsets of R generated by segments with rational and real end 
points, respectively. Both contain no isolated points and generate 
the same o-algebra #% (R). Since mn is irrational, the four functions 
f; (x) (see Figure 1) equal to zero outside the segment with end 
points 3 and 4 have corresponding to them the same idempotent 
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measure on algebra 2p: 
m® (B)=supf;(z), BE Zp, 1S <4. 
xEB 


At the same time, on the algebra Xp the functions m~ (B) ee 
pe f; (x), BEXp, are distinct. In particular, m~ In, 4) =a, 


mln. A) = mM In. 4] = 0b, and me [x, 4] = 
On algebra #(R), all measures m; (fp) = sup fi (z), BEF (R), 


are distinct. For —— m, ({m}) = a, mg ({a}) = 5, mg ({n}) = 
c, and m, ({n}) = d. 

The restriction of measures m; to algebra Xp coincides with m®, 
and therefore each measure m; is a continuation of measure m? on 
the o-algebra @ (R). The arbitrariness of the choice of c and d indi- 
cates an infinitude of various continuations. 

Suppose that we have chosen a continuation. Our immediate goal 
is to interpret sup (f (x) + @ (x)) as a Lebesgue integral and to for- 
mulate the conditions under which the value of the integral does not 
depend on the choice of continuation. Suppose f and @ are two real 


functions on R, with @ measureable and bounded above. By {gj}? 


we denote the e-mesh on the set of values of p, and by Q§ and g§ 
the following Borel sets: 


Qi = ={z: Q(x) > pi}; 
d= {z: gi < < 9(z)<qi + &}, 
Q5 > qj. The sets Qj and qj cover the entire set of values of map 9, 
whereby 
[= ap (f (x) + @ (x)) = sup (sup (f+ @)) =sup (sup (f+ 9)). 
1 a x} q% 
Allowing for the fact that for the function @ the two-sided bound 
oi <@ (x)< gj + € is valid on gf, we get 
sup (@§ +- sup f)<sup (9+ supf)<l 
t a’ 2 Q; 
< sup (pj -+e-+ sup f)<sup (y§+e-+sup f). 
' a% : Q; 
Thus, 
sup (gf + sup f)</<sup (g?-+ sup f) +¢, 
2 a‘ z ay 
sup (p§ + sup f/)</ <sup (sup f+ gf) +. 
. Q: ‘ Qs 
3% 


CS a ey 
oe eae i 
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This implies that 
sup (7 (2) + @ (2) = ss se ae 
xe R” xe qs 
= = aup (p® + sup f). 
xe Qe 
Employing the operations © and ©@ defined earlier, we can write 
the above result in the form of a sum: 


I (~) =sup (f(z) + (2))=lim @ (9% © m(@)) 
xe R™ e100 i=i 
B— 
icles S (} © m(g%)) = | e(z) © m(dz), (1.1.3.3) 


e10 i= 
R” 
where m (Bb) = aps (x). The right-hand side of this equation 


can be called an lanuaieed integral, since it possesses the following 


property: J (9) ®/ (9g) = / @). 
For each continuation mp to a o-additive idempotent set function 


m we can define a procedure for the integration of measurable func- 
tions according to the scheme suggested above; in its main features 
this scheme coincides with the definition of a Lebesgue integral. 
The integral of a simple bounded-above function @ (x) that assumes 
values q@; on the sets g; is equal to 
® 
| 9 (2) © m(dz) = @ (9: © m(q1)). (1.1.3.4) 


Definition (1.1.3.4) allows the following important modification. 
Using the line of reasoning similar to the one employed in deriving 


Eq. (1.1.3.3), we can write 
© (P; Om (qi) = © (p; © m(Q;)), (1.1.3.9) 


where, Q; = U q;,J (i) = i p; == 9; }. Indeed, g; S Qi, whereby 
es 


cJ (7) 
(Q;) >m (4;) and the right-hand side of (1.1.3.0) is at least no 


smaller than the left-hand side. 
On the other hand, employing the o-additivity of the idempotent 


measure m, we can represent m (Q;) in the form of a sum: 
m(Qi)= B® m(qj). 
jE S(2) 
Hence, 


® (9; © m(Q;)) = @ (9; O( @ m(q)) 
1 4==1 7EJS (72) 


<® ( ® (”;@m(q;))). 


i=1 ga<J(i) 
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The repetition of terms does not change the idempotent sum @. 
This implies that the left-hand side of (1.1.3.0) is no smaller than the 
right-hand side. We have proved the validity of Eq. (4.1.3.5). 

Let us define an idempotent Lebesgue integral for a measurable 
function @ bounded above and a function f (also bounded above) with 
which measure m is associated. For such an integral it is natural to 
take the limit of a sequence of idempotent integrals of a bounded 
sequence of simple functions converging to @: 


® 
I(¢)= ma @ (P; Qm (Q2)) = \ p(x) © m (dz). 
Rp 


The existence of the limit follows from the separability and local 
compactness of set R” and also from the boundedness and monoto- 


f(x) (x) (x) (x) 
aq <<_— Q-—> Qa—> a—> 
oC 
———S —— ee << 
a 
pH + + —F4  +- +— 
53 4°83 7 4 37 4 37 4 
Fig. 1.1 


nicity of the sequence of integrals of the simple functions for in- 
creasing sequences of e-meshes. These properties of R” and _ the se- 
quence J, (p~) will be used later in constructing a Lebesgue integral 
with values in a partially ordered space. 

Let us now return to the question of the possibility of distinct 
continuation of an idempotent measure. Figure 1.1 shows that the 
measures m; (x) with the same restrictions to algebra > p correspond 
4 functions with a common upper bound f, (x) semi-continuous 
above 


fy (€) = inf tp (x): p (t) Sf (@), Wp (z) EC (R)} 
=f; (x), = 1, 2. 3, A. 


Simple examples show that sup (f; (x) +  (z)) = sup (f; (z) + 


p (x), 1 <i<4, for every function q semi-continuous below. 
Let us now consider two functions, g, and q,. For g, (z) we have 
sup (f; (x) + @, (z)) = max (a +a, 6 +b), i=1, 2, 3, 4, and 


x 
(p; (Z) is semi-continuous below. At the same time, for the function 
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~. (x), which is semi-continuous above, we have 


sup (f; + G2) = B + 4, 

sup (fo,4 + 2) = max (a + a, B + 4), 
sup (fs + @2) = max (a + a, B + ¢), 
sup (f; + Q2) = max (a + ¢, B + 4), 
sup (fs + P2) = B + 8. 


The natural generalization of the above reasoning is summed 
up in the following 

Theorem 1.3.4 Suppose f and @ are two real functions on R”, 
with @ semi-continuous below. Suppose also that the function 


(cl f) (x) = inf {p (2): p >is, pec (R")} (1.1.3.6 
is semi-continuous above Then 


sup (f (2) + @ (2) = pap AY) (ct) + @(z)). (1.1.3.7) 


Operation cl is known as the closure. 

Proof. We note first that cl f >/f and that for every e > 0 and an 
arbitrarily small open neighborhood U,. of a point x there is a point y 
such that (cl f) (zc) — f(y) <e. True, since otherwise (cl f) (x) — 
f (y) > «for ally € U,, with the result that there exists a nontrivial 
nonnegative continuous function y (x) with a support belonging 
to U,, and such that f (x) < (cl f) (x) — ex (@) < (cl f) (x) at points 
where x (x) + 0. The existence of such a function contradicts the 
definition (1.1.3.6). 

Let us prove the validity of (1.1.3.7). Since cl f >f, it is clear 
that the right-hand side of (1.1.3.7) is no smaller than the left-hand 
side. Suppose that @ = sup (f + @) < sup (clf +9) = &H =09-+o, 
with o > 0. According to the definition of an upper bound, for an 
arbitrarily small positive e there is always a point z, such that 
(cl f) (x,.) + g (x,.) > B—e=O80+o0—e. Since g(x) is semi- 
continuous below, the set U*® = {z:  (t%) > @ (z,) — ©} is open 
and contains the point z,, that is, U*® constitutes an open neigh- 
borhood of point z,. In view of the remark made in the proof of the 
theorem, on set U® there exists a point y such that (cl/f) (z,) — 
iy) . e, whereby f (y) — 9 (y) > (cl f) (te) + @ (te) — 28> 08 + 
Oo — dé. 

Selecting now e smaller than 3o, we arrive at a contradiction with 
the definition 8 = sup (f + @), which implies that 0 = &. The 


x 
proof of the theorem is complete. 
Reasoning along the same lines, we can also prove that 


inf (f (2) + @ @)) = inf (clap) @) +4), 11.3.8) 
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where f is a semi-continuous-above function, and cl, stands for the 
lower closure 


(ly p) (2) = sup {th (2): P<G, PEC (R}. (1.1.3.9) 
For every semi-continuous-above function p we have 
(cl o cl, p) (%) <p (), 


while for every semi-continuous-below function n we have cl, o 
cly>7. Whence sup (y’ + cl, o cl yn”) < sup (n’ + cl yn") and 


inf (clo cl, yp +") > > int (cl, py + wp”). Combining this with 
(1.4.3.7) and (4.1.3.8), we get 
sup (y’ + 1") = sup (y’ + cl, o cl yn”) = sup (y’ + cl 4’), 
° ° “ — (4.4.3.10) 
in (py +") = ms (cl ocly p +") = ~ (cl, p +p’). 


For the domain of functions f and @ we can take any normal to- 
pological space, since such a space allows for the existence of non- 
trivial continuous real functions whose support lies within an open 
neighborhood of any given point. This is the only topological prop- 
erty of the domain of functions employed in the proof of (1.1.3.7)- 
(1.1.3.10). 

In what follows we describe the procedure of constructing the 
maximal o-additive idempotent continuation of a measure from algeb- 
ra & to the o-algebra generated by 2 and prove the following 

Theorem 1.1.3.2 Let f (xz): R” +—R be a real function bounded 
above, X an algebra generating the o-algebra @ (R"), and m (B) = 
sup f (x), B € xX. Then there exists a maximal o-additive idempotent 
xEB 


continuation m* of measure m from % to the o-algebra % (R"”), with 
m* (B) = “se (cl f) (x), BE # (R"). 


Pion 14.31 and 1.1.3.2 show that if f is a bounded real 
function and @ is a bounded semi-continuous-below function, then 
the upper bound sup (f + q@) can be interpreted as the idempotent 


Lebesgue integral 


I(9) = er © m (dz), (1.1.3.11) 


where m is any o-additive idempotent continuation of measure 
m (B) = ih f (cz), B € X, with the measure given on any algebra > 


senersting ‘the o-algebra @ (R”). Here the right-hand side of 
(1.1.3.11) does not depend on the choice of continuation. 
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Thus, the property of semi-continuity (below) of an integrable 
function compensates for the absence of continuity of an idempotent 
measure on empty sets and the related existence of distinct continu- 
ations of the measure. In this sense the semi-continuity of functions 
is dual to the continuity of measures on empty sets. 

Let us now answer a question that emerges when one considers the 
integral J (gy), namely, for what functions @ is the integral J (@) 
independent of the way one continues the measure from algebra 
when the topology of the domain of @ is not known (and hence the 
continuity of @ is not defined)? Below we show that such functions 


must possess the following property: 
{z: @ (x) > c} €G, (1.1.3.12) 


where G is the class of sets generated by countable unions of sets 
belonging to %. By analogy with the definition of functions semi- 
continuous below, we will call such functions semi-measurable below. 

We will now consider several examples showing that the choice of 
measure and algebra > essentially determines the complexity of the 
numerical estimate of the upper bound. 

If f and @ are two real continuous-below bounded-above functions 
on R", then J = sup (f + q) can be represented in the form of two 


distinct idempotent integrals: 
® ® 
I = { f(z) © mg(dx)= \ 9 (x) © m, (dz), 


where m, (B) = sup @ (x), and m, (6) = supf (x). This implies 
B B 
the possibility of various algorithms for estimating sup (f + @). 
B 


In one case to estimate the integral one must calculate sup (x) on 
Qi 

the sets Qj = {x: f (x) > dj}, where {d;} is an e-mesh on the set 

of values of map f, and then estimate sup by sums @: I ~ @(d; © 


my (Qi)). In the other J ~ ©® (g; © m; (Dj)), where Dj = 


{x: @ (x) > gi}, and {g;}is an e-mesh on the set of values of map gq. 

The difference between these two methods of estimation proves 
to be important when one of the functions, say @, is simple (see below) 
and assumes a finite number of values; the use of such a function as 
the integrand makes the second estimate exact for all e sufficiently 
small and, hence, simplifies estimation of the integral. 

It is important to note at this stage that computers are unable in 
principle to carry out an exact calculation of sup @ (x) on an arbitrary 
set provided by the o-algebra XY. Even if @ is monotonic, sup @ (z) 
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can be calculated only on segments with rational end points, that is, 
on sets provided by a subalgebra of Xp. Theorem 1.1.3.2 shows that 
the estimates of sup (f + @) obtained numerically by the Lebesgue 
method will converge to the value of sup (f + q) if @ (x) is semi- 
continuous (semi-measurable) below. 

The problem concerning the lack of dependence of the integral on 
the method of continuation of measure from algebra 2, to o-algebra 
% becomes especially important when the variable of integration 
assumes values in an infinitely dimensional space and the values 
of the measure can be given constructively only on &. Let us show 
that different algorithms of the estimation of the integral correspond 
to different variants of the algebra that generates the o-algebra 9. 

f 


Suppose that Q = {z,: [0, t] > R, zx, = 0, | x, dt <0}, 
0 
and the algebra & = X¢ consists of so-called cylinder sets 


S— 8S (Et, ig 5 E° |B.) = {x-: ((t., Ee), oe 8g (Xe, E*)) € B,}, 
(1.1.3.13), 
F 


where B, < #(R*), 4,€Q, E@ ECO, t], and (zx, E) = | xf, dt. 


0 
t 


Suppose also that m (S) = —sup { — | |z,| dc} is the measure on 
x, ES 


2c. Here is a method for estimating its values. Space Q can be 
represented in the form of the direct sum of the finite-dimension- 


e R e 
a' space £,—L£(E, ..., ER) — | 2? t,= > A,EL, x) =O} and its 
j=! 


orthogonal complement £;,. Clearly, if x,¢€S, and y,€ L£,, then 
t,+2,€S for every y€£;,. On the other hand, 

t t t 

\ Jn,[?dt< | [yo + 2, |*dt = \ (Jz. |°+ |yx|*) dv. 

0 0 0 


Whence, the upper bound on S coincides with the upper bound on 
a subset of the finite-dimensional space &;: 


t 
m(S)= inf ’ 2 dt. 
(S) ja) lx, (A) [2 de (1.1.3.14) 
AERR 


Calculation of the lower bound of (1.1.3.14) on subsets of aC 
constitutes a quadratic-programming problem. Thus, the estimate 
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of measure m (S), S € Zc, can be obtained numerically. In addition 
to the algebra Sc of cylinder sets, let us introduce an algebra 2 
generated by sets of the type 


S=S (ty voey Eyl Ba) ={x2 (t,, «+ +> Fy) € Ba} 
Os i Tp 


Determining the measure m (S) on sets of this type can be reduced to 

a simpler quadratic-programming problem, whose solution does not 
t 

require scalar products of the type (&7, &) = ( ETET dt: 


() 
t 


m(S)= inf — {_ inf \ |x,|2 ae} 
(x); oo+y Xp EB, ss am ‘ 
xg=0 
k-1 
— inf » | Xj44— 2; |7/(t 544 — Fj), t= 0: 
(Xyps sees x, )€ By, j=0 


(1.1.3.45) 


The right-hand side of (1.1.3.15) is the lower bound of a quadratic 
function given in the form of an analytical expression. Convergence 
of the estimate algorithms for idempotent integrals by virtue of 
measure values on the algebras %-¢ and 2X y is a corollary of analogs 
of the Lebesgue theorem on the passage to the limit under the inte- 
gral sign. 

To describe the weak convergence of operators, we topologize the 
set of semi-continuous-below functions. Let A be a partially ordertd 
metric semi-ring. To ensure the continuity of the A-valued scalar 
product (f, m) = sup (f (v7) + @ (x)), we match the topology on the 

xo X 


set of semi-continuous-below functions with the topology on semi- 
ring A. For the topologies of this type we take the topologies gen- 
erated by various metrics 0 on A 


r(Q,, Po) = SUP P (Py (Z), Pz (Z)), (1.1.3.16) 


say 
rtan-1 (Q1, Qo) = sup [tan (max {q, (Z), @, (z)}) 


—tan=! (min {@, (Zz), @, (x)})]. 


The set of functions semi-continuous-below (above) is complete in 
the nonuniform-convergence topology, and the continuous map of 
a function semi-continuous-below (above) is also semi-continuous- 
below (above). These facts can be employed to prove that the space 
of semi-continuous-below functions in metrics rexp and Ttan-: is 
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dense. Suppose that {p},}; and {qj,}s are sequencies of semi-contin- 
uous-below functions; these sequences are assumed to be Cauchy 
sequences in the metrics rexp and Ftan-1, respectively. Then the 
sequences {exp {q}, (z)}} and {tan~* {py (x)}} also consist of func- 
tions that are semi-continuous-below, with 


lexp {Qn (Z)} — exp {Pm (Z)}] <Texp (Pn Pm), 
|tan-* {Qn (x)} — tan {m (x)}| <Ttan-1 (Pn, im) - 


Thus, the sequences {exp {p,; (z)}} and tan {@, (x)} are also 
Cauchy sequences in the uniform-convergence metric and their limits, 


Pexp (2) ae {exp {Pn (x)}} and = @tan-1 (2) 
= lim {tan“! {q@;, (z)}}, 


are semi-continuous below. The inverse functions In (@exp (%)) and 
tan (@tan_, (z)) are semi-continuous below, too. This implies that 
the considered metric spaces of functions continuous below are com- 
plete. 

The metrics rexp and rtan-1 examined here possess three important 
properties: 

(a) Uniformity with respect to semi-group operations on a semi- 
ring: if R (a,, b,) >0 as n oo, then R (a, © d, b, © da) tends 
to 0 as n — co uniformly with respect to d € D for every bounded set 
Z, where fF is one of the metrics, and is one of the semi-group oper- 
ations, that is, ® or © or max or min. 

(b) The minimax property: 


Ri((a O 6), (¢ > 4) < max {A (a, c), RK (6, d)}, 


where F is one of the metrics, and is one of the three semi-group 
operations © or max or min. This property implies the minimax 
inequality 


R (sup {a;}, sup {b;}) <inf sup R (a;, 5;) 
we. j€J i1€I j€S 


for all sets J and J. 
(c) Monotonicity: if a< b<c, then 


max {p (a, 6), p (b, c)} <p (a, c). 


The conditions sufficient for the continuity of A-valued functional 
are formulated in the following 

Theorem 1.1.3.3 Jf a metric r on the set of A-valued functions 
g: X —Ai is related to a metric of the semi-ring A through (1.1.3.16) 
and possesses the property of uniformity and the minimax property, 
then the A-valued linear functional on a metric space of A-valued func- 
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tions that acts according to the rule (f, 9) = a (if > @ (@)) is con- 


tinuous in the metric of A for every bounded function f. 

Proof. Suppose we have defined the limit of r (f, Qn) aS n — 00 
and suppose that f is a bounded function: r (f, O) << oo. Then, by 
virtue of the properties mentioned in the hypothesis, we get 


Or=P (ff, Pn), (f, G))=P ur (Qn © f) @), aay (Pp © f) @)) 
< ap (9 (Qn © f) (z), (@ O Ff) @)) 
=r((@rOf) (Of) =Tns 


which implies that 0, tends to zero (together with r,) as n oo. 


The proof is complete. 

Now let Z£ (h), h € 10, 1], be a family of continuous operators 
acting in a metric space of A-valued functions, while £#* (h) is a 
family of conjugate operators defined via the A-valued scalar product 


girs (L (h) f (x) O @ (*)) = sup (f (x1) O L* (A) @ (2)). 


If £* (h) is continuous in # in metric r, there exists a limit lim £*(h) 
h—> 0 


<x gp (x) = (L*q) (x) that defines an A-valued continuous linear 
functional /* 


({*, @) = nap (f O L*@). 


In particular, if © = ©@, then, in accordance with Theorem 1.1.3.3, 
the weak limit f* coincides, to within an isomorphism, with the 
equivalence class of functions with the same closure and can be 
determined uniquely by its values on the set of semi-continuous- 
below functions that assume the values —oco = J) and 0 = jj. If 
X = R”, then for the subset of the main space that weakly separates 
the set of continuous A-valued functionals we can use the nonnegative 
functions from C™(R”). 

We now wish to prove the theorem on weak separability with 
respect to the scalar product (f, m) = sup (f (x) + @ (x)). Suppose 

x 


that B is an arbitrary set of functions g: X ~ R. We call Pz f(x) = 
inf ((f, p*) + @ (z)), with * (x) = —q (zx), the projection of 
EB 


© 
function /: X +R with respect to B. We then have 

Theorem 1.1.3.4 (f;, ) = (f2, ©) Vo €B if andonly if P;f,= 
Pofy. 

Proof. Let us see whether (Pzf, ~) = (f, g) Vo EB. Clearly, 
Ppf >f and (P;f, ¢) >(f, ~). On the other hand, (Psf, 9) < 
fae (7, ©) — @ (x) + @ (z)) = (f, @). Whence, (Pzf, 9) = (f, 9). 


Sufficiency has been proved. 
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Necessity will be proved by contradiction. Suppose that Pz,f, <« 
P,f,.. Then there exists a point z,., c >0O, such that Ppf; («&,) > 
Pf. (£-) + c. By the definition of Pg, for every positive e there 
exists a function = p,,€ B such that Pzf, (t-) + € > (fe, *)+ 
p (z,). Whence, (f, ~*) + p (t-) > Paf; (tc) > Pale (Le) tee 
(fe, p*) +r ~ (1) ae Cc — €&. ; 
This implies that (f,, p*) > (f., y*) + ¢ — e, which contradicts 
the hypothesis for ¢<c. From this we conclude that Ppf, = Poafs. 
The proof of the theorem is complete. 

Now we wish to formulate a theorem on the weak upper bound on 
a sequence of linear idempotent functionals. Let X be a locally com- 
pact topological space. Cy, (X) a set of continuous real functions on 
X with a compact support, and {f,}; a sequence of functions on X 
with values on the extended real axis R U {oo}. By Cy, (X) we 
denote the set of all semi-continuous-below real functions on X with 
values in R U {+00}, 

For the upper envelope @ z (x) of the sequence {/,}; with respect 
to set 6b we take the lower bound of the set of all the semi-continuous- 
above functions that are no smaller than all the functions of the 


sequence {Pp,f, (x)}; starting from a certain function: 


Dz, n (£4) = ink {O (z): ® (€) > Pf, (3 VEEX, Vk>n, DEC>5}, 
(1.1.3.17) 


@, (x) = inf O,, , (xz) = lim OD, (z). 


Remark] 1.1.3.1 Since Dz, | Dz as n + oo and since the MO, , 
are semi-continuous above, the function @ p is semi-continuous above, 
too. 

Before we go over to the main theorem on weak convergence, 
let us consider an example that illustrates the essence of this 
theorem. 

Let X = [0, 1] and f, (x) = a (x) cos nx, where a (zx) is a con- 
tinuous bound function. Then @, (xr) = |a (x) | and there exists 
a weak limit lim (f,, ~) = (Dg, o), that is, | a@ (x) | is the weak 


TL— 0O 


limit of the sequence of functions f, (x) = a (x) cos nx with respect 


to the sup-sum scalar product. 
Indeed, clearly DM, (x7) > (|fn (x) | >fp, (4), whereby 


lim (fn, 9) <(Dz, @). (1.1.3.18) 
Suppose now that e >O and that xz, € (0, 1] is a point at which 
(D,, po) < Oz, (x,) + @ (z,) + &. For a function @ (x) that is semi- 
continuous below, the set M, = {z: (x) > @ (z,) — €} is open 
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and contains point z,. Where there are sufficiently large values of n, 
the set MM, also contains the point y, that is no farther from point z, 


than by 2n/n and at which cos (ny,) = sgna(y,) and fn (Ye) = 
la (y-) |= Ps (y-). Since a(x) is a continuous function, the set 


N.= {x: D p(t) << Dz (yz) = E } 


is open and contains point y, as well as point z, for all sufficiently 


large values of 7. 
Thus, x,, ye€ M, (| N,. and 


ns ©) fn Ye) + On Ve) 
=> Dz (x) + & (te) — 28 D> (Dz, —) — Se. 


(1.1.3.19) 
Since e can be as small as desired, (1.1.3.19) yields the lower bound 
lim (fn, 9) > @x, 9). (1.1.3.20) 


n> CO 


Now (1.1.3.18)-(1.1.3.20) imply lm (f,, ~) = (Mz, @g). In general 


we have the following 
Theorem 1.1.3.5 For every continuous real function @ (x) with 


a compact support and every sequence of real functions, {fn (x)}1> 
there exists an upper bound 


lim sup (fn(t) +9 (2)) = sup (Dz (x) + @ (2)) 
=(Oz, 9), (1.1.3.21) 


where Dp is the upper envelope (1.1.3.17) of the sequence {f, }. 
Proof. In the first place, using the fact that the support of @ is 

compact and that @ and @,, are semi-continuous above, we arrive 

at the following upper bound: lim (fn, »)< (Mg, 9). Then, 


1U—> CO 
employing the fact that ©, is semi-continuous above and @ is semi- 
continuous below, we arrive at the lower bound: lim (f,, 9) > 


(Dz, ~) separately for (Dz, my) << +00 and for (Dz, g) = +09. 
These bounds comprise the assertion of the theorem, while the require- 
ments imposed on @ imply, in toto, the continuity of q. 

The inequalities f, (x1) < Dz, (x) and (fn, 9) < (Man, ®), 
which follow from the definition of an upper envelope, show that 
the derivation of the upper bound is reduced to checking the ine- 
quality lim (Dz ,, 9) < (Mz, @). Let us verify the assumption that 


TN—> CO 
(Dean, ~) > (Mz, -—) + 6,5 > 0, contradicts the property of semi- 
continuity above. 
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Indeed, in this case on the compact set K = supp g there exists 

a sequence of points {z,,5}; such that 
D gon (Tn ,6) ae Y (Cn ,8) > (D zg, () =F 6/2, in,d < K. 

By virtue of the compactness of set K, from the sequence {7p,5}1 
we can select a converging subsequence {Zn, 5} +y* €Kask>o, 
We denote tn,.5 by yn. Thus, every open neighborhood U of point 
y* contains the points y,, k >k, (U, 6), at which D gin, (yx) + 
@ (Yx) > (Pz, ~) + 6/2. The subsequence Mz, is not monotone 


increasing, so that Dz, (yx) + © (Yn) > (Ps, o) + 6/2 for all 
n<n,. By virtue of the fact that  (y) is semi-continuous above, 
we can always select a k = k, (6) so large that @ (yz) <@ (y*) + 
6/4, with 


Deyn (Yr) = UY (y*) = (D zs, (p) as 6/4, ki = Ko (5), 


n< nyp. 


Since M,, is semi-continuous above, we obtain OD, (y*) > 
lim M,, (yx). This implies that D,, (y*) + g (y*) = 

k->0co 

lim M,, (y*) + @ (y*) > (®z8, g) + 6/4, which contradicts the 


nm —> oo 


definition of a sup-sum scalar product. Thus, lim (Dz ,, 9) < 
(Dz, ~) and 
lim (fn, 9) <(®z, 9). (1.1.3.22) 


Suppose that (Dz, m) < oo. Then for every positive e« there is a 
point z, € X such that 


(Dz, P) < Mz (&) + (ee) + €. (1.1.3.23) 


The set M, = {z: @ (xz) > @ (z) — €} is open and contains point Z,. 
Let us assume that, for a fixed positive 6, 


Pain Y) <Op (ze) -—85 WEM, (1.1.3.24) 
for all n’s starting from a definite one. Then the function 

@D (xz) = {~, TEXNM,, Dp (z,) — 6, © E Me} E Ca(X) 
is semi-continuous above and @ (zx) >Ppzf, (x) VxExX. The 


definition (1.1.3.17) on an upper envelope and the assumption 
(1.1.3.24) lead to a contradiction: 


Dz (te) < WD (t_) = Dz (z,) — 4. 
Thus, (1.1.3.24) cannot be valid and for every positive 6 and an 
infinitude of values of nm there are points y,,, € M@, such that 
Paln (Ys,n) = D (Ze) ai oF Ys n € M.. (1.1.3.25) 
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Combining Theorem 1.1.3.4, inequalities (1.1.3.23) and (1.1.3.25), 
and the definition of M,, we find that there is an infinite number of 


values of n for which 


(fn. @) = (Paha, 9) > Pain Yon) + @ Ya, n) 
= Dz (Xe) + @ (2) — & + 6 
= (Dp, (p) —— 2 ae }. 


Since both ¢ and 6 can be as small as desired, we have 
lim (fn, ~) = (Ma, ®), (1.1.3.26) 
and this combined with (1.1.3.22) yields the validity of the theorem. 
The proof for (Dz, @~) = o~ is similar. For every positive VV there 
is a point xz, such that ®, (x,) + 9 (tx) SN. Just as in the 
previous case, there exists a set My, = {x: @ (x) > @ (ty) — 8}. 
This set is open, contains point zy, and for an infinitude of values of 
n and any positive 6 there are points y,,5 such that Pafn (Yn,s) > 
®M (xx) — 6. Whence, 


(fn ©) an (Pain: (p) tn (Yn,s) ae AY (Yn,s) 
=D (tx) + @ (ty) — € — 6 
= N—e—d. 


Since ¢ and 6 can be as small as desired and N can be as large, we 
have lim (f,, ¢) = © = (Og, ). The proof of the theorem is 


n> © 
complete. 

Corollary If the sequence {f,}¢ is weakly convergent with respect 
to the sup-sum scalar product on the set C, (X) of continuous functions 
with a compact support, its weak limit is the upper envelope (1.1.3.17). 
For stationary sequences this result coincides with the assertion of The- 


orem 1.3.4. 


1.1.4 Maximal Continuation of an Idempotent Measure 


In this section we will prove the constructive theorem on the 
maximal] continuation of an idempotent measure. We will show that the differ- 
ence between the minimal continuation and the maximal emerges when con- 
tinuation on closed sets is considered. 


Let Q be a set, % the algebra of the subsets of this set, 9[ the 
smallest o-algebra generated by 2%, and w: Y9 +A an A-valued 
function of the set. We will assume that A is the partially ordered 
set that is an Abelian semi-group with respect to the associative 
operations © and © with neutral elements O and 1 respectively. 
We assume, in addition, that A is a complete structure, with the 
operations sup and ini commutative with the semi-group operations. 
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Let us consider an A-valued function of the set, uw: {2\{@}} > 
A, with the following properties: 
(a) nonnegativity and boundedness, or 
O<p(S)<a, p(Q)=aEA, SEX; 
(b) additivity, or 
u(S US’) =p(S) O@p(S’), SOS’ =O, 8, S E24; 
(c) idempotency, or 


p (S) @ pw (S) = p (5). 


By G we denote the class of subsets of 2 that are countable unions 
of sets belonging to =. We define the set function m: G—>A 
thus: 


m (g) =supsupm (U S:) , gCG, g= T S,, S;€2. (1.1.4.1) 
1 1 


{S,} 


We also wish to define the sets m(a) belonging to 9[ that are non- 
empty countable intersections of sets belonging to G thus: 


m (a) = inf inf m ( n gi) » £iCG, a= n g:EM. (1.1.4.2) 


{8} n 


Theorem 1.1.4.1 The set function m is bounded, nonnegative, idem- 
potent, and o-additive on Y. 

The idempotent o-additive continuation of m is unique on G and 
maximal on YQ. 

Proof. The boundedness and nonnegativity of m on G and Y are 
obvious. Let us prove the monotonicity of m on G. Suppose that 
g’ > g. We take two sequences, {S,} and {S,}, such that g’ = 


ee) fore) n n R 
US, and g=US,. Then U 83> (U Sj) N (US:), and in 
1 1 1 1 1 
view of the monotonicity of m on & for every pair (n, k) we have 
n n R 

m(\ $3) =m ((U Si) N (US). 

A similar inequality holds true also for the upper bounds in n: 
h h 
m (g’)>m (¢g’ S;)}) =m S;). 
(2) >m (2 1 (U S:))=m(U S) 


Going over to upper bounds in k, we get m (g’) > ™m (g). The mono- 
tonicity of m on G has been proved. 

We will now prove, in passing, that the values of m (g) are inde- 
pendent of the choice of the sequence {S;}. True, since if g = U S; = 


4—0105 
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|) S; = g’, we have, on the one hand, m (g) > m (g’) and, on the 
other, m (g) < m (g’). Whence, in definition (1.1.4.1), the upper 
bound in {S,} will not alter the result. 

The monotonicity of m on % can be proved by reasoning along 
similar lines. However, now in definition (1.1.4.2) we cannot discard 
the lower bound in {g,}. Empty sets, which potentially can emerge 
in the passage to the limit of intersections, may transform m (a), 
a€Q, into a constant and thus violate the properties of mono- 
tonicity, additivity, and idempotency. 

For example, suppose that 2 = 2p (see Section 1.1.3), f(z) = 
{x, x €[0, 1]; 0, E10, 1]}, and m (B) = aun y (xc), BEX,. If 


a = 1 on: En EG, then a = N Bis where En == Bn U (4 7: {/n, 1) € 
1 1 


G. Without going over to the lower bound in {g,} we could have 
tried to determine the value of m (a) for a € I, a ¢ G, in the follow- 


nr 
ing manner: m (a) = inf m ( 0 gi) . However, 
n 1 


m (1) gi) =m (gn) =sup{e: cee, U(1—A/n, 1} 4=m/(R). 


This example shows the important role played by the lower bound 


inf in the definition (1.1.4.2). 

{Z,} ore) fore) 

. Suppose that a’ >a, a, a’E€A, and a= {| g; and a’=/f] Bi, Sis 
1 1 


n n R 
g;€G. Then {| g3> ( a g; a a g;] , and in view of the already 
1 1 1 


proven monotonicity of m on G for all finite values of nm and k 
we have 


m (1 &u)=m((Nei) n (1 g;))>m(a). 


Going over to the lower bound in n and k, we find that m (a’) > m (a). 

From the idempotency of m on »% and the additivity on noninter- 
secting sets we conclude that m is additive on all sets belonging to =. 
Combining this result with the fact that m (g U g’) does not depend 
on the selection of the sequence from > that converges to g U g’, 
we conclude that m is additive on G: 


m(eUe’)=sup (m((U 8) u (0 55))) 
= sup (m (\ S;] @m(U 53) ) =m(g)@m(g’). 


From the monotonicity of m on XY and idempotency of addition ® 
it follows that 
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m(a Ua)=m(aUla)Om(a U a’) >>m(a)+m(a). (1.1.4.3) 
Qn the other hand, the definition of m on Y& implies the opposite 
inequality 


m(alUja')< inf inf m (( fe) U( N85) 


{8}, {&),} n 
—m(a)@m(a’). (1.1.4.4) 


The additivity and idempotency of m on Y follows from (4.1.4.3) 
and (1.1.4.4). 
We now note that, on the one hand, for every finite n we have 


m ( UJ g:) = © m(g))a PB m(g;), 
1 { { 


whereby m ( r g:)<@ m(g;), while on the other, by virtue of 
1 1 


the monotonicity of m on %, we have 
m(U gi )>m(U &)>Om(ei), 
{ { 1 


whereby m ( t gi | > m(g;). This implies the o-additivity of m 
1 1 


on G. The o-additivity of m on Qf can be proved in a similar manner. 
Any idempotent o-additive continuation of w on G coincides with 
m. Indeed, suppose that w is some other continuation. Then 


wv (@) = @ w(S;) = © m(S;) =m (2), fos. 


Let us demonstrate that any idempotent o-additive continuation 
of w on A does not exceed m. Suppose that v is such a continuation. 
By virtue of its idempotency and o-additivity, v coincides with m 
on G. The monotonicity of v implies v (a2) < v (g) = m (g) for every 
gaa, g€G. There is a similar inequality for inf in g: 


v (a) <inf m (1 gi | == m (a), f g, =a. 


Thus, the continuation of uw on YY constructed here is maximal. The 
proof of the theorem is complete. 

The examples considered above show that in general smaller con- 
tinuations are possible. 

The theorem that we now formulate shows that A-valued idem- 
potent measures corresponding to functions semi-continuous above 
coincide with their maximal continuations. 

Theorem 1.1.4.2 Suppose that Q is a topological space, F = 
B (Q) is the o-algebra of Borel subsets, and xX is an algebra that gener- 


4* 
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ates @. If f is an A-valued function semi-continuous above, then 
sup f (o) = m (a), a € ®, where m is the maximal continuation of the 
WEa 


idempotent measure u (S) = supf (@), SE. 
wEeES 
Proof. Clearly, the restriction m to class G coincides with the con- 


tinuation of uw on G, since such a continuation is unique (see [he- 
orem 1.1.4.1). On the o-algebra @ the measure m is maximal, whereby 


m (a) >supf(z), a %. 


Let us assume that there exists a set a € @ such that 2 = m (a) > 
sup f (cz) = 0. By virtue of the semi-continuity of f (x) above, 


sup f (cz) = sup f (x), where a is the closure of set a in the topology Q. 
a a 
Suppose, in addition, that 


def ss 
& =m (a) = inf inf m (g;)<inf m (g;) = inf sup f(z), 
{ge} 3 i i neg, 


where a= [) g;. 


{ = 
Let us consider the set g = {z: f (x7) > a}, where © >9O. By 
virtue of the semi-continuity of f above, set g is closed, whereby 


the sets G; = g; gC g; and their intersection Go=1G;ca 
are closed and nonempty. Hence, 
H< sup f(x)<sup f(x) =9, 
xEGQ a 


xEa 
which implies that 8 = &. The proof of the theorem is complete. 
The assertion of this theorem also constitutes the assertion of The- 
orem 1.1.3.2 as a particular case. 


1.1.5 Idempotent Integration of Measurable 
and Semi-measurable Functions 


We will prove the theorem that the integral of a function that is 
semi-measurable below is independent of the choice of the continuation of the 
idempotent measure. Thus, the fact that the function is semi-measurable below 
compensates for the absence of continuity of the measure at zero. 


Let & be an algebra of the subsets of Q that generates the o-algebra 
9 and let G be a class closed with respect to a countable union of 
elements from >». Suppose that A is a partially ordered metric semi- 
ring whose metric and partial ordering obey the conditions discussed 
in Section 1.1.2. 

A function f: 0&2 —A is said to be measurable below if the sets 
V (a) = {o: f (w) >a} and Q (a) = {w: f (wm) >a} belong to A 
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for every a € A, and semi-measurable below if Q (a) G. The 
ordering relation on the semi-ring A is partial, whereby the set 
W (a) = {w: f (o) <a} is not a complement of Q (a) and we must 
distinguish between (semi)measurability above and (semi)measur- 
ability below. Naturally, the concept of semi-measurability depends 
on the choice of the algebra % that defines class G. However, in what 
follows we speak only of a fixed algebra 2%, whereby it becomes 
unnecessary to specify with respect to which class semi-measurability 
is defined. : 

Let us give a more precise definition of an e-mesh. A subset {dj }~ 
of set Z — A is said to be an e-mesh if for each point d € BM there 


exists an element d; such that 
o(d, d)<e. (1.1.5.4) 


If in addition to (4.1.5.1) we also require that dj >= d, the e-mesh 
is said to be upper, while for dj; < d the e-mesh is said to be lower. 
Note that although an arbitrary e-mesh may be neither an upper 
one nor a lower one, to each e-mesh there corresponds an upper 
e-mesh and a lower 2e-mesh: 

D;* = sup {H: p(B, di) <8} 


4 


and 
gi’ = inf {g: p (g, dt) < e}. 


Indeed, in view of the triangle property, 
0 (t, Di) <p (ze, di) +p di, Di*) <2e. 


The function f: Q —A is said to be elementary if it assumes the 
value f = const on a seta € Y and O on its complement. A function f 
equal to no more than the countable sum of elementary functions 


is said to be simple: /, (w) = @ fi (@). 
1 


To define the concept of an A-valued idempotent integral, we will 
employ some properties of the metric and structure of the semi- 
ring A. These are formulated below in the form of conditions: 

(1) The matching of metric and structure: if supa, >a and 
inf a, —a as n ->0oo, then 0 (a,, a) —>0, and vice versa. 

(2) The uniformity of metric with respect to semi-group and struc- 
ture operations: if p (@,, b,) +0, then 9 (a, © d, b, © d) + 0 
rma for every bound set D 5d, where © is © or © or sup or 
inf. 

(3) The minimax condition for the metric 

9 (a O 6, ¢ ) d) < max (p (a, ¢), p (b, d)), 


where < stands for ® or sup or inf. 
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(4) The monotonicity of the metric: if a > 6 >c, then 
p (a, c) > max {p (a, 8), p (, ¢)}. 


An important corollary of condition (3) is the minimax inequality 


r (Ba, & bj) <min max p (a, b,).. (1.1.5.2) 
Indeed, induction proves that 
p(B a1, bj) <max{o (ay, bacy)s -++1 9 (Any Onin)}r —— (AoA.5.3) 
where x is a permutation of the indices 1, ..., n. Since (1.1.9.2) 


is valid for every permutation, we select the one for which this 
maximum is minimal and arrive at (1.1.5.2). 

The matching and uniformity conditions are met for the metric 
0 = Pexp- Let us show that the minimax condition is met for (tan-1 
and for Pexp. We start with the case R' U {—oo}. We put a< b 
and c<.d. Then 

o (6, d) for operations sup and @. 


p(aOb, ¢O ‘=| o(a, c) for operation inf. 


The multidimensional case can be reduced to the one-dimensional, 
since for Pexp we have 


de 
0(2>b, 6 d)=max(e((ad dis (CO a) 
=maxp (a; Q 0;, ¢; O dj). 


Theorem 1.9.1 Suppose that f: Q —A is a function with a sepa- 
rable set of values. If f is measurable below, then there exists a sequence 
of simple functions that converges to f below. If Q is an A-regular set, 
A is a locally compact space, metric 0 is minimaz, and f is a bounded 
semi-continuous-below function with a compact support, then there exists 
a sequence continuous functions {f,} converging to f below at every 
point. 

Proof. Suppose that {f;}%° is a lower e-mesh on the set of values 
of f. By f; (w) we denote an elementary function equal to f; on the 
set QF = {w: f (wo) > fi} € A and zero on the complement of %. 
Clearly, fi (o) <f(@) and f; (0) ® f (@) = f (0). 


Let fs (ow) = @f; (w) be a simple function. Then 
{ 


fo) <ff (a) ® fi, (0) < ® (f;(@) ® f (0) =f (@). 
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According to the definition of an e-mesh, for each point w there 
exists a number i = i(w) such that 


e>o (fi, fo) =e (fi (o), Ff (o)) Soe (fs (@), f @)). 
Hence, 


sup (fs (o), f (o))<e, fs (0) <f (o). 


Let us now prove the second part of the theorem. The compactness 
of the support of a bound function f semi-continuous below implies 


the relative compactness of the open sets Q; = {w, f (w) > g;}, 
where {g;}% is the lower e-mesh on the set of values of f, with N = 
N (se). 


Suppose that {Hj ,} is a sequence of compact sets such that 
Din < Bj, and U Din = Q§. Since it is assumed that Q consti- 


tutes an per ee a a there are continuous functions f,.; (0) < gi} 

that are equal to gi for @ € Dj» and to O for w ¢ Dj». Consider 
N 

the function f, (©) = ® fn,i (@) lean-1. Clearly, fn, ; (o) <f (a) 
{ 


implies f, (w) <f (w). The sum © of a finite number of functions 
continuous with respect to the minimax metric is also continuous, 
whereby /f, (w) € C (Q). By virtue of the definition of an e-mesh, 


for each point w there exists a point qj, (i = i (wm) of the e-mesh 
N 
such that f(w) >g; and o0(f (w), gij)< ec. Thus, 0 (f (ow), ® 


fn,i (©)) <<, with the result that p (f (), fp (o)) <n. The 
proof of the theorem is compete. 
The quantity 


® 
| fer (©) © m (do) =f © m(e) 
G2 


is said to be the integral of an A-valued elementary function f.; (w) = 
tif, o €g; O, wo ¢ g} with respect to an A-valued finite idempotent 
measure m: X%{ — A, while the integral of a simple bound function 


fs (a) = ® fixe (o) is the sum 


© 
| fs(0) © m (do) = © (fr, 1 © ™ (Bi). 
ts) — 
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Corollary 1.5.1 If f, and g, are two simple bound functions and 


hs < Ds _ 
® 


( f,(o) © m (do)< | 9; () © m (do). 


Lemma 1.5.1 If a sequence of lower e-meshes {f{}~ is given on 
the set of values of a simple bound function f,;: 0 + A, then 


@ f © m (gi) = ® fi © mG) =lim © fi © m (64) (1.4.5.4) 
where f,(o) =f; for o€g;, G;={o: f,(o)Sfj}= U  g,and G;= 
J: f sel; 


{o: if (w) > fi}. 
Proof. The set of values of the simple function /f, is discrete, 


whereby each set Gj is a union of the sets G,;={o: f,(o)>/;}, 
or Gi= U G;>G;,. Hence 


f fe 
® (fi © m(Gi))= 8 (fiO( @ ~ m(G)))) 
1 i=1 7: fest 
= @m(G)O( @ fi) 
j=1 i: fox j 


which, by virtue of the definition of a lower e-mesh, implies 


0 (fj; @ fi)<e. 


i: ext 
The minimax condition for the metric leads to a second inequality: 
0(® fi © m(G,), @ fi © mC) 
me (7; © m (G;), ( a fi) © m(G,))>0 (1.1.5.5) 

a 


as e +0, since m (G;) < m (Q) and measure m is finite. The proof 


of the lemma is complete. 

Finally, we define an integral of a bound measurable-below func- 
tion f: Q —A with a separable range as the limit of a sequence of 
integrals of simple functions converging to f below: 


D © 
| £(0) © m (do) =lim | f* (o) © m (da), (1.1.5.6) 
Q ia Q 
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where f® constitute the sequence of simple functions set up in the proof 
of Theorem 1.1.9.1: 


f° (@) = @ fi (o), 
fi (wo) = (fi, w € Q5; QO, w ¢ Q3}. 
QF; = {o: f° (o) Sfi}. 
The existence of a limit in definition (1.1.5.6) is guaranteed by 


the following _ 
Theorem 1.1.5.2 Let A be a partially ordered semi-ring whose 


metric and structure satisfy conditions (1)-(4) (see p. 30). Then for 
every finite idempotent o-additive measure and for every bound meas- 
urable-below function f: 2 —~A with a separable range the integral 
(1.1.5.6) is finite. 

Proof. Suppose that {f$}~ and {d?}* are the lower e- and 6-meshes 
on the set of values of map f. Suppose in addition that f§ (w) and 
f® (w) are two simple functions corresponding to the e- and 6-meshes, 
and I, = I (f®) and I, = I (f°) are the idempotent integrals of the 
simple functions. Our aim is to verify that 9 (J,, [5) ~QOase, 6 ~0, 
that is, {7,} is a Cauchy sequence when e —0. 

Let us consider the integral J,, =/J, ® Js =I (f ®/*), which 
corresponds to the union of the two meshes. Since {fj};, is the lower 
e-mesh, each point d° belongs to the upper e-neighborhood of a 
point f;. The set of numbers of points of the 6-mesh belonging to 
the upper e-neighborhood of point f; will be denoted by J, (i): dj > 
fi, © (fi, 43) << e Vi € J, (i). Interchanging the order of summa- 
tion, we get 

Ies=® (fiOm(Di)) @ (di Om(D})), 
i=1 j€T (4) 3 
where D?={a: f (wo) > fi} and DZP={o: f(w)> ds}. Since di>fe 
for all jE J, (i), we have D;— HD. Hence, 


10S Oi. di) © m(Di)< @ FiO m(F}), 
= J € t i= 
where F;=sup{f: f>fi, e(f, fi)<e}. 
This result can be used to estimate the distance p (J,, I,,.5). The 
minimax property of the metric yields 
p (Ter Tey0) <0 ((® (fF © m (Di), © (FEO m (D4) 
<sup {p (fi © m(H;j), Fi © m(D})}. 
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Bearing in mind that 0 (f;, Fi) < e and m (Bj) < m (Q), we con- 
clude that 0 ([/,, I,.5) ~0 as ¢ > 0. 

Reasoning along the same lines, we can prove that p (J5, [2,5) 0 
as § — 0. 

If now we employ the triangle property, we finally get 9 (/,, J5) < 
e I., Tes) + 9 Ue.s, 15) ~O0 as e and 6 tend to zero. The proof 
of the theorem is complete. 

The following theorem constitutes the main result of the present 
section. 

Theorem 1.1.5.3 Let m be an arbitrary idempotent o-additive con- 
tinuation of finite measure uw from algebra x to the o-algebra A and 
m* the maximal continuation. Then the integrals with respect to m and 
m* of any bounded semi-measurable-below function with a separable 
range of values coincide. 

Proof. Suppose that {fj }s is the upper e-mesh on the set of map f 
and {¥#%}%, the lower e-mesh: £3 < fi, 0 (fj, %%i) <«. By virtue 
of Theorem 1.5.2, the sequences 


I* (f) = ® fi © m* fo: f (o)>f3 
and 
J* (f) = g Fi Om*{o: f(o)>F3 


® 
are convergent below to the integral J*(f) = \ f(o) © m* (do), 


Q 
while the sequences 


I, (f) = ® fi @ m{o: f()>f3} 
and 


Je (f= ® Fi Om{a: f(o)>F 3} 
® 
are convergent below to the integral J (f) = \ f (w) © m (do). 


9 
Since m* is bounded and o is locally uniform with respect to ©, 
the convergence of 0 (fi, 4%) +0 as e +0 and the minimax prop- 


erty of p imply p (J? (f), Jz (f)) ~0 as © +0, with J* (f) = 
® Fi @© m* {o: f (wo) > fi}. 


Combining the definition of the lower e-mesh and the fact that m 
and m* coincide on sets of class G, to which all sets of the type 
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fw: f (ow) > Fi} with any functions f that are semi-measurable 
below belong, we obtain 


m* {o: f (@) >fi}<m* {o: f (0) > Fi}=m {o: f(o) > Fi} 

<m{o: f(o)>.F 3} 

< m* {w: f (o) >. F 3}. (1.1.5.7) 
If we multiply this chain of inequalities by £; and integrate the 
result with respect to i, we get yt f)<J.(f) <Jé (f). Since 


o (Jé, J*) tends to zero as ¢ —-0, we conclude that 0 (J, (f), Jé (f))—> 
Q. The proof of the theorem is comp'ete. 


1.1.6 Idempotent Measures and Functionals with Values 

in a Semi-ring 

We will prove the theorem of the integral representation of a linear 
continuous A-valued functional. This theorem can be used to prove the Fubini 
theorem, whose simple corollaries are Duhamel’s integral formulas, which ex- 
press the solution to the nonhomogeneous evolution equation in terms of inte- 
etrals of solutions to homogeneous equations. 


Let us consider the set C4 (X) of continuous A-valued functions 
with a compact support on the locally compact A-normal topological 
space X. Here A, the normality of space X, by analogy with the 
common normality, means that for every closed set A and open set 
MI > K there exists a continuous A-valued function equal to | on K 
and Q outside M. Suppose that m: Cf (X) —A is a nonnegative 
linear (with respect to the semi-group operations © and ©) A-valued 
functional that is continuous in the following sense: 


p (m (g), m(f)) 
< sup ep (Cy sup (f(z), & (2), Cx © int (f(z) g (@))), 
XE ff 
where &@ is a compact set containing A — supp f and A — supp q, 
and Cy is a constant belonging to A and depending on & Cc X. 
In what follows we will repeatedly use the following 
Lemma 1.1.6.1. Let 0 be a minimax metric. Then no finite number 
of operations ®, sup, and inf leads us outside the classes of continuous 
and semi-continuous-below functions with a compact support. 
Proof. We denote ©, sup, or inf by ©. Suppose that f and © are 
continuous. If the sequence of x, € X converges to an x € X, then 


oF @) © @@s In @ O On @)) 
< max {9 (f (2), f @n))s P (@ @s & (@n))} +0 


as n — oo, that is, f O @ is a continuous function. 
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If f and @ are semi-continuous below, there exist sequences of 
continuous functions £, and @M, that converge pointwise to f and @ 
below. From f > ¥, and g >@, it follows that 


fO oP FrAOD, = Fa, 
0 (f (2) O ® @), 
W, (x)) < max {o (f (x), Fn (Z)), P (P (@), Bn (Z))} > V¥ 


as n — oo. Since, by virtue of the first part of Lemma 1.1.6.1, 
fy} constitutes a sequence of continuous functions, (f O @) (x) 
is semi-continuous below. The proof of the lemma is complete. 

We continue measure m: C4 (X) +A onto the set My, (X) of 
functions that are semi-continuous below: 


m* (f) = oa {m (9), P<f, ECA (X)}. (1.1.6.1) 


Let us first see whether this continuation is monotonic. 

Lemma1.1.6.2 Jff,.€@D,4(X) and f,<f,, then m* (fi)< 
m™ (fo). 

Proof. It is sufficient to verify that if {@j, }%_, constitutes a se- 
quence of functions belonging to C4 (X) and convergent to f, below, 
there exists a sequence {@7}° convergent to f, below such that 
gp? >gq,. By Lemma 1.1.6.1 such a sequence can be obtained from 


a sequence fo? Yoo according to the formula g?, (x) = sup {q) (2), 
2, (x)} or g? (x) = g, (x) ® g?, (x). The proof of the lemma is com- 


plete. 
Let us define m* on a set of arbitrary functions as the upper measure 


m* (H) = inf (m* (), FSV, SEDs (X)}. (1.4.6.2) 


Employing the monotonicity of m* on ®, (X) and Lemma 1.1.6.1, 
we can easily prove that the upper measure m* is monotonic on the 
set of all functions. 

Lemma 1.1.6.5 Jf BP, < VY,, then m* (¥,;) < m* (¥,). 

Let us say that a partially ordered inetric semi-ring A is precom- 
pact if on every bounded set ZH Cc A there exists a finite e-mesh 
{dj3}N, N = N (e), thatis, such that Vz € ZB Adj: p (x, di) <e. 

Corollary Jf a locally compact semi-ring A is precompact, for every 
bounded function V there exists a function f semi-continuous below 
such that po (m* (V), m* (f)) < «, f > W. 

Indeed, let D = {m* (f): f>V, f<sup WV, fe@D, (X)} be 
a bounded set and {d;}% an e-mesh on &. Let us also assume that 
fi (x) are semi-continuous-below functions belonging to WM, (X) 
and such that m (fj) = d;. In this case the function /® (z) = 
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inf ff (z) is semi-continuous below, too (see Lemma 1.1.6.1), 
1<i<N 
fe > YW, since fj > WV and op (m* (f*), m* (Y)) <e by the definition 
of an s-mesh. 

The commutativity of the passage to the limit with a linear con- 
tinuous functional is ensured by the following 

Theorem 1.1.6.1. Jf a monotone increasing sequence of functions V, 
converges below to a bounded function V, then m* (V,) ft m* (¥): 


lim sup m* (V,) = m* (lim sup ¥,). 
Proof. Clearly, 
m* (VW) > sup m* (V,,). (1.1.6.3) 


By virtue of the corollary to Lemma 1.1.6.3, for every positive e 
there exists a function f, € M, (X) semi-continuous below such 
that W,<fp, m* (Vp) <m* (fp), and p (m* (¥,), m* in). S <S 
¢ XxX 27", Suppose that qg, (2) = sup (f/f, (2), fn (x)) € DB, C 
Clearly, DP n+1 = fae = ays P n+1 = Qn- Since sup coe eae 


On DO fret and ¢ 0 (a, b@®c)<o (a, b) Po (a, c), we have 
p (™* (P44) m* (Pn+4)) <p (™* (P+): m* (Pn) 
a — (m* CE nea) m* (fnts)) 
<p (m* (V,), m* (Pp)) +a"... 
<p(m*(¥,), m*(p,)) + (24+... +2) e<2e. 


Hence, sup 7, > VY, and 


po (m* (Py), m* (Pn)) = P (m* (fn), m* (Pn)) S &. 
(1.1.6.4) 


In view of the concordance of metric and structure and the arbi- 
trariness of the choice of ¢, inequality (1.1.6.4) implies 


sup m* (Y,,) < m* (sup Y,) = m* (®). 


on 


Indeed, if we assume that the opposite is true, that is, if m* (g) > 
sup m* (W,), the more so sup m* (9,) > m* (¥,), and inequality 


(1.1.6.4) cannot be satisfied for an arbitrary (positive) e. If we allow 
for (1.1.6.3), the proof of the theorem is complete. 

Lemma 1.1.6.4 (Fatou’s lemma) Let {f,} be a uniformly bounded 
sequence of A-valued functions. Then 


m* (lim inf f,) < lim inf m* (f,). 


Proof. Let us consider the functions ¥, (x) = inf {f, (x), m > 
n}<f,. These constitute a nondecreasing sequence that converges, 
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by definition, to liminf/f,. By Theorem 1.1.6.1, 
lim sup m* (F ,) = m* (lim sup ¥ ,) = m* (lim int 7,,). 
(1.1.6.5) 
Since #, (2) <fm (x) for m >n, we have m* (.F , (t)) <m* (fm)> 
m>>n, whereby m* (¥, (x)) < inf m* (fm). Combining this with 
(1.1.6.5) yields 
lim inf m* (f,) > m* (lim inf f,). 
The proof of the lemma is complete. 
A set a € X is said to be integrable if the characteristic function 
vy, of a is integrable (i.e. 9 (O, m* (y~)) << oo) and measurable if 


the characteristic functions of a (| K are integrable for every compact 
metric space K. A set a is said to be locally negligible if 


m®* (a) = sup m* (a (| K)=Q, 
h 
where m* (a) = m* (y,), with X a locally compact topological space. 
Theorem 1.1.6.5 implies that if sets a, are integrable and m* (a,)< 


C, with C a constant, the set a = Ua, is also integrable, x, (x) = 
1 
® Ya; (x), and 
1 
m* (Xa) == m* (a) = lim sup m* ( SP, La] 
! 


= m* (lim sup e Xai) 


Hence, m* is a o-additive idempotent measure. | 
By % (X) we denote the o-algebra of Borel sets, that is, the small- 
est o-algebra with respect to which all continuous functions are 


measurable. 
Theorem 1.1.6.2 Jf @ is a bounded function #-measurable below 
® 


with a separable range of values, then m* (@) = \ (p (x) © m* (dz), 


X 
where m™ (dx) is the upper measure on # (X) generated by the linear 
continuous functional m on Cf (X), with m* (~) the upper continuation 
of m. 
Proof. Suppose that g® (xz) = © pe © x {x: (xz) > ge}, where 


{pi }i is the e-mesh on the set of values of map g. Then go, <o 
and 0 (9%, g) <e. Thus, gt q. By virtue of Theorem 1.1.6.1, 
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m*® (p£) + m* (~), while by virtue of Theorems 1.1.5.1 and 1.1.5.2, 
D 


© 
| 9% (2) © m* (dz) t | @ (x) © m* (da). 
x X 
Since for simple functions 
m* (f')= ® fi © m* (Xai) = ® fi © m* (ai) 
© 
= | f (2) © m* (dz), 
x 
a similar equation holds for the limit as « + 0. The proof of the the- 
orem is complete. 

Let m, and ge be two linear continuous A-valued functionals on 
Co (X) and Cf (X,), respectively, with X, and X, two locally com- 
pact A-regular topological spaces, let X = X, X Xz. be the direct 
product of these locally compact spaces, and let ca (X) be the set 
of continuous A-valued functions on X = X, X X, with a compact 
support. It is easy to see that the functions @, (z,) = mz (@ (2, -)) 
and @,. (2) = m, (@ (-, L_)) belong to Cs (X,) and Cr (X».), respec- 
tively, if @ € Cj'(X). Hence, the expressions m,>. (p) = m, (mz (@)) 
and ms, (p) = mz (m, (~)) define linear continuous A-valued func- 
tionals on C§‘(X). 

Our immediate task is to prove that m,, = mg. 

Theorem 1.1.6.3 Let f € CG (X), X = X, X Xo, be a continuous 
function with a separable range of values. Then my, (f) = mo, (f). 

Proof. Suppose that K, and K, are two compact subsets in X, 
7 X» whose product contains A — supp f. The function : ts (1525), 

f (x,, x,)) is continuous on the compact metric space K = (K, xX 
K,) X (K, X K,), whereby it is equicontinuous, and for every 


positive e¢ there exist finite nonintersecting partitions of compact 
metric spaces A, and KA, such that 


OP (Ff (Ly, a), F (4, %))Ke Vxye Ky, 2, £,€ Ko, j, 
P(F (2, Lp), f(xy, %))<e VWa,€K,, x, 2, € Ki, 5, 
N N 
Ky= U iis Ke= U K2, i N= WN (e). 
A ae i= 
Let us consider the sequence of simple functions f,(2z,, x5) = 
@D QF, (X1, T.), with 
t, J 
saa if (Xj, Toe) =— QF, I (x, 7) 
' 7 Ky, jx Ko j 
Pig (Pt M2) = €Ki,iX Ko, ;, 
(i if (2,5 r,)¢ Ki ix Ko 5, 
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which converges uniformly to f (z,, 22.) below. By virtue of The- 
orem 1.1.6.2, the sequences of the simple functions 


re 
Y* (a) = © Wi (24); 


N : . . 
o FORD (Ko,j) if 2,€Ay,;, 
j= 


© 


if Ly q Ki. 9 


N 
@ V5; Om, (K%, i) if t,€ Ks, 5, 
O if 2,€ Ko, ;, 


® (X_) = ; f (ty, 2) © m, (dx,) =m, (Ff (+, 2). 
Xy 
® 
But for every finite N—=WN (eg) the integrals \ WY" (x,) © m, (dz,) 
p ” ” 
and \ M* (x,) © m, (dz,) are equal to the same sum, _® . EO, 
Xe aia 


m,(K{. ;) © m, (Ko, ;). Hence, a similar equality is valid in the 
limit. too. The proof of the theorem is complete. 

The result obtained for continuous functions can be extended so as 
to incorporate the cases of a set of bounded semi-continuous-below 
functions with a separable range of values and a set of all bounded 
measurable functions. 


1.1.7 The Fourier-Legendre Transform 


We will show that with respect to the semi-group operations of 
addition and multiplication the Laplace transform has the same meaning as 
the Fourier transform with respect to the arithmetical operations of addition 
and multiplication. 


Let the locally convex A-regular topological space X be an Abelian 
group and let m be the linear continuous A-valued functional Co (X) 
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that is invariant with respect to the group of translations, or 
m (Tgp) =m (g), where Typ (xt) = — (« + q), t, EX. By The- 
orem 1.1.6.3, the functional m admits, on the set of functions on 


Ci (X) with a separable set of values, the integral representation 
D 
m(p) = \ (2) © m* (dz), 


xX 


where m* is the upper measure on ¥ (X) generated by m. 
Let ~ and ¥ be two functions belonging to Co (X). The convolution 
of these two functions is a function from C$ (X) defined thus: 


(P *k Ai) (q) = It (TQ @) YP), (1.1.7.1 
where q’ (x) = g (—z), and Tq’ (x) = g (¢ — 2x). Clearly, 


T, (p * ¥) (g) = (L_y@ * FY) (@) = (T_,¥ * @) (@). 
(1.4.7.2) 


Let us consider the linear continuous operator .+ ,., that maps 
set C4(X) into the set of continuous bounded A-valued functions, 
C4 (X), and possesses the following characteristic property: operator 
F x+y is the equioperator of the translation operator, or Fy~pTg = 
e(p, gq) © #Fx+p, Where e (p, qg) is a continuous bounded A-valued 
function. The Fourier transform of functions in R” has just this 
property, with e (p, g) = exp {+i (p, q)}. 


In general, 
Ftp (Lo+u®) ae (q +-U, P) ©) gO 
= F pun (Ly° Ly) 
=e(p, q) Oe(p, U) © F yap: 
from which it follows that 


e(p, g) Oe(p, u) =e (p, g + U). (1.1.7.3) 


Another important property of the common Fourier transform 
is the formula for commutation with the convolution: 


F uep (Q* VP) = (Finn) © (Fun p¥). (1.1.7.4) 


Let us show that if formula (1.1.7.4) is taken as a condition, then 
the function e satisfies condition (1.1.7.3) in the second independent 
variable, too, and the Fourier transform admits an integral repre- 
sentation of operator .* on a set of functions with a separable range 


9—0105 
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of values. Using the convolution property (1.1.7.1), we get 
(F e530) © (F xs » v) a esp (@ * Y¥) 

= MF +p (T_(-) ®) ©) Y (-)) 

=(F gp?) Om(e(—p, -)O F(-))s 
where (-) stands for the independent variable in which m operates. 
Hence, Fx+ pV = m (e(—p, -) © ¥ (-)). For continuous functions 
with a separable set of values, we can write this relationship in the 
form of an integral: 


© 

F gop = \ ¥ (2) Oe(—p, 2) © m* (da), (1.1.7.5) 
xX 
L 


where (e (—p — p', e+ 2’) =e(—p, 2) © e(—p, 2) © 
e(—p, x) © e(—p, @’). 

Example. Suppose that A = R |) {—co}, X = R", OD = sup, 
© =-+, m=const, | =0, and O = —oo. Then ¥y.,9 = 
sup (e (p, x) + @ (x)), where e (z, p) is a continuous additive func- 


tion of independent variables x and p. Every continuous additive 
function is linear, whereby e (p, xz) = (p, Hz), with H an n-by-n 
matrix. Thus, here the Fourier transform in the sense of semi-ring A 
coincides with the Legendre transform in the sense of group opera- 


tions in RA. 


1.1.8 Duhamel’s Theorem 


As another application of the theory of idempotent integration 
we consider the proof of Duhamel’s theorem in the semi-group case, whichex- 
cludes subtraction and differentiation. To avoid differentiation one can go over 
to the integral representation and employ Fubini’s theorem, which justifies the 
change in the order of integration. 


Suppose that we have specified a bounded continuous-in-t family 


of linear operators L (t), ¢ € R, acting in a normed space of A-valued 
functions, # (X), that is closed with respect to the operations of 
addition, ®, and multiplication by a constant, ©. Suppose that m: 
# (Rk) > A is an A-valued idempotent o-additive bounded measure 
and @: (x), Vy, (x), and ®; (x) are A-valued functions that belong 
to # (X) are continuous in parameter t € R, and have separable 


ranges of values. If the operators Z (¢) retain the separability of the 
ranges of values {ay if the entire space # (X) is separable), then 
® 


the integrals \ L (t) @; © m (dt) and ( L (t) PV. ,5 © m (dt) 
(0, ¢] (0, t] 

have finite values. Let us assume that the functions @;, V;,,, and 

@M; are solutions to the equations listed in Table 1.1.1. 
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Table 1.1.1 


Integral representation of equations for Differential representation of equations 
semi-group operations ® and ©) for group operations + and xX 
SB) OW} A 
- —* — f(t) gi ti, 
=p | Emerey oman a VOT (1.1.8.4) 
(0, t] P lito = Po € B (X) 
ro oFbs Fay 
Y, = V,@ (L(t) Wx, s) © m (dt) dt pees (1.1.8.2) 
(s, tJ FY lt=s= Ps € B (X) 
D n 
. Ot = 5 (1) Oy, 
O:= Qo © (L (t) D,) © m (dt) Ot (1.1.8.3) 
(0, t] ~@D lio =Qo- 


Theorem 1.1.8.1 Let two functions, YW and O, satisfy the integral 
equations (1.1.8.2) and (1.1.8.3). Then the function 
® 
S,=9,90 Y, © m(dt) (1.1.8.4) 
(0, @] 
is a solution to Eq. (1.1.8.1). 
Proof. Using the integral representations for D; and WV; ,, we 
arrive at the following identity: 
© 
Si= Gy ® | (L(t) ®,) © m(dr) 
(0, 7] 
© So . 
® | (¥@ | LU) ¥,,.) O m(ds)) © m(dr). 
(0, ¢] (t, Z] 


(1.1.8.5) 


Note that the function f (s, t) = LZ (s) YW, , and the measure Lu = 
mx m on RX satisfy the hypothesis of Fubini’s theorem, where- 
by the values of the integral over the domain Q = {(s, t): s > Tt} 
does not depend on the order of integration: 


m(dt) © J} (L(s) ¥,,<) © m(ds) 
(0, t] (t, t] 
= | (as) \ L(s) ¥e,.@ m(av), 
(0, ft] (0, s] 
5* 
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Combining this with (1.1.8.5) yields 
Si= Po @ \ {7 (1) (®, @ \ Y.,;Om(ds) @ :) } @ m (at) 


(0, t] (0, Tt] 
=o @ | (L(t) 5,0 ¥,) © m(dr). 


(0, ] 
The proof of the theorem is complete. 


1.1.9 The Fredholm Alternative 


In this section we show how a generalized solution can be deter- 
mined by introducing a separable scalar product and constructing a conjugate 
operator. The condition for the uniqueness of the solution to a nonhomogeneous 
equation will be formulated as the Fredholm alternative. 


Let Z be the space of bounded-above functions v: X ~— A that 
determine the idempotent measures wu (0) = sup v (x) on the o- 
xEb 


€ 
algebra @ (X). Let M be the set of bounded semi-measurable-below 
functions f: X ~— R U {—oo} for which, by Theorem 1.1.5.1, the 
Sy 


a 


1 


idempotent Lebesgue integral (f, v) = \ f(r) © p (dz) has a finite 


,t 


X 
value. Finally, on 2% we define the equivalence relation v, ~ vz <> 
(f,U,) = (f, ve) VEFEM. 

Theorem 1.1.9.1. The equivalence relation defined on £ is the con- 
gruence of A, a semi-module of space ZL. 

Proof. Indeed, if v; ~ ve, then a © vy ~ a © vz for every a EA, 
since (f, @ © v,) = (a © f, v1) = (@ © f, ve) = (f, a © vy). Reason- 
ing along the same lines, we can also verify that if v, ~ v, and 
Vo ~ v,, then vy DB vy ~ Vv, OD V,. 

Note that this theorem holds true for every semi-module of A- 
valued functions v € £& and for the respective dual semi-module of 
the homomorphisms f € WV in the semi-ring A with respect to the 
scalar product (f/f, v) = f (v), with every congruence on Z being deter- 
mined by a dual semi-module M, for which we may take the maximal 
semi-module formed by all homomorphisms f: £— A for which 
Vy ~ Ve => f (V;) = f (V2). 

Let us consider the equation Tu = vin Z. With v running through 
LZ, the set of the solutions to this equation form a quotient semi- 
module with respect to the congruence u, ~ u, <> Tu, = Tu, 
corresponding to the dual semi-module M = 7T*Z*, with 7* the 
conjugate operator. Indeed, if Tu, = v = Tus,, then (T*g) (u,) = 
g (Tu;) = g (Tus) = (T*g) (us) for every g € £*, that is, f (u,) = 
f (Ue) for every f € T* £*, and vice versa, if f (u,) = f (u.) for every 
fETFL*, then Tu, -Tu,, that is, u, and uw, are solutions to 
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equations with the same right-hand side. We have therefore proven 
the following 

Theorem 1.1.9.2 Let M = T*ZL* be the range of values of the 
conjugate operator T*, that is, the equation T*g =f has a solution 
for every f € M. Then the solution to the equation Tu = v is unique 
to within the congruence determined by semi-module M. 

The reverse statement is also true if an additional condition is 
imposed on space M. We will say that a dual semi-module is com- 
pletely separating with respect to congruence ~ if for every proper 
subspace M, < M there exist elements u,, u, € & that are not equiv- 
alent to mod M and for which f (u,) = f (ue) Vf € Mj. 

Theorem 1.1.9.3 Let the equation Tu = v have a unique solution 
to within an equivalence relation determined by a completely separating 
dual semi-module M. Then T*Z£* = M, that is, the equation T*g = f 
has a solution for every f € M. 

Proof. Let Tu, =v = Tu,, that is, 


T*g (u,) = gf (uy) = gf (Ue) = T*8 (ue) VEE L*. 


Then, according to the hypothesis, uw, ~ u, (mod WV), that is, 
T*g € M for every g € £*, whereby 7*L* < M. Let us prove that 
T*£* = M. Suppose that the opposite is true, that is, suppose that 
T*L£* < M. Then, in view of the condition that W be completely 
separating, there exist u, uu. such that (7*g, u,) = (T*g, ug) 
for every g € £*. But this implies that Tu, = Tu, in view of the 
arbitrariness of g € Z*, which means that the uniqueness condition 
imposed on the solution of the equation Tu = v is violated. 


1.1.10 The Generalized Discrete Bellman Equation 


Here we introduce the concept of the generalized Bellman equa- 
tion in a discrete medium. 


Let X = {1,..., 2} bea finite set equipped with a discrete topol- 
ogy. Then continuous functions g@: X — A can be identified with 
vectors @ = (@,, ...-, Qn) € A* that have arbitrary components 
a; € A. The general form of the functional (measure) and the operator 
(endomorphism) m that maps functions with values in semi-ring A* 
into functions with values with semi-sing A is established through 
the following 

Theorem 1.10.4 Every homomorphism m: A* > A (functional) 
has the form m(a)=m'@©a,@8...@m" ©a,, where m'€A 
are arbitrary elements of semi-ring A. The positive measure m is deter- 
mined by the positive elements m’* > O. 

Proof. \f we write vectors a in theforma=a,@e@...@Ba,© 
e”, where e’ is a row in which all components are zeros except the 
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ith component, which is equal to unity, then, by virtue of linearity, 
(a) =a, Ou(e!) @ ... S 4, © P(e’). 
If we introduce the notation p (e') = m’, we arrive at the sought 
representation. Conversely, if m‘ € A are elements of semi-ring A, 
the combination p (a) clearly defines a measure on Cy (X) = Wem 
Corollary very endomorphism G: A* -—» A* of semi-module A* 
has the form 


G(a);=£50O0 a4 ®...@8 g O 4,, 1<i<na, 


where the g! are arbitrary elements of A. 

Such a “source-wise representation” is obtained by applying the 
theorem on the representation of measure u on A~ for each component 
G (a);. 

What will be called the generalized discrete Bellman equation is 
the evolution equation in discrete time, 


Ly: C4 (X) —_> CA (X), Or41= £9, (1.1.10.1) 


defined by operators of the type Ly: Cf (X) > C* (X). Operator L¢ 
can be written, via the generalized matrix elements 4%» (x), in integral 


form thus: 
<P, 


Pers (%) + | AF (2) © or (2) © m (dz), 


or, in the case of a finite set xz, in matrix form: 
1 Tr 
Qj, t+1 ——— Ci t () Qy,t QD eo e e @ C5,t (*) Ants 


The solution to the Bellman equation is given by the formula g; = 
Gt (to) Pi,, Where operator G, (t)) = L4-1°...° Li,4,° Lt,  con- 
stitutes a composition of operators Ly. 

Example 1. Let us consider the case of A = R UY {—o},aDb= 
max (a, b), a®@b=a+b, a zero UV = —oo, and an identity 
i = 0. Suppose that m (~) = sup g (z) = max q (z) is a positive 
measure on C, (X) that determines the scalar product (9, V) = 
max (@ (x) --  (x)). Obviously, the linearity condition imposed on 
the functional @ — u (gp) is met: 


m (max {a+ q@, 6 + W}) = sup max {a+ 9, D+¥} 
= max (a + sup @ (x), 0+ sup ¥ (z)). 


From this follows the linearity (with respect to the semi-ring con- 
sidered here) of the generating operator LZ for the common Bellman 
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equation in discrete time, 
Pter (Z) = sup (Pt (Y) + Az (Y)), 
Y 


which is determined by the family {ef} of linear functionals 
cf (p) = sup (p (y) + At (Y)). 
y 


Example 2. Consider the semi-ring A = R U {to}, aM b= 
max (a, b), a©® b= min(a, 6), with a zero YW = —oo and an 
identity 1 = oo. Let us assume that m (~) = sup @ (v7) = max g (z) 
is the positive measure on Cy, (X), whose linearity can be verified 


directly: 
m (max {min (a, @), min (b, V)}) 
= sup max (min (a, @ (x)), min (0, VY (z))) 


== max (min (a, sup g (z)), min (6, sup ¥ (z))) 
= max (min (a, m(q)), min (b, m(¥))). 
We now write the scalar product using the measure m thus: 


(p, VY) = oup min (g (x), V (2)). 


Substituting V (x) = AZ (x), where A? (x) is the kernel of the evolu- 
tion equation 


Pte (y) = sup min (pe (x), Az (2)), 


we conclude that the “minimax” Bellman equation is also linear 
in the space considered here. 

The evolution equation (1.1.10.1) for the semi-rings considered in 
Examples 1 and 2 is commonly interpreted in optimization problems 
of discrete mathematics as the equation for describing the evolution 
in a discrete medium. Let us now define the appropriate concepts for 
the case of an arbitrary semi-ring. 

We denote the elements of a finite set X by z7,, .,..., zy, |x| = 
NV, and call them the points of the medium. An ordered pair of 
points of the medium (7z;, z;) for which ZL (i, j) = L (a;, x;) ~ O 
we will call the connection of points z; and z;. Let us denote the set 
of all connections of the points of the medium, [ = {(a;, 2z;), 
L(xz;, x3) ~O} by [THX xX X. We will call map L,,: T> AN 
{QJ} the characteristic of connections or the characteristic of the 
functions of the medium. The collection of objects (X, IT, L, A) = 2% 
will be called a discrete medium. 

Let us now define a neighbourhood I (z;) of a point z; as the set 
of points of the medium e# with which z; is connected, that is, 
UT (z;) = {y € X: (zi, y) € T}. The space of states H,, of medium 24 
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is defined as the semi-module C (X) = {g: X > A}. The one-para- 
meter family of states S = {S;,¢ = 0,1,2,...} is called an evolu- 
tion in discrete time in medium cH (S, is the initial state in the evolu- 
tion) if states that are one step distant in time ¢ are related thus: 


Pde, tlt, 4. vic (1.1.10.2) 


where the endomorphism Ly: Hy-— H,, is determined by the 
characteristic function of the medium through the formula 


(Ly) (t= @ L(x, 23) © 9(2}). (1.1.10.3) 


x ET (x) 


Equation (1.1.10.3) is called the generalized Bellman equation 
for a process S in a discrete medium c#¥ = (X, I, L, A). 


je Analysis of Discrete Computational Media 


The operation of modern computational systems is based 
on the idea of parallelism in implementing computational operations. 
There are two ways in which computations can be parallel [1.16-1.18]. 
The first involves parallel execution of computational operations on 
nonuniform calculating devices, that is, devices that differ in their 
functional characteristics. This method is widely used in modern 
supercomputers, such as CRAY-I, CRAY-I], CYBER-205, and 
Elbrus. The second method employs homogeneous CS. It is most 
effective for solving problems whose algorithms of solution allow 
for a representation in the form of many identical collections of 
operations (local subprograms), whose execution can be carried out 
in parallel. Such are the problems of linear algebra (the reversal 
and multiplication of matrices, or the solution of systems of linear 
equations), adaptive and recursive filtration, fast discrete Fourier 
transformations, the solution of systems of partial differential equa- 
tions, the problems of sorting, of optimization on graphs, and of 
pattern recognition. The method is realized in a number of modern 
CS, such as ILLIAC-4, PS-2000, PS-3000, DAP, SLIP-4, and systolic 
array computers [1.17, 1.18]. 

The increase in the speed of operation of nonuniform CS is closely 
linked with perfecting the element basis, while the speed of homo- 
geneous CS depends on the number JN of calculating devices carrying 
out the executing local subprograms (homogeneous elementary com- 
putational systems). 

In this section we will consider the mathematical models for 
analyzing the functioning of homogeneous CS. We will allow for 
the small parameter that arises quite naturally here, h €[0, 1], 
which is inversely proportional to the number N of homogeneous 
elementary computational systems. The collection of homogeneous 
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elementary CS and the system of data exchange channels is commonly 
known as a computational medium [1.17, 1.19]. Below we give a 
formal definition of a discrete computational medium and consider 
the formulations and methods of solution of problems dealing with 
the organization of calculations in such a medium. The conditions 
(formulated in Section 1.2.1) that a discrete computational medium 
must meet ensure the possibility of passage to the limit in the small 
parameter h —> 0 to the continuous model of a computational medium. 


1.2.1 Discrete Computational Medium 


Here we define the concept of a discrete computational medium, 
the architecture of such a medium, and the characteristic of the medium. The 
architecture and the characteristic define in a unique manner the linear operator 
A in the space of states of the medium. 


We start by considering an ideal computational medium that 
completely fills the three-dimensional Euclidean space or a Euclidean 
plane (a flat structure). The effect that the finiteness of a medium has 
on the various processes taking place in a real computational medium 
with boundaries will be taken into account by stating the appropriate 
boundary conditions for each specific problem. 

Let us introduce 2 = Q (£, #), a translation-invariant lattice? 
in R*. This lattice can be specified uniquely by fixing two sets of 
vectors, = {&;, G., 3} and @ = {f,, Bo, Bs}, which form the base 
of the lattice. Note (see [1.20]) that the vectors a@,, a, and a3 are 
always assumed to be linearly independent; the parallelepiped built 
on these vectors is known as the elementary, or primitive, cell of 
the lattice. The lattice’s base vectors drawn from the origin, an 
apex of the primitive cell, are subjected to only one condition, 
namely, that 

3 
bee 2 eee Oa, fet, 2.3 221) 2 ort CAD 
j=! 


The lattice Q (2, &#) is formed by all the points of the space (the 
lattice points, or sites) that are the terminal points of the following 
set of vectors: 


2 
Q={2]2=B,+ >) njay mj—0, +1, £2, ..., 
j=1 


t= 4, 2, 20, q, fat, 2, 3}. (1.2.1.2) 


= For the sake of definiteness we take the three-dimensional case. 
All further discussions can be applied to two-dimensional lattices in R? with no 
modifications. 
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From the definition of a lattice there directly follows the invariance 
of the lattice with respect to the discrete group of translations 7 (Q) 
with generators 7',,, 7,«, and 7, : the lattice transforms into itself 
under an arbitrary translation of the form 7 = 4,T,, + kT, - 
keT,, Where k,, k,, and k, are arbitrary integers, and Ly; a transla- 
tion along the vector a;, j = 1, 2, 3. 

Remark 1.2.1.1. A two-dimensional lattice with a pair of basis 
translation vectors @, and a, on plane R?* can be defined in a similar 
manner. When base ¥ consists of only one vector, the lattice is called 
the Bravais lattice [1.8]. This type of lattice plays and important 
role in solid state theory as the simplest model (two-dimensional 
or three-dimensional) of a crystal [1.21]. 

Let Mg = (X, IT, L, A) be a discrete medium (see Section 1.1.10) 
for which the set of points X coincides with Q, a lattice with a given 
pair (Z, @), andl = Q x Q. We introduce the following notation 
for the points of the medium: Vzé€X, x = (n, B), where n = 
(N1, M9, M3) € Z°,B € #, are the “coordinates” in expansion (1.2.1.2) 
for a vector terminating at x. The set of lattice sites K (n) = 
{ce |x = (n, B), B €#} is said to be the cell of the medium with 
number n. 

The definitions that follow clarify the properties of the characteris- 
tic of connections LZ: Q x Q—+A of the points of medium Mo 
depending on whether we are considering “internal” connections, 
that is, connections between the points in the medium, x = (n, 6) 
and x° = (n’, B’), belonging to the same cell (n = n’), or “external” 
connections, that is, connections between lattice sites belonging to 
different celles (n <n’). 

Definition 1.2.1.4. The map f: Z3 > 22° possessing the property 
Vn € Z°, f (n)50, is said to be the regulator of discrete medium Jf, 
if the characteristic function of the menium, L: [ — A, satisfies the 
following condition: 


Vn eZ’, Lin, Bp), (wv, P') KI Sen—n Ef (n). 


(1.2.1.3) 
The set of vectors f (mn) = {v,, Vo, ..-, Ui, ---, vi EZ} is said to 
be the regulator of the medium in cell K (n); the cardinal number, or 
power, of this set, p (nr) = |f (n) |, will be called the power of 


regulator f in the cell with number n. 

To define a discrete computational medium let us consider the 
following properties of medium Mg: 

(1) the homogeneity of the medium: there exists a map 
[Ly 2X B@X #F—->A such that V ((n, B), (n’, f’)) ET, 


LE ((n, Bp), (’, B)) = L,(n — vn’, B, B’): (1.2.1.4) 
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(2) the local property of the connections: there is a positive constant 
e such that Vn € Z°, Wu Ef (n), 


lv ll<e, (1.2.1.5) 


3 


with || v || the norm of vector v, say, || v || = pa lus | os 
/ Cc 

(3) the regularity of the connections: the map fis constant, f (n) = 
V Wn € Z*, and the power of the regulator is finite: | V | = p, 

EN. 

. Definition 1.2.1.2 A discrete computational medium is a medium 
My = {Q, T, L, A} for which the characteristic function (or the 
characteristic of connections) L possesses Properties (1)-(3), that is, 
the homogeneity of the medium, the local property of the connec- 
tions, and the regularity of the connections. 

Remark 1.2.1.2 The given definition of a computational medium 
satisfies the requirements usually considered in the design of homo- 
geneous CS with a program-rearrangement structure [1.16, 1.17]. 
The effectiveness of paralleling computations in such systems depends 
on the homogeneity of the medium, the local property of the connec- 
tions, and the regularity of the connections Kv homogeneity of 
computational media we mean the similarity of the component 
structural elements (elementary processors, memory units, and data 
exchange circuits) in their functional characteristics that is, the 
similarity of the elements proper (Property (1) with n = n’) and 
the similarity of the connections between the elements(Property (1) 
with n n’). The local property of connections in a computational 
medium means the property of data exchange circuits to establish 
connections only between close (in a certain sense) elementary pro- 
cessors (Property (2)), while the regularity of connections in a CS 
means that the connections are recurrent and of a single type (Prop- 
erties (1) and (3)). 

Let us now fix the semi-ring A and the group 7, of translations 
in the lattice. Definition 1.2.1.2 implies that a discrete computational 
medium Mog is given if we have specified (a) the structural para- 
meters of the medium: @ € R° (the base of lattice Q), g EN (the 
number of elements in the base), V Cc Z® (the regulator of the me- 
dium), p€N (the number of elements in the regulator), and e (the 
extent to which the connections are local); (b) the characteristic of 
these parameters: the map ZL, defined in (1.2.1.3) and (1.2.1.4). 
Let us introduce the following notation: (#,q) = #, and (V, p) = 
‘ee 
Definition 1.2.1.3 The pair (@,, V,) = Ar is said to be the 
architecture of the discrete computational medium, and the map 
Ly: VX @ X #& —A is called the architecture characteristic. 

The architecture of a medium and its characteristic define (see 
formula (1.1.10.3)) an endomorphism L,,: A* — A* in the space 
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of the states of the medium, H,, = A*. In terms of coordinates 
(n, 6) of the points of the medium, this endomorphism has the form 


(Lygi(r,B)= © OB Ly(v, B, B’) © p(n—v, B’) 


vEV B’E RB 
= @® ® L,(v, B, 8’) OT_.g (nr, B’) VeEeaA*, (1.2.1.6) 
vEV BE .£B 
where T_, is the endomorphism of the shift generated by the trans- 
lation T_, € T (Q) by the vector —v, with (T_, (@ (n, B’)) = 
y (n — v, B)). | 
If we assume the semi-module Cg (X = Z X #) to be the semi- 


module Cq (Z?, A’) of functions on Z*® with values in A’, where 
A? is the direct sum A @®AQ®...@®A, and define, for each 


v € V, the endomorphism L (v) of semi-module A? by the formula 
(L (0) 8) (6) = © Ly(v, By B) OBB) Weea% (1.2.1.7) 
then from formula (1.2.1.6) for L,, as the endomorphism of semi- 


| d 
module Ce (Z’, A’) we obtain the following representation (Lj, — 
Ly): 

(Lar) (%) = aa (p (72 —vD). (1.2.1.8) 


Here @ (n) € A%, n EZ’, the column vector (q, (”), @. (n), ... 
@q (n))?. In what follows the endomorphism Lu = (L CA are are 
L (Up-,)) Will retain its meaning as the characteristic of the connec- 
tions in medium //9, with L (v;) being A-valued q-by-q “matrices” 


L (v;): AY — A® defined in (1.2.1.7); for the discrete computational 
medium My we will use the following notation: Wo = (T,, Ar, 


Ly, A). The generalized Bellman (evolution) equation with a right- 
hand side .¥; for the process s = {s;,f = 0,1,...,5; € Co (Z°, AX} 
taking place in a discrete medium Mog has the form (cf. (1.1.10.2)- 
(1.1.10.3)) 


srai(t) = @ L (v) 5 (n—v) © Fi (n), (1.2.1.9) 
s |tx9 (2) = Sq (n). (1.2.1.10) 


Here n € Z® is the number of the elementary cell of the medium, 
S;(n) is the A-valued vector a the state of cell K (n) at 
time ¢, the component s? (mn), j = 1, ..., g, is the state of the jth 


point of the medium in cell K (n), vadeieaalicaa: L (v) is defined in 
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(1.2.1.7), so: Z3 > Ais the initial state in process s, and #4: Z* > 
A? is a given family of functions. | 
We will study the steady-state Bellman equation corresponding 


to the endomorphism L,, given by (1.2.1.8), or 


A 


s=Lys @ F, (1.2.1.11) 


where ¥ ECo (Z3, A%)is a given function Z? > A‘ that is time 


independent. Solution s: 2? > A? to Eq. (1.2.1.11) is said to be 
a steady-state process in medium Mo. 

Remark 1.2.1.3 Forg = 1 the base @ = {f} is called a one-point 
base. Without loss of generality we can always assume in this case 
that 4 consists of the zero vector 8B = O. For B = 0 this can always 
be done by shifting the system of coordinates by vector f. For a one- 
point base the points of a medium coincide with the vertices of 
primitive cells. Correspondingly, Eqs. (1.2.1.9) and (1.2.1.11) are 
“scalar” equations with respect to the functions s: Z* — A. The scalar 


endomorphism L£ (v) given by (1.2.1.7) will be denoted in this case 
by L (v). 

The majority of application problems considered in this section 
and in Sections 1.3 and 1.4 lead to scalar Bellman equations (gq = 1, 
# = {0}). The general case (¢q >>1) requires employing the operator 
calculus of functions of “noncommutative” linear “operators” that 
assume values in appropriate semi-rings and will not be considered 
ee (except in specific problems discussed in Sections 1.2.4.1 and 
1.2.4.2). 


1.2.2 Solution of the Bellman Equation 
in a Discrete Computational Medium 


In this section we discuss the formulation of problems and ex- 
plicit formulas for the resolving operators for the evolution and steady-state 
Bellman equations in a discrete computational medium. The calculations are 
based on Duhamel’s theorem (Section 1), the translation invariance of the 
equations, and, partially, on the results of Section 5. 


ere | The Cauchy Problem 


Suppose that s; € Cg (Z’, A) satisfies the inhomogeneous 


equation 


St4+, (x) = a L(v) © («# —v) ® ¥i(xz), cEQ=2L, 


t=-0,1,..., (1.2.2.1) 
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with the initial condition 
Syap (4) = S(t), OXSo (t)XCo, Cy = const, 
(1.2.2.2) 


where #,: Z> > A? is a given family of functions. 

Theorem 1.2.2.1 Let #4, =O, 1, ..., be a family of functions 
uniformly bounded in t, O < FF; (x) ce, x € Q, c = const, and let 
L(v)<1 WveV. Then (A) problem (1.2.2.1), (1.2.2.2) has a 
unique bounded solution, and (2) solution s; (x) can be represented in 


the form 


st (z) = sh” (x) ® sf (x), x €Q, (1.2.2.3) 


where ss (x) and s; (x) are the solution to the homogeneous equation 
(Eq. (1.2.2.1) with #4 (z) = QO) with the initial condition (1.2.2.2) 
and, respectively, the solution to Eq. (1.2.2.1) with a zero initial con- 
dition; the two solutions are given by the following formulas: 


ss y= @ Ly, (n) © So (x —An), (1.2.2.4) 


at 
si(t)= @® @ L£4n© Fo4(e—An), (1.2.2.5) 


0<a<t nE Xo 
where n=(nm, ...,Mp)EZ4, F_,=—O 
| p 
alata Vey ees Ups Be={nEZh, Dn, =z}, 
1i=1 


L,: Z.+A, Ef, Gace "L™ (V1)©... OL P(v,). (1.2.2.6) 

The proof of the theorem follows from Duhamel’s theorem in 

explicit form for the resolving operator R;: Ss) > s; of the problem 

oy ae S)p¢ Sa, 6 05. Ty. wat (1.2.2.6a) 

where fa = = L (v) T _., and T_, is the endomorphism of the 

“shift” Co (Z3). +> Co (Z°) generated by the translation by vector 
(—v): T_,@ (x) = @ (x — v). Obviously, 


R,=(@ Lv) © T+)! 


ve V 
=@O@®... PLViy) OL (Vi) ©... O L(Vj,) 
14. «+12 Ut 


OP in, # Ty. ox 8 Toy, 


» iS a composition of seenciblaiet T_, * Ly 
Thy nr 
-v-U)? and hence iis . gi v= = re ni € estes 


| 
“>| 
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u, v €Z3. Therefore, if we allow for the idempotency of ® and the 
commutativity of ©, we can represent operator A; in the form 


R= © £,(nOT , , (1.2.2.7) 
y a - _ 
n EZ, 


where 
L,(n)=L"(v) ©... OL? (v,), 
L"® (v,) =L (vz) © L (vy) © «.. © L (vz) 
Np times 


(£, (n) is the A-valued analog of the action integral along the 
rage Mt. 1] (n) that passes through the points (¢, ¢ = 0) and 


(x, t)), 


def 


p Dp 
BLO, 1 (n) = {n, t—t= ¥ Mails 2 n;=th 
(see [1.2,1.3]). 


Applying operator R, (1.2.2.7) to so, we get (1.2 4). Formula 
(1.2.2.5) follows from Duhamel’s theorem, in view SS which the 


solution s; (x) to the problem 
S44 = bad OF tr ft (2) = (1.2.2.8) 
is given by the integral 


def 
ne \ W(t, t)dt= © Wt, 0), (1.2.2.9) 


[0, t] 0<t<t 


where W (t, t) = R (t{—Tt) .% ,_,. Employing (1.2.2.7) and introduc- 
ing the variablea = t—T,0<a<t, we arrive at (1.2.2.0). The 
uniqueness of the solution to problem (1.2.2.6) follows from formula 
(1.2.2.7) and the property ©? = @®, while the uniqueness of repre- 


sentation (1.2.2.5) for sf was proved in Section 1.1.8. 

Example. Let A be the semi-ring of the form (R* YU {Aw}, O = 
max, © = +). Let .+ (x) be independent of t, or .¥; (x4) = .F (2). 
Finally, let s, (zc) = O. Then (1.2.2.5) implies 


of tikx was max {{L, n) + F (2 > niv;) } ’ 


0x<axt p 


> nN =a 
sl 
oa 
nev, 


19) 
where (L, n)= >) L(v,)n 
i=1 
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42:2.2 The Stabilization Cauchy Problem 


This name is given to the following problem (see Sec- 
tion 1.0): find 


lim s(x, t)=s* (Sp), (1.2.2.10) 
t{— +00 

where s (z, t) is the solution to the Cauchy problem 
ecetne tale Fy DF (r)<c, xEQ (1.2.2.11) 
S|t=0 = Sp. 


Let us denote the resolving operator of problem (1.2.2.10), 
(1.2.2.11) by B,, (with s, fixed). Provided that lim Li, —H™®™ and 


t{—>0o 


A A def t A 
lim Ly? = H* exist, where Lap =. Le and that the limits are 
t—>0o k= 


understood in the sense of strong convergence of the endomorphisms 
on the subspace of bounded functions taken from C5 (2), we can 


define the operator By. Cy (2) > Cy (2) by formula (1.5.1.8) 
(see Section 1.9): 


A 


B, F =Hs, @ H*F. (1.2.2.12) 


1.2.2.3 The Steady-state Bellman Equation 
Let s satisfy the equation 


s=Lys@ F, O< F (t)<c, r€Q=Z3. (4.2.2. 13) 


By virtue of the results arrived at in Section 1.1.8, the general 
solution to Eq. (1.2.2.13) is the sum of an arbitrary solution q, (z) 
of the appropriate homogeneous equation and a special kind of 
solution s} of the inhomogeneous equation that became known as 


the Duhamel solution. If for operator L,, the conditions (1.2.1.4) 
and (1.2.1.5) are met, sp is a solution to the stabilization Cauchy 


problem at s, = O, that is, s7; = By.¥ = H*¥F (see Theorem 1.0.1.1). 


Theorem 1.2.2.2 The Duhamel solution to the generalized steady- 
state Bellman equation (1.2.2.13) has the form 


Sr (2)= @ L,(n) © F (x—An), (1.2.2.14) 


n€7Z?P 
where £, (n) = L" (vy) © L'?(v,)@... OL? (V,), and An= 
10 


U;n;. 
1 


1M 
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Proof. From the definition of s# and formula (1.2.2.5) it follows 
that 


s- = lim LY — lim @ GB Lp(n)©.F (x—An) 


t—>00 t+>o 0<axt p 
>» nN =a 
i=1 
= @ ‘an L£ y(n) © .F (x— An) 
I<a<=0 p 


nN, =a 


v 


=1 
= @Q@ Ly(n)O©.¥ (x—An). 
njEZ, 

i=1, ...,27 
Example. Let A = ((R' U {+00})", ® = min, © = +) and let 
G (x, Zo) be the solution to Eq. (1.2.2.13) with the right-hand side 
— §* (x), where 6% (x) is the “delta function” with respect to the 

scalar product (, )g in Co (&), 


Ab 2, 
, a) = | O if rz, 


(G (x, X ) is the analog of the Green function). Then, by virtue of 
the linearity of problem (1.2.2.13), formula (1.2.2.14) yields the 
solution s# for an arbitrary right-hand side, s? (x) = min {G (z, z) + 


F (xo)}. Say, forz €Z, if V = {1, —1} Vv, Ll) a I = 0, then 


G (x, ®) = |x—2z,|; but if V= {1, —1}, £(1) = +1, and 
L (—1) = —1, then G (z, xz) = © — Zp. 
1.2.2.4 The Steady-State Bellman Equation for a Restricted 


Discrete Computational Medium 


A discrete computational medium J is said to be restrict- 
ed if it contains an arbitrary but finite set of elementary cells, that 


is, | 02 |< co. We introduce the notation Vi = U V (n), where 
(the reader will recall) V (n) is the regulator of the medium at point 
n. A point n € Q for which V (n) = V is said to be an interior point 
of the medium, and Q: pa {n, V (n) = V} stands for the set of all 
interior points in the medium. The regulator of the interior points 
of the medium will be denoted by V. Let us define the boundary points 
of medium WM as the complement 02 = QQ: respectively, the 
regulator of the medium at a point n € 0Q will be denoted by V° (n). 
Obviously, V° (n) € Vo Wn € 0Q2. For all n € Q we introduce the 
set A (n) = fv € V, n—veEQ}. 

6—0105 
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Definition 1.2.2.1 A restricted discrete computational medium 
is said to be regular if 


V (nr) = A(n) Vn €®. (1.2.2.15) 
Note that for  € 2 condition (1.2.2.15) is certain to be met. 
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By this definition, a regular restricted computational medium 
may have no boundary points and consist entirely of interior points. 
Examples of regular media are shown in Figures 2 and 3, while 
Figure 4 represents a nonregular (or irregular) medium. 
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Let us construct solutions to the steady-state Bellman equation 
in a regular discrete medium Wag = (Q, Ar, Ly,, A), with Ar = 
q=1, B= {0}; p, V= V Uv): 

s(n)=Ly,(V)s ®.F(n), nEQ, 

Ly V)=@ L(v) OT; 


A 


s=LysO + —> | veV (1.2.2.16) 
s(n) = Ly, (V°) s ® F°(n), nEAQ, 
Ly(V)= © LT, 
ve VO 


For a regular discrete computational medium WM satisfying the 
conditions that (i) 2 is a convex set and (ii) L(v) <1 Vvuev 
we have the following 


Theorem 1.2.2.3 Let > Co (Z°) > A be a function obtained 


through a continuation of .F with zero O outside 2, and let s~ be the 
F 


ne 


Duhamel solution to the generalized Bellman equation for a discrete 


(unrestricted) computational medium M (V) with regulator V, 
7 (n) = Ly (V) i (n) ® F (n), nEZ, (1.2.2.17) 


Then the restriction sg |g of function s*~ to 2 constitutes a solution to 
Eq. (4.2.2.46). F 

Proof. We will carry out the proof by using the discrete “continual” 
representation of solution 2 in the form 


(X= @ © fwOF(}, xEz, 
SEZ eat, x) 


where 


OG = UO 2), OME =U OG 2) 
I (a) ={n= (nj), bea N: 22450; 


with 
Qn (6, 2) = {balls 2), Ha (bs 2) 
= (6, C+, Cty, tv, ..., 6 


+ 2 v;, | » (Uy, Ug, .-, in) € Ja} - 


6 * 
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Here J, is the set of permutations of length a, uw, (¢, x) is the trajec- 


tory of — a counecting points € and x, and T (Be (fC, xz) = 
L" (U,)O...@ LP (vp) is the “contribution” of trajectory 


Ue (C, x) to ee in medium / (V). By virtue of condition (ii), the 


eaiitiaaateiiie of the set of trajectories Q@ (C, x) that lead from € to 


zx, and the definition of ¥F , there exists an Qy <_ oo such that 


“(y)=@ © © a f(u)OF (6), e€Z% (4.2.2.18) 
a CEQ 0X<a<aM%y nE 1(a) Te QX(E, “ 


Now suppose that x € Q. Since Vu € Q% (C, x), we conclude that 
f(u) is independent of the interchange of the regulator vectors in- 
cluded in this route, and we have 


sf (z) = Se @ I @® f(r) OF (8) 


CEQ 0OXSax<aq NET O(a) 
O( ® f(r) O.F (9) (1.2.2.19) 
nE Io(@) 
where J (a) is the set of all n € J (a) for which there is a trajectory 
to (C, 2) € Q% (6, x) all points of which lie in @, and Ig (a) = 
I (a)\ Ig (a). By virtue of the condition that Vn € I (a), there is an 


n € 1g (a) such that n; > n;,i=1,..., p, whereby, by virtue of 
the axioms of metric and structure on ‘the semi-ring A and the con- 
dition that b<15>100=1> Va, a®@(a©b) = a, we 
have 


Ss 


(i) =f (H) OLE ™@ ... OLA? ”?, 
where ut € Q% (€, x) and uw € QF (¢, " actdaing this with condition 
(ii), we obtain the formula 

s(2)=@ © © f(n)©.F (0), EQ, 

Si CEQ 0OSAaxag NETo(&) 
which, by virtue of the condition of regularity imposed on Mg, can 
be transformed into 

si (4) = @ GB fpwoF(d), rE, (1.2.2.20) 

F CEQ WEQ(S, x) 
where Qo (C, x) is the set of all trajectories in medium Wo that 
connect points ¢ and x. The proof of the theorem is complete, since 
(1.2.2.20) and the continual representation (1.2.2.16) of solution s 
(see [1.22-24]) yield sv ‘os 


Example. Let us ied a regular discrete medium 7 assuming that 
14) Q= {€€Z,, O<t<N}, N EZ:; 


(2) V (x) = (0, 1}, 1<2@<N, VW (0) = {0}; 
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(3) A = (R' U {ko}, © = max, © = +); 

(4) L (1) = to, ft = const sai. L4{O) =, 
Then (1.2.2.16) assumes the form s (rz) = max (s (x — 1) — fh, 

F(x), 1<a2<N,s(0) = .#(0), where F(z), OX TKN, Is a 
given function, with —oo < F (2) =—C; Computing the solution 
sz(2); x €Z, viaformula (1.2.2.14), and taking its restriction to Q, 


hi find that 
sa) = sz la= max {¥F (x—C)+1,C}. 
0<Cl<~% 

Remark 1.2.2.1. In what follows, if the contrary is not stipulated, 
it will be assumed that the restricted discrete medium Vou, | 92 |< 
oo, is regular and satisfies conditions (i) and (ii) and, hence, the 
assertion of Theorem 1.2.2.3. 

Remark 1.2.2.2 In the scalar case, if the contrary is not stip- 
ulated ZL (vy = 0) = J. 


1.2.3 Activity of a Homogeneous Multiprocessor 
Computational System 


In this section we will describe the wavefront of a calculation 
process in a homogeneous computational system with an array architecture. 


.e] 
For a nonrestricted computational medium My, = Yor — 


(T,,, Ar, Ly, A), we define the semi-ring A as the set {0, 1} with 
commutative semi-group operations ® = min and © = max and 
with neutral elements © =1 and | =0, tag ga Let the 
base % of lattice Q be of the one-point type, @ = {0}, and let the 
characteristic of connections, L,, admit the value 1, The: evolution 
Bellman equation for medium Me™ has the form 

Si44 (72) = B S,(n—v) = min {s,(n—v;)}. (1.2.3.1) 

i<i< 


Suppose that the ~~ state of process s is 
( O if néa,, 
$1=0 (%) = Sp (2) = 


where @, is an arbitrary finite (compact) set in Z*. Knowing the 
solution to problem (1.2.3.1), (1.2.3.2), namely, knowing s;, ¢ € 
(0, T], T >O (see formulas (1.2.2.4) and (4.2.2.5)), we can find 
the set of the points of the medium, or 


def 
Wrl0, T] (V,)= U O,, (1.2.3.3) 


0<t<T 


2 2 9 
1 if neo, (1.2.3.2) 


e 
where @®; is the wavefront of process s at time ¢t €[0, 7], OD; = 
{n, sy (n) = I}. We call Oro,T) (Vp) the activity range of the com- 
putational medium .W°°™ over the time interval [0, 7’). 
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This model of a discrete medium M°™ and a process {s;, ¢ = 
QO, 1, .\ that satisfies (1.2.3.1) and (1.2.3.2) enable iaaiwataes, 8 on 
the basis of formula (1.2.3.3), the functioning activity of a homo- 
geneous multiprocessor computational system controlled by a flow 
of data as a function of the architecture of the system. Within the 
framework of the model suggested here, a point n € Q of the medium 
corresponds to an elementary processor in a homogeneous computa- 
tional system, and the vector v € V defines the channel of data ex- 
change in the direction from processor n — v to processor v. The 
state s; (n) at timet = 0,1, ... admits only two values: s; (n) = 1 
means that processor n is executing calculations, or is active, and 
s; (n) = Omeans that processor n is in the “wait” state. The operation 
of a multiprocessor CS (see [1.4-1.7]) presupposes that each elemen- 
tary processor functions according to its own individual (local) 
program, in which the existence is stipulated of operators of data 
exchange between neighboring processors along connections v allowed 
for in the system (v € V). It is also assumed that processor n will 
become active at time t + 1 when it receives the results of calcu- 
lations carried out by the neighboring processors, which have termi- 
nated their operation at time?t. The latter condition is eee thanks 
to Eq. (1.2.3.1). For a given connection architecture Ar = (V,, {0}), 
the set yo,r] (Vp) stipulates the processors in the ee AN ts 
system that have terminated their operation, that is, were active 
at times t €[0, 7]. At time zero, the set of active processors, , 
(1.2.3.2), is determined by the flow of data into thesystem at ¢ = 0. 

A model of an array processor. The previous model makes it possible 
to describe the operation of a homogeneous computational system 
with the so-called array structure (an array processor) [1.4, 1.5, 1.7]. 


A discrete computational medium M°™" = (T,, Ar, Ly, A) 
corresponding to an array processor [1.5, 1.6] is determined by the 
following values of its parameters: Q is a two-dimensional lattice 
consisting of V times NV (NV a positive integer) primitive cells; the 
unit vectors 7, in R*, with a, -=(0, 1) and a, = (1, QO), are the genera- 
tors of the translation group (see Figure 2); the architecture of the 
array processor is fixed by the one-point base @ = {0} and the 
regulator V, (n), which assumes the following values: 


(a) p =~2 and V = {a,, a} for n€Q: 


3 
(b) tor n € 02 = U I,, where 
i=1 


Vee ee ey, Da a, oe Oe 
Ves (stat Sim & agi ee = Ve Dy. Us2ie.o) 
we have p = 1 and V° (n) = {a.} ifn €T,, p= 1 and V° (rn) = 


{fa,} if n €T,, and p =O and Vv? (n) = @ ifn Els; Ly and A 
are the same as in Section 1.2.1. 
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The calculation process s;,¢ = 0,1,...,in such a medium satisfies 
the following system of equations (see (4. 2.3.1) and (1.2.3.2)): 


Si+4 (n) = min {s;(m—O), Sy (N—O,)} 
= min {s,(t— 1, 7), 5: (i, 7—1)}, 


n€Q, n=(i, j), i, 762, ..., N, (1.2.3.4) 

S,,(n) = min {min {s,(n—v)}, ¥,(n)}, nEAQ, (1.2.3.9) 
ve V2 

S:|4—0 (2) = S,(n), (1.2.3.6) 


where .F; is a function 02 — A given for every value of ¢. 

The “source” #; (n) in the right-hand side of (1.2.3.5) describes 
the interaction of the processors lying at the boundary of the medium 
with the external memory controlling the calculation process. The 
value .¥;(n) = 1 means that at time ¢ the processor n € 02 is 
allowed either to transform the results of its calculations to the 
memory or to receive new data from the external memory in accord- 
ance with the calculation algorithm. 

For example, for the case where .F;(n) = | and 5s; |=» (n) = 
5 (n — ny), Where 

I if n=n,=(1, 1). 


5 (nn) = | O if nn, 


we can find the activity range of the array processor, [9,7] (V»), 
by (a) solving Eq. (1.2.3.5), employing Duhamel’s theorem, (c) solv- 
ing Eq. (1. 2. 3.4), and (d) employing (1.2.3.3). From the explicit 
formulas (1.2.2.4) and (1.2.2.5) for the solutions, we readily get 


{(i, jf), i+j=T7, i>1} if 0<T<2N—2, 
@[0, TI] Vy) =| 


(1.2.3.7) 


Os) if T>2N —2. 
Remark 1.2.3.1 Let the function ¥; (n), n € dQ, be such that 
Vi Fi (i, I= Fe (i, N) and F+ (1, 7) = Ft (N, fj), ee _N, 
j=1,...,N. In this case, replacing Eq. (1.2.3.5) with the periodic 


boundary conditions Vi > () Ss; (n+ Na,)= s; (n) and s; (n+ Nag) = 
St (n), we obtain the following Bellman equation on the torus 7°: 


S44, (2) = min {s;(m—v)}, #;(n)}. 
In the common linear case, a similar problem for a crystal with 
Born-von Karman boundary conditions has been discussed in [1.12]. 
1.2.4 The Effectiveness of Parallel Programs 

The concept of a generalized Bellman equation applied to dis- 


crete computational media makes it possible, at least in principle, to solve the 
problem of designing homogeneous computational systems from the stand- 
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point of the highest effectiveness of realization in such computational media 
of the executed programs for a given class of problems. On the basis of the so- 
lution to the Bellman equation, we estimate the effectiveness of parallel pro- 
erams for matrix multiplication, LU-expansion of a matrix into two triangular 
matrices, and solution of systems of linear equations. 


The problem of designing a computational system lies in the choice 
of the architecture corresponding to the discrete computational 
medium Mg, that provides an optimal value for the quality criterion 
y (Ar) of the architecture Ar = (V,, @,). It has been established 
that all such criteria are linear in spaces with values in certain semi- 
rings (cf. Section 1.3). For example, 


vy (Ar) = >) v(x) min JZ (P) or 
xEK PE (Ar, x) 


y(Ar)=max min /T7(P), 
xEK PE P(Ar, x) 


where A is the given class of problems being solved, 7 (P) is the 
time of execution of program P € & (Ar, x), & (Ar, x) is the set of 
all programs that solve the problem xz € K with a selected architec- 
ture of the computational system, and v(z) is the relative frequency 
of solution of problem x by the user. Thus, the problem of designing 
a CS has been reduced to estimating the time 7 (P) of execution of 
the problem P € # (Ar, x) that solves problem x € K with the given 
architecture Ar (AM/Q) of the discrete computational medium Mog. 

Suppose that we have selected a homogeneous computational 
system for solving problems of a given class K, that is, suppose that 

def 


the discrete computational medium My = (7,, Ar, Ly, A) = Moom 
is given. 

A program P € # (Ar, xz) is understood to be a parallel program 
constituting a collection of local programs*, which, generally speak- 
ing, depend on parameter n € 2, or P = {P!© (n), n € 2}, and 
interact via the operators of interprocessor data exchange operators 
“PHT” and “GET”. Let us describe these operators. To this end, we 
use the given architecture Ar = (V,, #@,) to define the set 


Vi= VUV- U {0}, (1.2.4.1) 
where V is theregulator inmedium W°™, and V- = {—v,v € V}, 
and we fix the numbering of the elements in V’, or V' = {vo, Vy,.. +» 
Ui, ..., Vs}, where vp = 0, 1 =0, 1, ..., 8s, s = 2p, p <p. 


The numbering of the elements in set Vs fixes the possible oper- 
ators of interprocessor data exchange, precisely, the operator GET I, 
({); and the operator PUT J, (J); where (J) is the identifier of the 


3 Here P!© (n) is understood to be a program for a single-proces- 
sor computer. 


4. Design of Computational Media 89' 


variable, and 1 = 1, ..., s. Local programs will be described via 

the Dijkstra controlling structures IF... FI and DO... OD. The 

parametrization of a local program P!© (n), n € Q is carried by the 
def 


operands &i, with 6i = n;, where n; is the ith coordinate in n = 
(724, No, N3) C Q. 

Let us refine the statement of the problem of estimating the time 
T (P) for execution of the program P. Let P be a given program 
taken from the set of all the programs # (Ar, x) that solve problem x 
with the selected architecture of the computational system, P = 
{Plec (n), n € Q}, and let ¢ (P! (n)) be the time of termination of 
the local program on processor n, while ¢,) is the time at which the 
processors in the computational system begin to be loaded with the 
local programs. Then 


T (P) = max {t (P'™ (n))} —to. (1.2.4.2) 
nEQ 


It appears that the function n >t (P!© (n)), which, by virtue 
of (1.2.4.2), determines the time 7 (P) of execution of the entire 
program P, may be effectively calculated on the basis of the solution 
to the generalized steady-state Bellman equation (1.2.1.11) in the space 
of functions with values in the semi-ring A = (R}, 8 = max, © = +). 


e , 
The discrete computational medium Wo = WP = (Tx, Ar?, 


C. A) that fixes the coefficients in this equation is determined by 
program FP in the following manner: 

(1) To = Ta 

(2) VP (n) & V5, where V* was defined in (1.2.4.1), n € 9; and 


(3) the base @F and the characteristic of connections Lay = 


LP (v9), LP (ve), ..., Lf (vs) are determined uniquely by the text 
of local program P!© (n) and the time of execution of elementary 
operations in the program. 

Let us now describe the procedure of constructing the base #? and 


the endomorphism iy. By Tr P!© (rn) = {G, 1!<i< AI} we 
denote the trace of P!© (n), a quantity that represents the sequence 
of elementary operations carried out by processor n operating accord- 
ing to program P!© (n). Let the function f: Tr P!© (n) > Rt 
specify the time of execution of elementary operations in program 
Ploe (n). Next we define the sets Wu, € VP\ {0} 


bel 5. sg: iS}, 
K-(n) = U Kk (n, v)), Kt (n) = {i, i—1€ K-(n)}, 
vEVP\{0} 


(1.2.4.3) 
K (n) = {1} U K> (n) UK* (n) U{Q+-4}, 
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with Q@ = | Tr P'© (n) |, n € &. On set A (nm) we fix the ordering 
relation for i,, where i): K (n) > {1, 2,..., | K (”) J}, precisely, 
i, (i) <i, (@')ei<i’ Vi €K (n), Vie K (n), if. The pair 
(K, 7.) specifies the base A? via formula (1.2.1.1): 


3 
B(m) = D1 17 (m) aj, 7? (m) = (1 —i)/i, 


Long eee Uy, Oh, (1.2.4.4) 


where m€K, with i = i, (m). 

Remark 1.2.4.1. Since data is exchanged between processors in 
a pair if and only if one of the two is executing operator GET and 
the other, operator PUT, we have 


|A- (n, v)| = |A-(n+v,, —v))| Wn EQ, Faas. wen 
Vi Chi Sys k,€ K-(n, V1)» hye K-(n+u, —U)}), 


that is, if ¢,,=—PUT, then ¢,-=—GET and, respectively, if ¢,,= 
GET, then Gp, = PUT. The characteristic of connections, C.. in 


medium M?, or Ly, =-(L(0), L(v), l=41, ..., 8), will be defined 
by the following formulas: 


Rk. { 


i+1 
V=U,, L,;(0, n) = J an ee] Ste pa ty (1.2.4.5) 
Q if i-j+1, 

t, if i=i,+1, jail, 

| r=1, ..., |A7(n, v)| 

caret ase a i_€I(n, U1), wel (nty, i) Ey, 2-0 2458; 
O otherwise, 
where the set 


I(n, =e fi, (x), rE K-(n, v,)} (1.2.4.6) 


is assumed to be ordered in such a way that i,, < i,,<>r, <1 r,. In 
(1.2.4.5), t, =/f(C), with ¢ = GET or ¢ = PUT, is the time of 
execution of interprocessor data exchange operations. 

Remark 1.2.4.2 It follows from the definition of a parallel pro- 
gram P and formulas (1.2.4.3) and (1.2.4.6), that the medium M?’ 
corresponding to this program is generally not homogeneous (#, = 
6,(n), L = Lin, V (n)), n €&). Yet it is possible (see below) to 
partition the lattice Q into subregions {Q,,a— 1, 2,..., @} in 
such a way that the corresponding media are homogeneous and, 
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hence, to reduce the solution of problem (1.2.4.2) to the consecutive 
solution of the Bellman equations in the homogeneous media 
VE Oe Na Gene 1s. sna 5: 3Oeg: 

Let us use specific scamiies to illustrate this approach to estimat- 
ing the time of program execution. Suppose that we have fixed the 
architecture of a homogeneous CS. Let us assume, for the sake of 
definiteness, that we have chosen the sechitectuce of the process 
examined in Section 1.2.3 (see p. O00), that is, Ar = (Vp, @ = {0}), 
where Vp = — Ch Aa O), (O, 1)}. Then 


a {(—1 ’ ), (O, 1) }, 
oe Dg = i 0), v, = (—1, 0), v» = (0, —1), 
Pe 1, 0), vy =: (0% 1). 


Hence, the admissible operators of interprocessor data exchange in 
the language of program description are GET 1, (J); and PUT J, (1); 
with 1 = 1, 2, 3, 4. Let us now consider in oreater detail the simple 
example of multiplication of two square (N-by-N) matrices A and B. 


1.2.4.1 A Parallel Program of Matrix Multiplication 


Let us decompose matrix A in its columns and matrix B 
in its rows: 


Ae Gis Oa; «2.05 On ls. CS. rack a: )", ms RP 
B=[b,, b,, ..., by]", 6, =(bi, ..., OF), i=i,..., N. 


We represent the product of these two matrices, C = A x B, in 
the form 


N 
C=AxB= > 4, X0,. (1.2.4.7) 


1i=1 


Let us assume that the initial data in the program, the matrices A 
aud 2, are stored in the external memory modules: matrix A in the 
left memory modules in rows and matrix # in the right memory 
modules in columns (see Figure 1.5). Matrix C = A xX B obtained 
as a result of executing the program P 4», is stored in the memory 
ol the elementary processors in the CS : ee matrix element C;; is 
stored in the memory of processor n = (i, ae a , NV). 

Remark 1.2.4.3 In the given case, to simplify the program we 
assume that (a) the “dimensionality of the array processor” (the 
number of primitive cells in the computational medium M°™) and 
the dimensionality of the problem being solved (the size of matrices 
A and &) coincide, and (b) on a part of the boundary of the medium, 
AQ = {(i, jf) |i = N or j = N} (see Figure 1.0), the operations of 
data transfer PUT 3, (1) and PUT 4, (J), respectively, are suppres- 
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sed. In general, a special operator is required to establish the bound- 
ary of an array consisting of processors on which data transfer oper- 


ations will be suppressed. 


— Processor A= Cr No) 


al — Memory module 


Fig. 1.5 


Here is the text of a possible local program for solving problem 
(1.2.4.7). 
Program Piasxp (n): 
Cc =: @: | 
DOI=N=>_ GET 1, A; 


B 

» A; (1.2.4.8) 
B 

a 


OD. 
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Using formulas (1.2.4.3)-(1.2.4.5), we can find the base and charac- 


teristic of connection of the medium Mo4*2 = (TP, Ar?, Li, A), 
where P = {P!©(n), n € Q}. 

Remark 1.2.4.4 In this case, as the text of the program (1.2.4.3) 
shows, the local program is independent of the number of the proces- 
sor n € 2. Let us now define 


Tr Ploc (n) — a == cae Es aA: toa Be _ 2" 
(Cior-6 = “GET 1") Qior-5 = “GET 2”; 
Crea — “PUT cS Cior—3 — “PUT 4”: 


_ 69, bb 9, 4a 2, thie 9 
Cyor-2 —_ ’ Cior-1 —- Ss ’ Cior = °= ? 


6G | (O99 7 


Cior +1 a a Cior +2 = "= : 


Corts = “="3) 1 =1,...,N}, OQ =10N +43. 


Let us define the function f: Tr Pl (n) > Ri, or 
f (8S) = tay f (2") = te, FEY) = ts C#") = te, 
f “GET 1”) = f (“GET 2”) = f (“PUT 3”) = f (“PUT 4”) 
=e ee (1.2.4.9°) 
and the set (see (1.2.4.3)) 
A~ (n, v;) = {10/-6, J = 1, ..., }, 
K~ (n, ve) = {10/-5, F=1,..., N}, (1.2.4.9") 
A (n, vs) = {101-4, = 1, ..., N} (vg = —v,) 
K~(n, v4) = (102-3, T= 1, ..., N} (vy = —v,) 


and, respectively, the sets (see (1.2.4.6) and (1.2.4.3)) 


I(n, vy) = 1 —3, 1=1,..., N}, T(n, ve) = 1 —2, 
; P=1,..., N}, 
I(n, vs) = 1 —1, 2 =1,...,N}, I (n, v4) = (51,1 =14,..., 
N}, (1.2.4.9) 
K-(n) = (401 —j,j =3,4,5,6,7—14 
K* (n) = (101 — j, j = 2, 3, 4,5, T=1,..., N}, 
K (n) = {1} U (102 —j, j = 2, 3, 4, 5,6, F=1,..., 1} 
U 0N + 4}. 


_ Thus, the number of elements in base ? is | K (n) | = ON + 2, 
Using formulas (1.2.4.3)-(1.2.4.5), we write the characteristic of 
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connections, Ba element by element (i, j = 1, ..., 5N + 2): 
( At_+te, i=jt+l, ae 
bas i=j+1, j=ol—Il, 


, I—O0, 1, 2, 3, J/=1, ..., N, 
Li P)=1 94 4 ot tte tte, t=fti, f=BI4A, 
A ce way ING 
| 0 otherwise 
t,, i=ol—2, j=sT—1, /=1, ..., N, 
otherwise, 
i,, t= ol—i, j=9l, J=1, ..., N, 
2) =| OQ otherwise 
(1.2.4.10) 
bas. bl, 9 Sl 0» Ts 285% IN 
| © otherwise, 
t,, i= 57 +1, j= 5 —2, T=1,..., N, 


nr 
© otherwise. 


The text of program P!© (n) is used to determine the state vector 
= (81) - + +> Sswa2) Of medium M?4xB; 5, (n) is time of initiation 
of Ploc (n), Se ‘(n) is the time when the first iteration starts, Ss;_» (n) 
is the end of operation GET 1, A, s;,_, (n) is the time of termination 
of operation GET 2, B, s,,(n) ‘is the time of termination of operation 
PUT 3, A, sey +4 (n) is the time of termination of operation PUT 4, B, 
and Ss,;+5 (n) is the time of termination of the /th operation of a 
cycle of the program, J = 1, le 
Assertion 1.2.4.1. The time of execution T (P) of program Paxp 
(1.2.4.8) for solving problem (1.2.4.7) of multiplication of matrices A 
and B is given by the formula 


T (P axp) —— {Ssvto (%)} — fo, (1.2.4.10’) 


where Ssnzo (n) is acomponent of solutions of the steady-state Bellman 
equation for medium M*4x® with a right-hand side .f equal to 
ty (7), — 1, 


F i(n)=| 3 ised, Pate BN 42, (1.24.11) 


where t, (n) is the time of termination of the loading of program 
Pxscp (n) into processor n € Q. 
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Proof. The proof follows from (1.2.4.2) and the algorithm for the 
construction of process s in the discrete computational medium 


MPAxB, (1.2.4.8)-(1.2.4.10’). | } . 
Let us find the solution to problem (1.2.4.10’), (1.2.4.11). To 


fw 


this end we consider a discrete computational medium MW. = 


(T., Ar, Ly, A) for which the lattice Q and the translation group 1’, 
are the same as for an array processor (see p. 000). We select the 
architecture and the characteristic of connections as follows: 


Ar ((p = 4, V), (®.9 = 2)), V = {vo = 0, 0), 1 = (1, 0), m= 


(0,1), vg = (1,1)}, and Li = (L (v9), £ (vy), & (vg), L (Us)), & Ui) = 
t, © o;, i = 0,1, 2, 3, where 


OO 1 oO 
oo | 5 | “=| 9 oF 


0 0 Oo 1 
=| 4 sis =| 4 o |" 


Let Rn be the resolving operator of the problem 


(1.2.4.12) 


u=Lou®F, O<F (t)<c, UEC 5 (Q, AY). (1.2.4.18) 


Assertion 1.2.4.2 The solution s€Co (2, A%, g=5N + 2, 


to the Bellman equation for medium M* 4x8 with the right-hand side .F 
taken from (1.2.4.11) is determined uniquely by the solution to problem 
(1.2.4.13) for medium Mg; in particular, for the component s;n,.2 (n)} 
of vector s(n) the following representation holds true: 


Sswin(N)=tp | © t2 © [Te |] Rw (ARw)”'f (n), (1.2.4.14) 
where Ro is the resolving operator of problem (1.2.4.13), A= 


T,, 1 

y . , and f (n)=(F,{” (n) Oty, FY (n+ V;)@ty)’, with F)(n) = 
v3 on 

t)(n)-+ 2t_-+ t<, where parameters t_, t,, te, tp, and t,(n) have 

been defined earlier, and t,= 2ta+-2t,+1t,+te. 

Proof. We will prove this assertion in two stages. First in view 
of the cyclicity of matrix L (v), v € V (see Eq. (1.2.4.10)), the initial 
Bellman equation (1.2.1.14) with right-hand side .¥ (1.2.4.11) can be 
transformed to an equivalent one-parameter family of equations of 
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the type 


WD (n) = LW® © FU-), with J the parameter, 
T=1,...,N,n€@0™, (1.2.4.10) 
FD (n) = (WP, 3, 0, O, O, O)T, F=1,...,N —1, 
FO (n) = (t, (n) + 2t2 + te, O, VU, OV, VU, V)F, (1.2.4.16) 
where L = {L (u,), k = 0, 1, 2, 3, 43, Liz (Un) = Lits,pti Wn), 
i,j = 1, 2,3, 4, 5, 6 and Z;; (v;,) is defined in (1.2.4. 10), while the 
components of solution W(‘) are expressed in terms of solution 
s € APN* thus: WY) (n) = Ssp+n_a (nm), A = 1, 2, 3, 4, 0, 6. Next, 


the system (1.2.4.15) can be reduced by the method of elimination 
to asystem of two equations in the components W‘) (n) and W{) (n): 


WS? (n) = FY-? Ot, © WS? (n—v,) © B® WY? (n—v,) © &, 
(1.2.4.17) 

WY? (n) = FY? (n +-0,) © th ® WY? (2) © th @ WY? (n—v,) © th, 
with 

Ssre0 =WY @ T_».WS? Oey, Cy=ty @ty. — (4..2..4.17') 
Introducing the matrices o;, i = 0, 1, 2, 3 (see (1.2.4.12)) and the 
notation 
a (n) = (Fi? (2) O tn; FY? (n - V4) © tn); 105, gay Vd, 

(Wi (n), Wa (n))" =ulP (n) € A’, 


we write system (1.2.4.17) in the form 
wD) (n) = Lau) (n) @ fF (n), T=1,..., Ne (1.2.4.18) 


Employing (1.2.4.16), we can easily express f() in terms of fUl-) 
thus: 


A 


T_, lL ‘ 
f'=1, 06,0 b — | Ruf’, (1.2.4.19) 
ps 


where R is the resolving operator of problem (1.2.4.13), and 


A 


A 


| ih 
on the A-valued vector u(n)=(u,, u,)' is defined by the rela- 


tionship (Au); (n)= @ A,;uj(n). Then (1.2.4.19) yields f%~!)— 
j=1 


(| 
the action of the endomorphism matrix A= thal] ° 
= 093 —V1 
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“EG (ARW)"-* f™, where c,=t, ©c,. Hence, u™ — Ry fiN-? — 
ZO Ry (AR aN 7, By virtue of (1.2.4.17') we finally es- 
tablish that sgyso—=t2%-! © tY © [T-» I] Ra (AR aN * 70), 


Assertion 1.2.4.3 The resolving operator Ro of problem 
(1.2.4.13) has the form 


pe Fy 
Re (F) “) 
2t, (i +j+1)+max {.¥ ,(n—(i+1) v,— jv,), 
ee F 5 (n— (ir 1)v,—( +1) v,} 
i>o, joo | 2t, @+7+ 1) + max {F,(n— iv,— jv,), 
F 4 (n—ivy— (j + 1) v3} 


Proof. We have Ro = lim R,, where R, is the resolving opera- 


t—>0o 


. (1.2.4.19') 


tor of the Cauchy problem vy = Ley @ £, V\j;-0 = VU. As in the 
scalar case, Duhamel’s theorem yields 


@ 
w= | RAF = © (Oo) “F. pHIVl. 


0<t<t 0<t<t 
Using the obvious “commutation” relations for the A-valued matrices 


Oi, 7 = 0... Te 2, 3, = 0) = 0, OF = Gy, OF = Oy, 10; = O, 
(i, 7) € {(0, 2), (1, 9), (4, 2), (2, t), (4,5 3), (3, 1)}, O90, = Go, G30, = 
O3, 0903 = Oy, O,}03 = Oy, where 9 is the null matrix, the operator 
methods developed in [1.13], and, in particular, formulas taken from 
[1.14], we obtain 
max {.¥ ,(n —(i-+ 1) v,—jv,), 

~ (.F 4 Fy (n— (i+ 1) v,—(G+ 1) V,} 
R ( )- max 2t, max 
0<a<t ne itj=a-1 | max {.F,(n— iv,—jv,), 

F 9 (n— ivy —(j + 1) v,)} 


Passing to the limit as t > oo, we get (1.2.4.19’). 
Corollary 1.2.4.1 The time T (P) of execution of program Payp 
is equal to 
P(P)=t(4, 1) +N Bt, +t) +t, —2t,, tf, = 2te + te, 
lt, = eae ty + eA ee +- Ley 


where t; (1, 1) is the time it takes to load Pros (n) by an optimal loader 
into processor n = (4, 1). 


——_ 


7—0105 
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1.2.4.2 A Parallel Program of LU-expansion 


Statement of the problem. Given a homogeneous multi- 
processor computational system, specify a parallel program and 
estimate the time of its execution for solving the problem of repres- 
enting an N-by-N matrix A in the form 


ASL 


(the LU-expansion), where LZ is the lower triangular matrix with 
units on the principal diagonal, and U is the upper triangular matrix. 
Suppose that we have decomposed the matrix Z in its columns and 
matrix U in its rows, as in Section 1.2.4.1: 


N 
dee > E07, (1.2.4.20) 
i=1 


The calculation scheme of the 1 U-expansion is as follows: 
AM — A, AMD — AYO _L,U,, i=1, ..., N—1, 


where 
O10, weuay.0; a, Bas Severs as} ; 
(1.2.4.21) 


Li =a {0, 0, ...,.0, afP, ala, ..., aff)”. 

av 
Here is the text of a possible local program for solving problem 
(1.2.4.20). It is assumed that matrix A and the results of calculating 
matrices Z and U are stored in the memory of elementary processors 
of the computational system. 


Program PYG (n): 


IF 61=82>Q = 61 —1; 
+62<61>Q0= 62 —1; 


FI; 

t= 4, 

DO IT<=Q=> GET 2, U; PUT 4, JU; 
GET 1, 2; PUT 3, JL; (1.2.4.22) 
A=A—L+U;J=J]-+1; 

OD; 


IF 61>62=> PUT 4, A; U=4; 

a2 1 = O02 Ah = 1/As PUL 4, A; UC = A: 

+. 81< 62> GET 2, R; PUT 4,R; L= A, R; PUT 3, L; 
FT. 


The discrete computational medium M* "” for program (1.2.4.22) 
is determined by the general formulas (1.2.4.3)-(1.2.4.6). Omitting 
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the intermediate computations, which are similar to those in program 
Paxp, we note only the form of the set K (n) (see (1.2.4.3)): 


K (n) = (43 U (02 — J, 7 =0,1,2,3,4,7 =1,...,03 
U (100 + J, J = 6, 7, 8, 10, 11, ny < ng} 
U (100 + J, J = 6, 8, 9, 10, n, = no} 
U 100 + J, J = 6, 7, 8, ny > ng}, 


where Q = min (nj, No) — 1, with (n, ny) the coordinates of an 
elementary processor in the computational system. Hence, the 
power of pase %@ (n) of the local 
program PLS y(n) is | K (n) |= 
Oomin (nj, te) -- sen (Ny — Nj) 
and, therefore, medium M?LU 
is nonhomogeneous. Note that at 
N;=N, anew element 1004-6 
is included in the set K (n). 
This makes it possible, as in 82 
Assertion 1.2.4.1, to reduce the | 
Bellman equation corresponding 

to the nonhomogeneous medium 


M*LU for a steady-state process s: 
(2 — A!K(")! to a system of Bell- 
man equations each of which 
is related to a nonhomogeneous 
medium. It proves possible (see 
Section 1.2.4.1) to break up 
the lattices of these media into 
subregions in such a manner that 
the discrete computational media corresponding to this separ- 
ation are homogeneous and, hence, regular (see p. OOO). Let us 
consider the restricted nonhomogeneous nee Mp and Me whose 


lattices allow for the separations Qp = u Q; and Q, = 2, U Q,, 


Q, Sa 


Fig. 1.6 


respectively, as shown in Figure 1.6. Here 

2,= {7, D}, Q,= {7,j),, f+1<j<=N}, 
Q,= (i, ), 7+1<i<M, Q,= (i, 7), 7+1<i,j<M}, 
and J is a parameter (the number of iterations in PLS (n)), with 
I=1,..., Q. The homogeneous computational media correspond- 
ing to these separations are M; (R) = (Q,;, Ar; (R), L; (Rf), A), 


j=1,2,3,4 and M; (G) = (Q,, Ar, (G), L; (G), A), ] = 2, 4. These 
can be found in the following way (the dependence of these media on 
parameter / is not given explicitly): 

(1) the Q; are shown in Figure 1.6; 


7* 
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(2) the dimensionality of the base, qj, and the regulators V; are, 
respectively, 


V; (R) = {vo}, jf = 1, 33 Vz (R) = Wor Ves Dats J S24: 
Ve (G) _ {Vo}; V4 (G) = (Vo, V3) Va}, V3 (f) = {Vo, Ve} j ae 2, 4; 
V3 (R) = @, 7 =1, 33 V2@ = {vo 1}, V3@ = S; 
(3) the characteristics of connection of the points of the medium, 
: (v), have the form 
LF (v,) = t; © [e#] @ tp © [e] @ t, © [e**], 
L¥ (vp) =tn © [[e*4] @ [e**]] @ ts © [e43], 
LF (v,) = ty © [234], LE (vs) = ta © [eI], 
LE (v,) =ty © [e*] © t, © [eI], 
Li; (Up) = tn © [[e**] ® [eI], 
Li (V2) =t, © [e**], Li (v,) =t, © [e*7], 
L$ (Vo) =tn © [e*"], Li (Uo) =t, © [[e*4] @ [e*7]] @t.© [e*7]; 
L¢ (v,) =1,, © [e**], LS (vs) = t, © [e7*]. 
Here! we have introduced the notation [e*],,., for the m-by-n 
matrix with elements 
1 if i=i,Aj=j; 
(giodo) 5 = | —— 2 oI 7 
O if tAiVIF Jo: 
to = 2t.-+ty+ t_ + ty + le; 
tpt tte, t,=te, pot, +te, 


t, = 2te 4+ 2t_+t_, 


where fc, tu, t_, t+, ty, and t, are the times of execution of the 
elementary operations in program (1.2.4.22). Let us now write the 
systems of Bellman equations for the nonhomogeneous media ‘7p 
and M,, respectively: 


ne€ Q..,, u (n) = L , (V) u(n) @.Fy? (n) ® Pict (1.2.4.23) 
nE Qe, u (n) = i (V) u(n) @ Fg (n), (1.2.4.24) 
uC AQs, w(n) = Le (V°) u(n) @ FY (n) © Ly gu. (1.2.4.25) 


Here (u, y, B) = {(R™, 1, 2); om 3, 4); (GM, 2, 43,7 = 1, 
QO, where R‘) and G( are the states of media Mp and Me, respective- 
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ly, and the operators Fen and ie describe the “interaction” of 
homogeneous media and have the form 
Loot =t, © [84], Lyso=t, © (eI, 
Liss =t, © [e2], Lg+.—ty © le], (1.2.4.26) 
Liso=ty © [e*4I, Lo+4= ty © [8%]. 


The functions ¥ ;(R), j = 1, 2,3, 4,and.#;(G), j = 2, 4, are given 
by the following formulas: 
co (n) +t, if I=1 


(Hp -( ee 4, 2, 3, 4, 
HF 3 (PR) (n) GYI-) (n) if I>1 ; J 


q(R)-1 time 
FY (G) (n) = (RY (n), 0), F4? (@ (n) = (RS (x), 0, 0). 
Assertion 1.2.4.4 The solution s: 2 — A!K™I to the initial 
Bellman equation can be expressed in terms of solution R“™ and G) 
of system (1.2.4.23)-(1.2.4.25) according to the following formulas: 
Ssr+it4 (n) = Ry” (72), i=1, 2, 3, 
Seo+i44(n) = RY (72), a © 2, oy 4, n=l, 
novel; i=1, 2,3, nol, n=, (1.2.4.27) 
Ssrijts (R) = G5? (n), j= 1, 2, 3, 4, ml, ny >I, 
Sso+it,(n) = GY (n), i=1, 2, m=T, n> I. 
The validity of (1.2.4.27) is verified by direct calculations that 
allow for (1.2.4.3)-(1.2.4.6). 


Corollary The time T (P,y) of termination of operation of program 
Pry is equal to T (Pry) = max SK (9 (7) — tj, where 
n€Q 


GS (n) if n»>n, 
sa = 4 RY (n) if n» =n, (1.2.4.28) 

RY? (n) if n»><ny. 
In view of the last formula, to calculate T (P,y) we need only 
find the solutions to system (1.2.4.23)-(1.2.4.26) .By direct calcula- 


tion it can easily be demonstrated that the operators of “interaction” 
of media M, and Mg satisfy the following “commutation” relations: 


L;.yL,(V9)=9, Lgsyly.p= 2 Wy, B).  (4.2.4.29) 
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In view of (1.2.4.29), for a fixed pair (y, B) the solution uy (”), n € Qu, 
can be found from the equation 
u(n)=L,(V)u(n) ® FP (n) @ LpwwFh?. (1.24.30) 


Substitution of the solution of Eq. (1.2.4.30) into (1.2.4.25) leads 
to an equation for u (n), n € Qs. This solution satisfies the Bellman 
equation in a restricted homogeneous medium: 


u (n) =: Lau (n) ® OF (n), n€ Qs, (1.2.4.31) 
where 
FP 0 
O's! n=} a sie (2.4.32) 
F (72) Pp Ly+puy rn C OQ, . 


In view of the properties of the characteristics of connections, which 
determine the operators i for 6B € {2, 4} in the media Wp and Mg 
(see p. O00), all the components (uc?) (n));,, i= 1, 2,..., q¢ (PB), of 
the solution ult) to Eq. (1.2.4.31) are expressed in ‘Saeed of the 
function f(%) (nm), which for each B € {2, 4} satisfies the one-dimen- 
sional Bellman equation on the half-line: 


f) (x) = max (tf, + f) (x + 1), g (@)), zc >I+ 1; 
ee (I + 1) = gt (I -|- 1). (1.2.4.33) 


Here the variable xz = n, if uh) = R® andz= ny, if uty) = QU), 
where (n,, m2) = nis the “number” of the processor in the computa- 
tional system, while the function g() (x) is obviously determined by 
the right-hand side of (1.2.4.32). The solution to Eq. (1.2.4.33) 
was obtained in Section 1.2.2 (see Theorem 1.2.2.3). Substituting 
this solution into formulas (1.2.4.27)-(1.2.4.28) and assuming that 
max (t;, t,) = t,;, i = 3, 5, we find that 


T (Pru) = tr (1, 1) +N (at, + ty + ty + ty) — te + te 
a (1.2.4.34) 


where 7; (1, 1) is the time of termination of loading} program PPS (12) 
into processor (1, 1) by an optimal loader. 


1.2.4.3 A Parallel sabe cig al Solving a System 
of Equations Ax = 


Statement of the problem. Given a homogeneous multi- 
processor computational system, specify a parallel program for 
solving a system of linear equatons Az = b (xz, b € RN, A = 
laij}nxw) by the ZU-expansion method (see Section 1.2.4.2) and 
estimate the time of execution of such a program. 


1. Design of Computational Media 103 


The calculation scheme is based on consecutively solving the 
system of equations Ly = b and Ux = y, where L and U are the 
matrices that figure in the L U-expansion of matrix A. Here is the 
text of a possible local program for solving the problem. We assume 
that the matrices Z and U are stored in the memory of the elemen- 
tary processors, vector } is stored in the left memory modules, and 
vector x will, after the program is executed, be stored in the upper 
memory modules (see Figure 1.9). 


Program Pixsep (n): 
IF61<622=>GKET 1, Y; GET 2, R; PUT 4, R; 
Y = Y —Lx#R; PUT 3, Y 
+ 61= 62> GET 1, Y; PUT 3, Y; PUT 4, Y; (1.2.4.35) 
GET 3, Y; X = Y/U; PUT 2, X 
+- 6&1 >62=> GET 1, Y; PUT 3, Y; GET 4, X; 
PUT 2, X; GET 3, Y; Y = Y — Ux X; PUT1, Y 


FI. 
The corresponding Bellman equation for a nonhomogeneous medium 
M’4x=> with base # (n), whose power is |A&A (n)| = 7 + 


sgn (n,; — n,) can be reduced to 
asystem of equations for homo- 
geneouS computational media 
M®,az=+=1, 2, 3, whose lat- 
tices Q( are depicted in Fig- 
ure 1.7: 

QO = {n | ny < ng}, 

Qe — {n | n, = Ng}, 

Q (3) — {n | ny > ny}. 
We will not carry out the actual 
calculations, since they are sim- 
ilar to those carried out in 
Sections 1.2.4 and 1.2.2. The 
final result is as follows. The 
time Tf (Pyx=v) of termination 
of program P ax=b1 provided 
that program P)%_, (n) is load- 


ed by an asymptotically optimal loader (see Section 1.2.5 
below), is equal to 


LY (Pax=d) = tr (1, 1) + M (Sty + 2t, + t,) — 2t, — 3t, + te, 


where ¢; (1, 1) is the time of termination of the loading of program 
Px.» into processor (1, 1), ¢; = t; + ta, and t, = te a ee 


Fig. 1.7 
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1.2.9 The Design of an Asymptotically Optimal Loader 
for a Homogeneous Computational System 


In this section we give a program that realizes, in the minimum 
possible time, the loading of local programs into the processors of a homogeneous 
computational system when the number of such processors grows without limit. 


It follows from the formulas for solving the problems discussed 
above that the time 7 (P) of execution of a parallel program P = 
{Ploc(n), n € Q} depends on the time ¢ = tf (P'(n)) required to 
load the local program into processor n; this means that the loading 
time is a parameter in problem (1.2.4.2); hence, with respect to this 
parameter we can optimize T (P). 

The process of loading the local programs P!© (n) is carried out 
via a special parallel program P, = Pj (n), n € ®, the loader of 
the computational system, stored in the ROM of each processor n. 
It has been found that as the dimensionality of the problem increases, 
or aS n — ov, the steady-state Bellman equation applied to a special 
discrete computational medium can be used to specify an asymptotic- 
ally optimal loader, that is, a program Pj for which the execution 
time is minimal with n—> o. 

Let us detail the statement of the problem. By #; (Ar) we denote 
the set of all loading programs for a given architecture of a homo- 
geneous computational system, and by 7 (P)) we denote the time 
“ execution of a parallel program P, € #; (Ar) on processor n, 
that is, 


T (Py) = t (P\* (n)) — ty, 


where ¢, is the start time of the program F), ¢,) is a constant independ- 
ent of n, and ¢ (P;(n)) is the termination time of the operation of 
the program of loading into processor 7. 

Let us consider the problem of choosing the optimal loading pro- 
gram Py (the optimal loader) for a given homogeneous computational 
system: 

T (P}) —> min V Py E fy (Ar). 


For the sake of definiteness we will consider in what follows a model 

of a homogeneous computational system with a two-dimensional 

lattice Q = {n = (ny, Mm), 1S ni <N, i = 1, 2}. Since the time 

of loading into processor n is a linear function of the length C of the 

program Piece (n) being loaded, where ¢ = | P!© (n) |, it is natural 
2 

to assume that t (P{*(n)) does not exceed € $) Cin; = € (C', n), 
i=1 

Ci > 0,i=1, 2. Let 


t (Pi (n)) = © (C1, n) + (C2, n) + C564 Cy, eo) 
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where C? = (C?, C3), Ci} > 0, and C; and C, are constants determined 
by the times of execution of the various elementary operations that 
enter into the trace of program P), C= G: (P}), k =1, 2. With 
functions of the type (1.2.5.1), the time of execution of program P 
on processor 72 = (n,, N2) becomes 


PiPp= tO. aie, WO + ly i (1.2.5.2) 


Hence, the objective function (or criterion function) of problem 
(1.2.5.2) becomes asymptotically optimal as n — oo if there exists 


a= {nIn, =1' 
a={n | n>} 


Fig. 1.8 


a program Py for which the following holds true: 

VP, € #) (Ar) Cy(Pi) > Ci (PT) = 90, Ci (Pi) > Cj (PY), 
p41. 2. (1.2.5.3) 

A program Pj satisfying (1.2.5.3) is said to be the optimal loader 

for a computational system. Here is the text of such a program. 

Program Pj! (n): 
S = (NUL); ADR = (ADBR,); 
DO S|] = (EOF) => 


IF61=1=> 
GET 3, S; PUT 4, S; 
+ 61>1=> 


GET 1, S; 
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FI; 
PUT 2, 8S; 
ADR = ADR + 1; 


MEMORY (ADR) = S; 
OD. 


Here (NUL) is the nil symbol, (EOF) the end-of-file (or program) 
symbol, and (ADR,) is the address from which the program is loaded 
into the processor memory, MEMORY. 

The time of execution T (Pj) of the above program is determined 
by solution of the appropriate Bellman equation in a discrete medium 
(Figure 1.8). As a result of calculations similar to those carried out 
in Section 1.2.4.2, this equation can be reduced to a one-dimensional 
scalar equation of the type similar to that discussed in the example 
in Section 1.2.2.4. The final result is 


TP) =%, 2G, 235) C4 Ss = 2) — 0. 


Here t, is the total time spent on execution of the operators $ = 
(NUL); and ADR = (ADR,); and on verification of the relation- 
ship S | = (EOF), ¢, is the total time of execution of the oper- 
ators ADR = ADR + 1; and MEMORY (ADR) = S; ard of verifi- 
cation of the relationship S j| = (EOF). 


1.3 Optimization Problems of Functioning 
of Computational Systems 


In this chapter we will discuss the main optimization 
problem that emerges in the functioning of operating systems (OS) 
of computational media, that is, the optimal organization of the 
execution of the users’ instructions. 


1.3.1 Effectiveness Criteria of the Functioning 
of Computational Systems 


This section will formulate the general requirements of the opti- 
mization of systems of parallel data processing and give a general formulation 
of the problem. 


An operating system is usually understood to be software that 
realizes the interface between the users’ instructions (or programs) 
and the resources of a computational system. The principles of 
design of operating systems have been discussed in great detail in 
the works of Soviet and other authors [1.18, 1.25-1.28]. 

Without assuming a formal approach, we may say that the problem 
lies in allocating the resources to the set of users’ instructions so as 
to optimize a measure of effectiveness of the execution of the in- 
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structions, say, the average execution time or the maximal execution 
time. The choice of measure of effectiveness is determined by two 
trends in the organization of parallel data processing: (1) the attain- 
ment of high total productivity in executing various usually small 
and weakly interacting instructions and (2) the attainment of maxi- 
mal productivity in solving a single large problem [1.17, 1.18]. 
Here is a formal statement of the problem. Suppose that we have 


specified aset P = {p,, Po, -- -; Pm} Whose elements are the resources 
of the computational medium. A system of instructions is a pair 
(X, 0), where X = {z,, 2, ..., ,} is a set whose elements are the 
instructions z;,j = 1,..., , and ¢ is the partial ordering relation 
on X. 


Remark 1.3.1.1. For the sake of definiteness the resources of a 
computational medium are understood in what follows to be the 
processors of that computational medium. However, the discussion 
can be generalized to other types of resources. In homogeneous com- 
putational media the processors are identical both in functional 
capability and in speed. The partial ordering relation 9 on X imposes 
restrictions on the sequence in which the instructions are executed: 
x;0x;<> means that instruction z; precedes instruction z; if z; must 
be completed before z;. In this section we will call the relation o the 
instruction-precedence relation. 

Let us denote by t,;; >>0O the time of execution of instruction 2z,;, 


j = 1,..., n, on processor P;, i = 1, ..., m. For a homogeneous 
computational medium, 1;; = tT (z;) is the time of execution of 
instruction x; on any processor. By W;,i = 1,...,n, we denote the 


specific cost of stay of instruction z; in the computational medium. 

Remark 1.3.1.2 The cost of stay of an instruction in a computa- 
tional medium depends on the parameters of the instruction. These 
may be the memory size (the number of cells) required for storing 
the instruction, for instance, or the reaction time of the system when 
the instruction is executed in real time. 

The problem of organizing the execution of instructions in a 
computational medium consists in building a schedule s, a pair of 


def 

mappings f: X > Ri, g: X > P(s = (f, g)) for which the following 
properties hold true: 

(1) (Wa;, 77 EX, g (ei) = g (tj)) =k, KEM, ..., n) 
> X Hep, Hern, (D> kre, teptm, ) = 9, 
where Yq, (t) = 1— 0 (t — b) — 8 (—# + a) is the characteristic 
function of segment la, b], with 0 (t) being Heaviside’s function; and 

(2) xipxjy—>f (t;) + Tg(x;)i SI (xj). 


Remark 1.3.1.3 The value f (z;) of function f at point xz; is the 
beginning time of execution of instruction z;, while g (x;) defines 
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the processor ensuring the execution of the instruction. The first 
property means that each processcr P; at a fixed moment in time ¢ 
can execute only a single instruction. The second property realizes 
in time the partial ordering relation o on the set of instructions X. 
The problem of optimal organization of execution of a system of 
instructions consists in building a schedule s* that delivers an extrem- 
um to one of the following measures of effectiveness of operation of 
a computational medium: 
u, = min max f(z;), the minimal possible time of 
S 1<i<n 
termination of all instructions; 


nr 
U, = min n* >) Wf (x;), the smallest cost-weighted 
iS i= 1 


mean of the time during which the executed instructions are kept 
in the computational medium; 


nr 
eye SO _ 
U3= — n-* > (f (23) — Taxi) Wi. the minimal cost- 


weighted mean of the time during which the instructions wait to be 
executed in the computational medium; 


nN 
u,=minn' >) (f(x;)—d;),W;, the minimal cost-weight- 
S i=1 


ed-mean of delay of execution of the instructions in relation to the 
given directive times d;, i = 1, ..., m, in which the instructions 
were supposed to be executed (here we employ the notation ® (x), = 
max {0, ® (x)}); and 

n—1 


Us = min A-! (s) 3 (7 — i) (f (Xp, ,)—( (%p,)), with f (%)=0 


and A (s) = max f (z;), the quantity characterizing the minimal 


1<i<= 
expected demand of the system of instructions in processors. It is 
assumed that f (tp,,,) >f (@p,), @=9, ..., n—1,. 
Remark 1.3.1.4 For a homogeneous computational medium, 
criterion py is equivalent to u,, while criterion uw, makes it possible 
to pose the problem of minimizing the number of processors that 


can ensure the general directive time limit d = Gn ta Ny 2 we oe 
for execution of the instructions. 

Passage to the limit in the small parameters h, = 1/m and h, = 
1/n as m +o and n — oo in discrete computational media yields 
measures of effectiveness of the execution of a system of instructions 
in continuous computational media. For example, if we send n to oo 
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As) 

in ts, we get p, = min A~? (s) N (t) dt, where N (é) is a smooth 
S 


monotonic decreasing ore hed the number of instructions not 
executed by time f. 

Assertion 1.3.1.1 All effectiveness criteria mentioned above are 
linear in spaces with values in one of two semi-rings, 


A, = (Ri U {+o}, ® = min, © = max), 
A, = (Ri, U {+00 }, ® =min, © = +). 


As concrete examples we will formulate and solve three problems 
of optimal control of the resources in homogeneous computational 
media. The first two deal with the optimization in the given criteria 
of parallel data processing in homogeneous computational media, 
while the third deals with the control of external switching. 


1.3.2 Optimal Organization of Parallel Data Processing 


In this section we give algorithms for the solution of two main 
problems emerging in optimal parallel calculations. 


The main difficulty in parallel calculations lies in the need to 
maintain the partial order and temporal sequence in carrying out 
the separate computational instructions or assignments that are 
worked into the algorithms or programs as a result of ordered data 
processing [1.18]. The parallelism of calculations is carried out 
between the individual processors that constitute the computational 
system. Here two main problems emerge, in a sense reciprocal: 

(a) given an algorithm and a fixed time interval assigned for 
execution of the algorithm, find the minimal number of processors 
constituting a homogeneous computational system; and 

(b) given an algorithm, find the minimal time of its execution 
by a given homogeneous computational system that incorporates m 
processors united by a common main storage. 

Essentially these problems can be reduced to the problem of optimal 
distribution of a set of data-correlated operators or, in other words, 
of a partially ordered set of the calculation assignments distributed 
between the processors. Here is a formal statement of this problem. 

Suppose that realizing an algorithm on a homogeneous CS with 
a general main storage (or memory) requires realizing a system of 
instructions (X, 0). Here X = {z,, %., . . ., , } may be, for instance, 
a set of problems, operators, or commands, while the ordering relation 
0 is determined by the information correlations between the instruc- 
tions. Instruction x; requires t (xz;) units of time for its execution and 
may be carried out by any processor in the system. 
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Problem 1. It is required to assign the instructions to the processors 
in such a way that (1) the time of execution of all instructions assigned 
to each processor must not exceed a given time 7’, (2) the instruction- 
precedence relation 0 (which is determined by the data correlations 
between the instructions) must be satisfied, and (3) the number of 
processors must be minimal. 

Problem 2. It is required to assign the instructions to the processors 
in such a manner that (1) the number of processors m is given, (2) the 
instruction-precedence relation (which is determined by the data 
correlations between the instructions) must be satisfied, and (3) the 
time 7 = max t,, where tf; is the time of execution of all instruc- 

1<i<m 
tions on frocessor i, must be minimal. 

The requirement that the instruction-precedence relation be satis- 
fled can be expressed in the form of a cyclic graph G, = (X, I,), 
which represents the instruction-precedence relation 0. The vertices 
x; and x; of graph G, are connected by the are (x;, xj) € I, if instruc- 
tion z; must precede instruction z;. We will say that a subset of 
vertices Q@ < X of graph G, is allowed if there is no arc (7;, xj) ET, 
that leads from XNQ to Q (4; € XX\Q, 2; €Q). The predicate 
defined in this manner on the set 2* will be denoted by J. 

The solution to Problem 1 can be expressed in terms of the solution 
to the appropriate generalized Bellman equation in the space of 
functions with values in the Abelian semi-group Ra = (R, ®) (see 
Section 1.4) for a discrete medium uniquely determined by the state- 
ment of the initial problem, while the coefficients of the equation, 
which are endomorphisms of semi-group Rg, are fixed by the tem- 
poral parameters t (z;) (7; € X) and T, T>0. 


Let us consider the discrete medium M = (X, T, H, R) with 

(41) X={2,€2*, D(z}, i=1,...,k, k=|X|<2", = 9, 
x, =X; 

(2) F=U Tn Ti={ vy). yNe= fed, # YeX 

(3) Re =(R, @) R= {M, 2, ..., n} x {0, 7 + 1}, and the 
semi-group operation © is determined by the relation 

P @b=| (G4, Gg), (44 <0) V (4, = 5, \a,< dy), 

(54, Og), (Gy > 4) VV (a, =O A\ 42 > 4,)3 
where a = (a, @,), b = (b,, b,) € R. Obviously, the neutral ele- 


ment has the form OQ, = (n, JT + 1). Endomorphism #7 is defined 
in the following manner: 


ee L(u) if wef, 
Uu ame! 
O) if uel, 
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where j 

(Q4, @g+7(2;)) if ag+t(zj)<7, 

(a,+ 4, t (%:)) if a,4t(z;)>T, (4.3.2.1) 
Ge: U1, oe 

Op, if a,+t(z;)>T, ay=n. 


Wwe T;, L(u) (a) = 


Let us describe the algorithm for solving Problem 1: 


_ (4,0) if z=4%, 
(1) put .F (4)= ee 
Op if LF Ly; 


(2) apply the H-scheme (see Section 1.5.2) to solve the Bellman 
equation for the discrete medium MM: 


s= Hs ® F. (1.3.2.2) 


where .¥ is defined in item (1); | 
(3) reconstruct the route Up: from solution s (see Section 1.5.3); 
(4) terminate operation; the result is as follows: instruction 7; 

is executed on processor P; with number j = a, over the time interval 


la, — t (2;), ao), where (4,, a.) = s (x). Here s is the solution to Eq. 


(1.3.2.2) at point xz satisfying the condition T; 1 Uopt = = {(y, x aye 
Here is the algorithm for solving Problem Zz: 


(1) put 7,= max tT(z;)—1, T,=» t(z;), and T=f7,; 
EX i= 


(2) apply the algorithm for solving Problem 1; 


(3) suppose that s (tp) = = (a,, ay): if m<a,, then put 7, = 7, 
otherwise put 7, = T; 

(4) if T, — T, < &, where e is the required accuracy of solution, 
then go on to item (5), otherwise put T = (7, + T,)/2 and go over 
to item (2); 

(0) terminate operation; the result is the route p found in item 
(2) of the algorithm at T = T,. (If t (7;) € Z+ and e = 1, the solu- 
tion is exact.) 


1.3.3 Optimal Control of Switching 


Here we will discuss the organization of switching in a computa- 
tional medium. We will demonstrate that the problem of optimal control of 
external switching on the basis of w-networks with determinate servicing can 
be reduced to solving the Bellman equation with semi-group operations 6 = min 
and @©=max. 
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The effectiveness of a computational medium depends essentially 
on the organization of switching in the medium [1.17, 1.18]. Two 
types of switching are distinguished: internal and external. Internal 
switching is the program-controlled variation of connections between 
the elementary processors of the medium. External switching is the 
program-controlled variation of connections between the computa- 
tional medium and peripheral devices (external memory, terminals, 
data stations, and the like). 

It is natural to understand internal switching control in a com- 
putational medium as a transformation of the coefficients in the 
generalized Bellman equation describing the propagation of local 
data alterations in the computational system (see Section 41.2.3). 
Then the problem of optimal control of internal switching can be 
reduced to such a choice of the coefficients of the equation that the 
solution to the equation will guarantee an extremal value of one 
of the objective functions of the effectiveness of CS functioning. For 
instance, the optimal value of the activity range of multiprocessor 
homogeneous CS as a function of the architecture parameters of 
the CS can be found by solving the Bellman equations constructed 
in Section 1.2.2. Other possible criteria of effectiveness of compu- 
tational systems were discussed in Section 1.3.14. Two main methods 
of organizing external switching are known, spatial and temporal, 
but combinations of the two are also possible [1.16-1.48]. 

An example of temporal switching is the so-called switching with 
a common bus [1.18]. In this case all devices subject to switching 
are connected to a single channel, which makes it possible to con- 
nect, at each moment in time, only one peripheral device with a 
given elementary processor of the medium. In spite of the low cost 
and simplicity of realization of this type of switching, it has signifi- 
cant deficiencies: a low throughput and high delays in data transfer. 

An example of spatial switching is the array switching [41.18], 
which ensures a high throughput of data transfer thanks to the pos- 
sibility at each moment in time of pair switching of any peripheral 
device with an elementary processor of the medium. 

Specialists now agree that the most effective and economical way 
of realizing external switching on VLSI schemes is to employ the 
so-called w-network [1.16, 1.18], which combines the merits of 
spatial and temporal switching. For one, the complexity of realiza- 
tion of a w-network is proportional to the logarithm of the number 
of devices included in the switching process [1.18]. 

[he problem of optimal control of an w-network (with determinate 
servicing). The model of operation of an w-network. The structure of an 
@-network is as follows (Figure 1.9): an w-network contains (1) 2+ 
elementary switches Xin = {xz;, i =O, ..., 2% —1} taking part 
in the switching process, 2” peripheral devices at the input port 
of the w-network, and 2” elementary processors Xoy = {y;, i = 
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O, ..., 27-1} and (2) 27-1 x n elementary switches, each of which 
may be in one of two states and ensures the commutation (steady- 


state connection or link) of two of its inputs with two of its outputs 
(see Figure 1.9). 


O 


AOE 
or 


2 ome 
Ln 
Xout 
Elementary switch States of switch 
Q O 
{ { 
Fig. 1.9 


The steady state of an w-network is given by the collection of the 
states of all of the network’s elementary switches. The input port 
of an w-network is used to receive the instructions for data processing 
in the computational medium from a peripheral device. A special 
processor, which controls the operation of the w-network, must deter- 
mine (“commutate”) the elementary processor that will receive the 


8—0105 
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instruction for data processing. In other words, this processor must 
connect the input port of the w-network (specifically, the peripheral 
device x; € Xin) with the output port (specifically, with one of the 
processors of the computational system), which means that it must 
find a route for transferring the instruction through the switches 
of the w-network (i.e. through the “free” connections between the 
switches) that leads from z; € Xin to the set Xout. 

At each moment in time ft, the set of all possible routes of data 
transfer according to the instruction at the input port of the w-net- 
work depends on the steady state of the w-network at time ¢ and on 
the instructions that were at the input port of the w-network by time? 
(a fraction of the switches and steady-state connections between the 
switches are engaged in carrying out these instructions). Let us 
define the dynamical state Cy (¢, x, (t)) of an w-network as the set 
of all routes of data transfer admissible at time ¢ that lead from 
Xo (t) E Xin into Xoy, (Toutes that do not intersect through the 
switches). Let us assume that the operation of the w-network is 
determined, that is, for each instruction received by the w-network 
we know the time of its processing and the dynamical state 
Co (T, Lo (t)) of the w-network at t Elt, Ty], T, >t, where 7, is 
the time of termination of the operation of the w-network involved 
in processing all the instructions received by time f. 

Statement of the problem. Suppose that at time ¢ the input port of 
an w-network receives an order for a peripheral device zx, € Xin. 
This order must be fulfilled in a minimal possible time with due 
regard for the restrictions imposed on the dynamical state of the 
network at t € [t, 7,] by the system of orders received at the input 
port of the w-network by time ft. 

To solve the formulated problem, we give the appropriate Bell- 
man equations in the space of functions with values in the semi-ring 
A = (R' U {+00}, © = min, © = max) for a discrete medium 
whose architecture is depicted in Figure 1.10. This equation has the 
form 

Spi, (i, J)= min max{s,(i,’ j’),a(i, j, v, j’)} 


0<i’<2"-14 
0<j’<n 


k=0, 1, 2,..., (1.3.3.1) 


co: Joe, 1S27,; 
Sy (i, )= | 1 7=0 ii, (1.3.3.2) 


Here i, is the number of a given peripheral device x, € Xin, (i, j) 
are the coordinates of a steady-state connection in the system, i is 
the number of a vacant output of an elementary switch in the w-net- 
work positioned in the layer with number j (for j > 0) or a peripher- 
al device (at j = 0), s, (i, j) is the moment in time when there is a 
free route of length k (i.e. consisting of k steady-state connections) 
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leading from the peripheral device z;, specified in the order to the 
elementary switch with output i in the jth layer. The coefficients in 
Eq. (1.3.3.1) are uniquely determined by the given dynamical states 


Co (t, Lp (t)), TELE, Pol: 


tif j—j’=1,i=e-+ 2i’(mod 2"),e = 0, 1, 
PU N= Lo. o20 
Oe Ii Fs FT) 1 otherwise ( ) 
where #;; is the time when the switch with number ([i/2], 7) is free 
from fulfilling previous orders (here [ ] denotes the integral part of 
a number). 


Ws 
AO 
Weaain 
POG 
AAS 


Fig. 1.10 


Obviously, the solution to problem (1.3.3.1), (4.3.3.2) atk =n 
determines the optimal (i.e. the shortest in time) way of connecting 
the peripheral device xz) € Xin with the output port of the w-network. 
The number of the i*th processor in the system (i*, n) that receives 
the order from z;, to process the information can be found from the 
equation i* = arg min _ s, (i, nm), and the sought route u* = 

0<i<a2n-{ 
8 * 
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u (ip, 0) — (é*, m)) can be reconstructed uniquely from the found 


number i* as follows: if i* = (k,, k,,..., kn) is the binary represen- 
tation of number i*, the sequence (i), 0), (2i) (mod 2”) + ky = 
i,, 1), (2i, (mod 2”) + kg, 2), ..., (2in_, (mod 2") + k,, n) specifies 


the vertices of the optimal route u*. The method of reconstructing 
the route u* and building the solution to the Bellman equation 
(1.3.3.1) follows from the algorithmic procedure (the H-scheme) 
discussed in Section 1.5.2 (see also [1.24]). 


1.4 Flexible Automatic Manufacturing 
of Computational Media 


As yet there is no flexible automatic manufacturing of 
computers. However, in long-term projects for designing fifth gener- 
ation computers the organization of flexible automatic manufactur- 
ing systems has been discussed [1.29-1.31]. There is therefore a 
need to study related mathematical problems. First, there are the 
problems pertaining to all flexible automatic manufacturing and, 
for one, the flexible automatic manufacturing of many “small” 
components, or continuous computational media, say, the flexible 
automatic manufacturing of the element base of fifth generation 
computers using VLSI, in which mathematical models are employed 
for manufacturing thin films, integrated circuits, and integral- 
optics elements. In what follows we consider the mathematical 
problems involved in flexible automatic manufacturing from this 
point of view bearing in mind the large parameter that appears in 
the problems arising in this connection. 

The definition of flexible automatic manufacturing. At present there 
is no universally accepted definition of flexible automatic manufac- 
turing. We will adhere to the following, most widely accepted, for- 
mulation of this concept. Flexible automatic manufacturing is a 
manufacturing unit—production line, bay, shop, or plant—that 
functions on the basis of unmanned technology, program control, 
and group organization of manufacturing. Structurally a flexible 
automatic manufacturing system consists of an executive system 
that incorporates technological, transportation, and warehouse 
subsystems, and a control system that coordinates the functioning 
of the executive subsystems. The control system consists of mini- 
and/or microcomputers united by data transmission links, and soft- 
ware that controls both the separate equipment units and the system 
as a whole (see Table 1.4.2). Program control with computers equip- 
ment and manufacturing processes ensures the flexibility of the auto- 
matic manufacturing process, that is rearrangement of all the execu- 
tive components in the manufacturing system when the objects of 
manufacture are changed. The group organization of manufacturing 
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is based on special-purpose specialization of the bays and shops and 
a unified group form of organization of the manufacturing processes 


(1.32, 1.33]. 
Table 1.4.2 The Structure of Flexible Automatic Manufacturing 


Systems 
—— Control system 


Iixecutive system 
Technological Networks of mini- 
subsystem and microcomputers 


Transportation Software 
subsystem 
Warehouse 
subsystem 


1.4.1 Classification of the Mathematical Problems 
Associated with Flexible Automatic Manufacturing 


In this section we suggest a new classification of the mathematical 
problems associated with the design and functioning of flexible automatic man- 
ufacturing systems. The discussion is based on the theory put forward in the 


previous sections. 


There now exists a vast literature on work connected with flexible 
automatic manufacturing. However, a large portion is devoted to 
the manufacture-organizational principles of designing flexible 
automatic manufacturing. Practically no publications discuss the 
mathematical aspects of such design and the functioning of such 
systems. 

We distinguish six large mathematical problems in flexible auto- 
matic manufacturing. We believe that all mathematical problems 
arising in flexible automatic manufacturing at the stage of design 
of such a system and its functioning, except for problems of program 
control of production equipment, can be treated as linear problems 
in spaces with values in an abstract semi-ring, which means that 
the generalized Bellman equation can be used to solve such problems, 
both in the discrete variant (see Section 1.1.10) and in the continuous 
case (see Section 1.0), when in stating a problem we can specify a 
small parameter in which passage to the limit is possible. For in- 
stance, in planning problems the quantity reciprocal to the number 
of performed operations can serve as such a parameter. 
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The first problem in designing a flexible automatic manufacturing 
system, a problem inherent in any such system, is the classification 
of the manufacture products by their structural-production charac- 
teristics with the aim of their further grouping. This problem can be 
solved by applying methods of cluster analysis [1.34-1.36], which 
employ concrete realizations of the abstract semi-ring, these reali- 
zations are determined in the ways in which the distance between 
objects in the classification space is specilied. 

We now wish to state the classification problem. Let (.£,d) be the 
set of objects Z = {x, y, z,...}, |&| =n, with a specihed gener- 
alized “metric” d: £x* L —+R. We wish to find the partition J/* of 
set £ into a given number m of groups of objects {J/j,i =1,..., m} 
that minimizes the generalized sum of the distances between the 
objects within each group: 


J*—arg min © © d(z, y), (1.4.1.1) 


where J is the set of all possible partitions J = {J,, Jz, ..., Jm} 
of the set Z and © is the generalized multiplication sign (see Sec- 
tion 1.41.1). 

Problem (1.4.1.1) is linear in the space of functions with values 
in the semi-ring A = (R, ® = min, ©). In concrete classification 
problem the generalized metric on the set of objects is determined 
by the numerical values of the characteristics, that is, the coordinates 
(1, To, ..-, Ln) Of object xz € Z in the characteristics space R”. For 
instance, the metric d (xz, y) can be specified by one of the following 
formulas: 

d(x, y)= max |z;—y;| (Manhattan distance [1.37]), 
{<i<n 
Tr 


d(x, y) = >; |t;—y,;| (Hamming’s distance [1.38]), 
i=1 


d(x, y) = Vs (x; —y;)* (Euclidean distance). 
i=1 


For the above cases the solution to problem (1.4.1.1) is given in 
[1.35, 4.39]. 

The classification problem remains linear even when metric d 
is induced by a fuzzy resemblance relation t (see [1.40, 1.41], Tt: 
LX L (0, 1] is a reflexive (Vx € £, 1 (x, x) = 1) and symmetric 


(Vz, yEL, t (x,y) =t (y, x)) mapping. The transitive closure t 
of the resemblance relation t is a similarity relation or a fuzzy equiv- 
alence relation (see [1.38]) possessing the properties of reflexivity, 


symmetry, and transitivity: Vz, y, z€ £, t (x, y) > min (v (x, 2), 
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t (z, y)). We define a “minimax” metric d on & by the formula 


d(x, y) =1—t(a, y). The problem with the “fuzzy” metric d is 
linear in the space of functions with values in the semi-ring A = 
(R ={[0, 1], @ = min, © = max). Its solution is determined in 
terms of the solution of the system of Bellman equations for the 
shortest connecting tree [1.42]. For a large number JN of graded 
objects it is natural to solve the classification problem via a passage 
to the limit in the small parameter 1/N —0 in the discrete Bellman 
equation. 

Note that the solution to the classification problem makes it pos- 
sible to design a group route and operational technology of processes 
involving the manufacture and inspection of products [1.43]. 

The second problem in the design of flexible automatic manufac- 
turing systems involves the planning of flexible automatic production 
lines and bays on the basis of a calculation of the optimal supply 
and timetables of delivery of resources and the optimization of the 
traffic. The mathematical statements of problems associated with 
this aspect are known in the literature as network flow problems 
114.9, 1.37, 1.44, 1.45]. 

It has been established that all these problems are linear in spaces 
with values in certain semi-rings, say, the problem of designing the 
maximum flow in a stationary transport network is linear in the 
space with values of functions in the semi-ring A = (R!, ® = max, 
© = min). The Duhamel principle applied to the inhomogeneous 
Bellman equation describing the flow in a nonstationary transport 
network leads to a linear problem in the same space. 

The problem of constructing a maximum flow in a transport net- 
work is classical. An analysis of modern results in the range of its 
solution shows that for arbitrary carrying capacities of the arcs the 
algorithms listed in Table 1.4.3, with n = |X | and m= |T |, 
possess the best estimates of complexity. 


Table 1.4.3 
f ; 
Nos Algorithm am Sab sty aa 
1 Edmonds-Karp [1.46] O (nm?) 
2 Dinits [1.47] O (n?m) 
3 Karzanov [1.48] O (n3) 
4 Cherkasskii [1.49] O (n?m}/2) 
5 Galil [4.59] O (n>/3m2/3) 
6 Galil-Naamad [1.54] O (nm log? n) 
7 Sleator [1.52] O (nm log n) 


ee 
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In solving flow problems, algorithm designers employ various 
procedures for constructing optimal (in a certain sense) transport 
network routes that increase the magnitude of the flow. These pro- 
cedures are simply different ways of solving the generalized Bellman 
equation (see Eq. (1.1.10.2)) in spaces with values in one of the 
following semi-rings: (R!, ® = min, © = +), (A’, @ = max, 
© = min), or (V, ® = min, © = 2 ae) (cf. [1.44]). This viewpoint 
makes it possible to classify the algorithms of constructing a maximal 
flow in terms of the coefficients of the Bellman equation or to repre- 
sent the solution of the Bellman equation in the form of a “continual” 
integral (see formula (1.2.2.18)) defined in this case on the routes of 
the transport network connecting the sources with the sinks. This 
classification can be carried over to algorithms for solving the 
problem of constructing a maximal flow at a minimal cost and, hence, 
the transportation problem in its various modifications [1.37, 1.44]. 

In the case of a “saturated” and regular transport network, when 
the arcs in the transport network satisfy the conditions of locality 
and regularity (see Section 1.2.1), the number of its nodes, NV, tends 
to infinity, and the carrying capacity is a slowly varying function 
on the set of arcs of the transport network, we can go over to the 
limit in the small parameter 1/N —0O to the continuous Bellman 
equation and, hence, the method of characteristics and Pontryagin’s 
— principle can be employed to solve this equation [1.2, 

The third problem has to deal with designing a warehouse sub- 
system of the flexible automatic manufacturing system so as to 
ensure further optimal functioning. The main mathematical problem 
here is the problem of optimal arrangement of the resources in the 
warehouse, say, by minimizing the average time for selecting the 
resources in store. The appropriate objective function is linear in 
a space of functions with values in the semi-rings considered in 
Section 3 in connection with solution of the problem of optimal 
functioning of a computational medium. Here it also proves pos- 
sible to pass to the limit of a continuous Bellman equation in a 
natural small parameter reciprocal to the number of nomenclatures 
of the resources stored in the warehouse or the total resources. 
A number of other problems of organizational and technological 
scope related to the design of warehouse systems have been reported 
in the materials of international conferences [1.53, 1.54]. 

The fourth problem is that of in-line manufacture planning and 
control, which consists of optimal processing of information and 
material flows in the control and executive systems of a flexible 
automatic manufacturing system. The mathematical aspect of the 
problems arising here is the same as in Section 1.3 if the information 
and material flows are seen as a system of instructions and the hard- 
ware of the executive and control systems as the resources of the 
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computational medium necessary for executing the system of in- 
structions. Thus, the optimization problems are linear in a space 
of functions with values in certain semi-rings, and there are effective 
algorithms (see [1.37, 1.55, 1.156]) for solving these problems. 

The fifth problem is that of the functioning of the technological 
system of a flexible automatic manufacturing system. This has been 
most thoroughly studied for mechanoprocessing production. It has 
been found that for new flexible manufacturing systems, such as 
the manufacturing of computers of future generations based on the 
technology of fabrication of VLSI circuits and elements of integral 
optics and molecular electronics, the development of mathematical 
models of the manufacturing processes is a necessary prerequisite for 
solving this problem. The development of such models for processes 
of VLSI manufacturing is fully discussed in [1.57], while the mathe- 
matical models that have found application in integral optics are 
discussed in [1.58, 1.59]. The last paper in the present collection 
discusses the statement of the problems and the algorithms of solu- 
tion that are encountered in modeling various stages in technological 
processes in microelectronics. 

The sixth, and final, problem is that of the optimal functioning 
of the transportation subsystem and, at present, constitutes the 
main problem in the design of flexible automatic manufacturing 
systems, since its solution largely determines the economic effec- 
tiveness of the flexible manufacturing system as a whole. 

It is interesting to see what has been written on this subject in 

Japan and the United States. According to statistics given in the 
review paper [1.60], only five percent of the time in which products 
are in the plant is devoted to the actual machining; the remainder 
is lost unproductively in transportation. Designers of flexible auto- 
matic systems (e.g. designers of production systems with industrial 
robots) single out the optimization of transportation operations as 
a special problem [1.61]. 
. As noted by the authors of [1.62], the concept of a robotized bay 
is as yet only in its initial stage of development. The authors of 
[1.62] see the future of transportation industrial robots in the design 
of intelligent transportation robots that will carry the products 
between the bay and the principal warehouse and automatically 
perform materials handling. These intelligent transportation robots 
are beginning to be equipped with on-board microcomputers. These 
can “contact” a computer of a higher rank every time the robots are 
in the materials-handling stage and, hence, can receive instructions 
to change a route or a routine. The authors of [1.62] believe that 
there is only one step from a bay with readjustable machines con- 
trolled by a computer linked with intelligent robots and a base 
computer that controls the entire complex to a fully integrated 
production plant with minimum personnel. 
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At present the most common transport network functioning at the 
production level involves one robot. In this case the problem of the 
optimal planning of the trajectories of the robot displacements is 
reduced to the classical problem of shortest route. This problem is 
linear in a space of functions with values in the semi-ring A = (R’, 
® = min, © = +). Technically the transport network is realized 
in the form of directional induction lines built into the floor of the 
bay or via optical recognition of passive bands, painted or metallic 
[1.32, 1.63]. When the movements of the robot are organized in the 
“automatic-pilot” mode, the problem of calculating the optimal 
trajectory in a continuum arises. In this case solution to the problem 
is provided by Pontryagin’s maximum principle for the continuous 
Bellman equation in a space with values in the same semi-ring. 

Obviously, the effectiveness of the functioning of an intrabay 
transportation system grows with the number of robots that can 
operate simultaneously on the transport network of this system in 
conditions of integrated flexible automatic manufacturing. The 
robot's optimal movement in this case is not determined solely by 
fixing the initial and final positions of the robot. The optimal route 
must guarantee that there are no collisions with other robots. The 
importance of an optimal solution to this problem and the fact 
that the problem is not trivial since there must no collisions have 
been emphasized in [1.64, 1.65]. A similar problem of collisionless 
movements appears also in robotics in connection with the planning 
of optimal trajectories of separate elements of manipulators [1.65, 
1.66]. Below we examine in detail this most important and as yet 
sunolved problem of flexible automatic manufacturing. 


1.4.2 Solution of the Problem of the Optimal Functioning 
of the Transportation Subsystem 
of a Flexible Automatic Manufacturing System Serviced 
by Intelligent Transport Robots 


We now give the mathematical statement of the problem and its 
reduction to three optimization problems of collisionless movements of robots. 
Here, as in the optimization problems linear in spaces of functions with values 
in an Abelian semi-ring (see Sections 1.2 and 1.3), the method of solving these 
three problems is based on the fact that they are linear but in a space of functions 
with values in an Abelian semi-group. The appropriate theory of the Bellman 
equation in such spaces and the numerical algorithms for solution of this equa- 
tion will be developed in Section 1.5. 


1.4.2.1 A Model for the Transportation Subsystem 
in a Flexible Automatic Manufacturing System 


The model of a transport network will be represented by 
a symmetric directed graph G=(X, IT), X = X, UX, U Xs, 
| X | =n, where X, is the set of nodes at which materials handling 
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may be carried out, X, is the set of crossings in the transport net- 
work, X, is the set of depots, that is, the places to which robots not 
engaged in operations can recede, and (z;, z;) € I’ is an arc correspond- 
ing to an elementary displacement of the robot from node z; to node 
z;. On each arc (x;, zj) the time of motion along the arc, t;; > 0, 
is specified. 

Suppose that the transport network is serviced by N robots. The 
servicing amounts to fulfilling the instructions that the transportation 
system has received to transfer resources between an arbitrary pair 
of nodes belonging to X,. Suppose that by the time 7’, that the system 
has received a specific instruction, some of the robots (and perhaps 
all) are servicing the instructions that the system received at times 
t< 7, (a robot may service several instructions only in a series). 
In other words, it is assumed that at each moment ¢f > 7, the state 
of any one of the NV robots is known, and each robot may carry out 
materials handling at a node belonging to X, or may move along 
an arc belonging to I’ and pass through a node belonging to X, or 
may recede into a depot (i.e. at a node belonging to X,). Thus, for 
t > T,, (a) at each node z; € X there is defined a set of moments 0; 
at which z; is vacant, that is, moments at which there is not a single 
robot at vertex zx; carrying out instructions received earlier, (b) for 
each arc (x;, x;) there is known the set of moments c;; at which a 
robot may start moving along the arc and during the time interval 
T;; of motion will not collide with the other robots. It is natural to 
assume that each node z; belonging to X, is vacant at any moment 
in time (6; = (T), +00), x; € Xz). 


1.4.2.2 Statement of the Problem of Optimal Operational Control 
of Materials Handling in the Transportation Subsystem 


Suppose that at time 7, an instruction to transfer a re- 
source from node z;, € X, to node z;, € X, has been received by the 
transportation subsystem. Allowing for the restrictions imposed by 
servicing all the previous instructions, we need to ensure that one 
of the N robots in the system will carry out the instruction in such 
a manner that the servicing time will be minimal. In other words, 
we must set up a timetable for the movements of, and materials 
handling by, the robot that will realize the new instruction in the 
shortest possible time. The solution to this problem consists in 
successively solving the following three problems: 

Problem 1. Find the route of the robot for which the time of arrival 
at node z;, is minimal. 

Problem 2. Find the route of the robot of Problem 2 that minimizes 
the time of transfer of a resource to node 7z,,. 

Problem 3. Find the route along which the robot that has carried 
out the instructions to transfer a resource from z;, to z;, can be sent 
to its depot z,, € X, in the minimal possible time. 
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1.4.2.3 The Bellman Equation for Collisionless 
Movements of Robots in a Transport Network 
As noted earlier, the method of solving the above-ior- 

mulated problems of optimal collisionless movements rests on the 
fact that these problems are linear in a space of functions with values 
in an Abelian semi-group (see Section 1.5). On the basis of the 
physical meaning of the problems on movements of robots in the 
transportation subsystem of a flexible automatic manufacturing 
system, we define the respective Abelian semi-group Ra = (R, ®) 
as follows. Let R = {g, g: Rr — {0, 1}} be the set of all the charac- 
teristic functions on the half-line Ry = {t,t > T}, where JT € R, 
is a parameter, 7 > T,, whose value in each of Problems 1 to 3 will 
be specified later. The semi-group operation ©: R x R —RA is the 
operation of taking the pointwise maximum for two elements of #, or 
Vf, gE€R (f @® g) (tt) = max (f (t), g (t)), t€ Rr, and the neutral 
element of the semi-group Op is a function q@, identically equal to 
zero on Ry (Go (t) = 0, tE Re). 

Let us introduce the discrete Bellman equation that describes 
the collisionless movements of N robots in a given transport network 
G = (X, I). We define the following mappings on G 


b: X> Rp (Wa; € X) (b (21) =b1 = {t, x, (t) = 1}), %, ER, (1.4.2.1) 
e DP Rr (V (xj, 4) ET) (€ (23, £5) = C13 = (t, Xe;; (t) = 1}), 
Xe, ,E A (1.4.2.2) 


(here x», (¢) and ¥.,, (¢) are the characteristic functions of the given 
sets b; and c;;), 


L: T—End Re 
(WHER) (V (ti, 2) ET) ((L (tes 4) @) (0 “ike 
=min (max (p(t) min %, (0) t,t) 


The pair of mappings (0, c) given by (1.4.2.1) and (1.4.2.2) specifies, 
as follows from their definitions, a system of restrictions imposed 
by the servicing of all the previous instructions concerning the 
possible states of any one of the N robots, starting at moment ¢ > 7. 
The connections characteristic L of the medium MW = (X,T, L, Rs) 
is constructed in such a manner that it ensures collisionless move- 
ments of a robot along the arc (z;, x;), specifically, if @ (t) is the 
characteristic function of the set of moments of arrival of a certain 
robot at node z;, then the image of @ (¢) resulting from endomorphism 
(1.4.2.3) has a support that constitutes the set of all the moments 
of arrival of this robot at node z; along arc (z;, x;), with the motion 
along (x;, xj) occurring without collisions with the other robots. The 
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simplest way to establish this is to use the definitions of sets 6; 
and c;; and the isomorphism (~) of the algebra of the characteristic 
functions on AR, to the Boolean algebra of subsets of Rr. We can 
easily see that 
‘ ; j 0)) = t)~a,, 

—— (@ (T) barat (8) Ka, ( ) i 
where a; is the set of all possible moments of the beginning of move- 
ments from node x;. Accordingly, min (a, (¢), Xe;; (4)) = Xp; () ~ 
6; = a; fle;; is the set of all possible moments of the beginning of 
movements from node xz; along the arc (x;, xj). The translation 
Xe. (t)  X_. (& — Ti) in the isomorphism ~ yields the set of times 
of arrival at node x; along the arc (7;, z;). 

The state of medium M at point zx will be understood to be repre- 
sented by the characteristic function s (x) € R. The support of func- 
tion s (x) represents the set of possible times of arrival at node z of 
a free robot. Then in each of the above-mentioned three problems, 
function s satisfies a Bellman equation with an appropriate right- 
hand side, or 


s=Hs@® #,=1, 2, 3, (1.4.2.4) 


where H, the endomorphism in the space of functions A = {s, s: 
X —R}, is determined by the following formula (see Section 1.5.1): 


H =[hijlnxn: n= |X], 
hyo { Een aa) i ten ser, 
U~ | O if (a, 2) éP. 


Here L ((x;, z;)) is defined in (1.4.2.3) and © is the absorbing endo- 
morphism of semi-group Rg, O (a2) =OR,V aE€ER. For each of 
the above-mentioned three problems, the function £;, i= 1, 2, 3, is 
defined as follows: 


Po» EX, A\ k(x) =0V rEX,, 
Xt,» cEX, \ k(x) #0), 
Xt(x)> rEXs, \ n(z)=0, 
XT: rEX, /\\ n(x) -0, 


where 7 = [, k (x) is the number of the first robot to finish servicing 
its last instruction at time ¢, > T at node x € X,, k (x) = 0 if there 
is not a single robot that finishes servicing the instructions by time 
t;, at node x, n (x) is the number of robots in depot x € X, at time T, 
t (x) > T is the time of arrival at depot x € X, of the first robot to 
arrive at depot x after servicing its individual instruction (provided 
that all the previous instructions have been serviced), and y, is 
the characteristic function with support a, -oo]. 


F 4 (L) = 
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Next, 


Yr if c=—2;,, 


F (2) =| 


where 7 = T, is the moment of termination of materials handling 
at node x;, by the first robot to arrive at node zx;, along the extremal 
of Problem 1. 

Finally, 


F (2) =| 


where 7 = T, is the moment of termination of materials handling 
at node zy,. 

The above formulas for the right-hand sides .; of the Bellman 
equation follow directly from the model of functioning of a trans- 
portation subsystem and the definition of the state s of the medium. 

The solution to the steady-state Bellman equation (1.4.2.4) in 
each of the three optimization problems to which the problem of 
optimal control of robots was earlier reduced is given by the algo- 
rithmic procedures to be discussed in Section 1.5. Here we will only 
give the procedure for reconstructing the optimal trajectories of 
robot movements. 

Let s = s; be a solution to Eq. (1.4.2.4) with right-hand side .¥; 
and let x, be the final node of the extremal p;, i = 1, 2, 3; z, = Z;j, 
for WW, t, = z;, for p,, and zy = z, for ws. 

(1) Put 7 =q and calculate 


t(x;) = min{t| max (s(z;)(t) min y,, (8)) = 1}. 
T<t tox<t 7 


Po if LF LX;,, 
elk 2S 7h. 


(2) Find z; from the equation 
L ((x;, #3) (s(#;)) (eat) = 4. (1.4.2.5) 
(3) Put 
t (a;) = t (xj) = 433. (1.4.2.6) 
(4) Calculate 
t (aj) = max {t]max (Xp, jq,)4 (E> max (8 (a4)(t) min yp, (0))) = 1}, 
- a (1.4.2.7) 
where 


1 if t T, t Li}iy 
Xr, W(x:;)] (t) = oe (7) 


0 if t4[7, t(z,)]. 
(0) Put 7 =i and repeat the calculations by formulas (4.4.2.5)- 
(1.4.2.7) until 
Vr,EA, L((x;, £5)) (8 (2) (t) tate) FI. 
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The meaningfulness of this procedure stems from the existence of 
solution s;, formulas (1.4.2.5)-(1.4.2.7), and the model of functioning 
of a system of robots due to which (1) ¢ (z,) is the minimal possible 
time of arrival of a robot at final node z,, (2) solution x; to Kq. 
(1.4.2.5) is the node from which this robot traveled to x; and arrived 


at x; at time t (z;), (3) t (z;) is the time of departure of the robot from 
node x; to node z;, and (A) ¢ (x;) is the time of arrival of the robot at 
node z;. The recursion in item (5) of the algorithm provides in sequ- 
ence the arcs of extremal wu; for the solution s = s;. At the end of the 
algorithm, z; is the initial node of yw; from which the robot departs 
at time ¢ (x;) 

Remark 1.4.2.1. Note that the solutions of the above subproblems 
make it possible to rapidly introduce changes in the program con- 
trolling the movements of the robots by sending them, after they 
have finished materials handling, either to the depots or to service 
new instructions. For practical application of the above process to 
concrete transportation subsystems one must know the temporal 
parameters of the functioning of the various parts of such a sub- 
system. These may be found, for example, by modeling the time of 
operation of the robots on the basis of the so-called RTM-method 
(robot, time, movement) [1.66]. 

Remark 1.4.2.2 The “fuzziness” of the parameters of the problem 
may be taken into account in the above-discussed scheme of the 
solution to the problem by considering the semi-group Rg = (R, 9), 
where R = {p|q: Rr +10, 1]}; here the operation © is defined 
in a manner similar to the one considered above. 

The results obtained here in solving the problem of optimal oper- 
ational control of a system of robots make it possible to carry out 
an optimal design of a transport network on the basis of the worked- 
out procedures of control of transportation robots and the methods 
of imitation modeling. 


1.9 Algorithms for Solving the Generalized 
Bellman Equation 


When the discrete medium is irregular and, hence, no 
passage to the limit is possible in the corresponding discrete Bellman 
equation as nm — oo, with n = | X | the number of points of the 
medium, it is natural to employ numerical methods. 

Below (in Section 1.5.2) we introduce sufficiently effective (with 
polynomial estimates of complexity) algorithms for solving the 
generalized Bellman equation. The idea of constructing these algo- 
rithms stems from the Huygens-Fresnel principle well-known in 
mathematical physics. This principle provides an essentially algo- 
rithmic method for constructing a wavefront of perturbations that 
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are transmitted in the medium locally [1.67]. In this section we 
consider the Bellman equation for a restricted discrete medium in 
a situation that is more general than that discussed in Sections 1.1 
and 1.2, namely, we will assume that the connections characteristic L 
of the medium is an endomorphism of an abstract Abelian semi-group 
Rea = (R, ©), where @® is the semi-group operation. If on (R, ®) 
we have defined an additional commutative semi-group operation ©, 
then, defining endomorphisms as right translations onto A that realize 
a representation of semi-group (R, ©), we arrive in this particular 
case at the Bellman equation in spaces with values in semi-rings 
considered in the previous sections. 


1.5.1 The Generalized Bellman Equation in Spaces 
with Values in an Abelian Semi-group 


Here we introduce the inhomogeneous steady-state Bellman equa- 
tion in spaces of functions with values in an Abelian semi-group. We find that 
an analog of Fredholm’s first theorem holds true for this equation [1.68]. 


Let Rg = (R, ®) be an abstract Abelian semi-group with the 
commutative semi-group operation of “addition” @: R* +R and 
the neutral element O,. It is assumed that on RA a partial ordering 
relation < and a metric 9: R* —[0, oo] are specified that are con- 
cordant with each other and the operation ® via the axioms con- 
sidered in Section 1.1.1. 

We denote the set of endomorphisms of the Abelian semi-group 
Rg by E = End Rg, with EF = {fh: R>+>R|h(a®@ db) =h (a) @ 
h (b)}. Let us consider the semi-ring € = (E, ®, ©) of endomor- 
phisms equipped with the semi-group operations of “addition” @® 
and “multiplication” (or “product”) ©: Vh, g€E, Va ER, 
(h ® g) (a) =h (a) @ g(a), (kh © B) (a) = g (h (a)) and the neutral 
elements 0 € FE and 1 € E, respectively: 0 is the absorbing endvo- 
morphism Vae€R, 0 (a) = Op, and I is the identity endomorph- 
ism Va€ER, ll (a) =a. It can be easily verified that ® is com- 
mutative on #: Vh, g€E, hk @ g=geg@h and is related to © 
through the distributivity relations Vf, g, h € E, 


FO w’PBh=F Os) D9 FON), 
gShofH=eofBhof). 
Let M = (X,T, ZL, Rg) bea discrete restricted (| X | =n 
e— 


medium with a connections characteristic LZ: [T + End Rg (| T 
m) that satisfies the condition 


Ww ET, L (u) (On) = On: (1.5.1.1) 


By A we denote the space of states of medium MV, or A = {p |g: X > 
R}. In A we define the structure of the Abelian semi-group equipped 
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with a commutative operation of “addition” @: A? > A, Vg, p € A, 
Viz €X, (9 BY) (zt) = @ (x) © y (x) and a neutral element O, € 
A, Oy (x) = Or. The connections characteristic L of medium M 
will be extended on X2\IT via the absorbing endomorphism O. We 
denote the resultant mapping X? —£ by 4H: 


Vu == (2 ;, xj) € X*, H (u) = H ((x;, x ;)) 
L(a;, xj) if (x;, 2) ET, | 
= hiy=| oe tu. ke, (1.5.1.2) 


We define the endomorphism H: A —A that acts in the space A 
of states of medium M via the formula 


VRE, (HA) (a) = @ his (A (22) 
— @ L(z;, x\(r(x;)), 2;€X, (1.5.1.3). 


x s€ D(x 5») 
where [' (x;) = {xz; € X, (z;, z;) € PF} is a neighborhood of point z; 
In other words, endomorphism H (1.9.1.3) is represented by matrix 
[hijlnxn that we will call the operator matrix of the medium. 
With endomorphism #H (1.5.1.3) we associate the steady-state 
Bellman equation in the space of functions with values in the abstract 
Abelian semi-group for the discrete medium M: 


s= Hs ® F, (1.5.1.4) 


with £* € A a given function X —R. 

Our goal is to find a solution to Eq. (1.5.1.4). We assume that 
the endomorphisms h;; (1.9.1.2) are continuous with respect to 
uniform convergence in R: a, ~b <> o0(a,, 6) ~0, and _ the 
function ¥ (x) is bounded: V x€X, Og<¥ (x) < const. For 
the generalized Bellman equation (1.5.1.4) we consider the following 
problem: find all the bounded solutions s = s(x), VxE€X, Op < 
Ss (x) < const. We denote the set of all such solutions by B. It has 
been established that with certain conditions imposed on operator H 
the set B is not empty and, more than that, an analog of Fredholm’s 
first theorem [1.68] holds true, in other words, the general solution 
to Eq. (1.5.1.4) can be represented in the form of a sum of an arbitrary 
solution to the homogeneous equation corresponding to Eq. (1.5.1.4) 
and a particular solution to the inhomogeneous equation. This 
particular solution of the initial steady-state problem is defined as 
the solution to the stabilization Cauchy problem in the space of 
functions with values in the Abelian semi-group. 

The stabilization Cauchy problem corresponding to the steady- 
state generalized Bellman equation in the space of functions with 
values in the Abelian semi-group (R, @) and associated with the 


9—0105 


130 S.M. Avdoshin et al. 


discrete medium WM is formulated as follows: find 


lim u(x, t)=u* (u,), 
t—> co 


(1.5.1.5) 


where u (z, t) is a bounded solution to the Cauchy problem for the 
inhomogeneous equation 

Uyi,— Hu, 8 F (1.5.1.6) 
with the initial condition 

u lixp = Up, Ve EX, Op uy (x)< const. (1.5.1.7) 


The limit u* (Uo) is called the solution to the stabilization Cauchy 
problem. By Ri, (Uo) we denote the resolving operator of problem 
(1.5.1.5)-(1.9.1.7), and by B,,. the resolving operator of the stabiliza- 
tion Cauchy problem: B,. = = — R, (Uo), With uy, fixed. Here and 


in what follows the limit is hte pa ne in the sense of strong con- 
vergence of operators on the subspace of functions that are bounded 


and belong to A. 
The structure of the semi-ring of endomorphisms End Rg of the 


Abelian semi-group Rg = (R, @) inducesin a natural way the 
structure of the semi-ring on the set of endomorphisms of semi-group 
Ag = (A, ©®). The respective semi-group operations of “addition” 
® and “multiplication” © are defined by the formulas 

V A, BeEEnd Ag, VAEA, 

(A @ B) (A) = (AA) @ (BA), (A © B) (A) = BAA (A)), 
which in the matrix representation of endomorphisms have the form 

A= [@ijlnxn> B= [Oijlnxns 

A@ B= [a;; ® Os s|Inxns 

A@B=| BC Ain © Oy; | 

h=1 


mxn 

By H* we denote the operator AH raised to power ¢, that is, H® = 
D = [6ijlaxn, Ht = Ht! © A, t >1, where 6;; = 6 (i — j) is the 
generalized delta function in the semi-ring 6 = (EF, ®, ©): 6;; = 


t 
iii =j7 and 6,;; = O ifi ~ 7 [1.69]. Then WH = © Ab. 
h=0 
Assertion 1.5.1.1 Suppose that the limits lim Ht = H@ and 


t— oo 


lim H@ — H™* exist. Then the operator B,,: A —» A exists and can be 
t—o0o 


represented in the form 
B,, = H°u, ® H*. (1.5.1.8) 
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Proof. For a finite t, in view of the linearity of H, the solution to 
problem (1.5.4.5)-(4.5.1.7) can be represented in the form u (z, t) = 
Htu, ® fr, where f; is the solution to Eq. (1.9.1.6) with a zero 
initial condition. By Duhamel’s theorem, 


—a D 


Combining this with the previous equality and passing to the limit 
as t oo we get (4.5.1.8). 

Remark 1.5.1.1. Generally the operators R; (uy) and 8,, are not 
endomorphisms acting in A if operation @ is not idempotent. 

Corollary The fact that endomorphism H is continuous and (1.5.1.8) 
imply that for each uy the function s = B,,F = H™uy ® H* F is 
a solution to the steady-state Bellman equation (1.5.1.4), with H™u, = 
g, a solution to the homogeneous equation Hg = g. We denote the 
solution to the inhomogeneous equation (i.e. with H* ¥) by s* and call 
it the Duhamel solution. Obviously, s* = Bo a Thus, with the above- 
formulated restrictions imposed on H, the steady-state equation (1.5.1.4) 
has among its solutions the solution to the stabilization Cauchy prob- 
lem, s=B,,F = Huy ® s*. 

Theorem 1.5.1.1 Suppose the conditions of the assertion 1.5.1.1 
are met. Then on the set B of all bounded solutions to the steady-state 
Bellman equation, or Vs € B, we have 


s => g B s* (1.5.1.9) 
where g is a bounded solution to the homogeneous equation Hg = g, 


and s* = B,# is the Duhamel solution of the stabilization Cauchy 
problem (1.9.1.5)-(1.5.1.7). 

Proof. Consider a chain of equalities following from Eq. (1.5.1.4) 
and the definition of H®. For every finite k € Z, we have 


s=HsO® Ff =>s=H (HAsO F)O F 
=M’s @AF ODF = Hs OAYF>...>8 
= A's @® Hk) F., 
Passing to the limit, as & — oo, in the last equality and putting 
g = H”™s, we get (1.9.1.9). 
For optimization problems in which operation @ is idempotent, 


the solutions to the generalized Bellman equation (1.5.1.4) possess 
the following properties: 


Q* 
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Lemma 1.5.1.1 Let the semi-group operation ® be idempotent, 
Vae€R,a@®a =a, and let the strong limits lim Ht = H™ and 


t—>0o 
lim At) = H* exist. Then the following assertions are true: 


00 
(1) Vu €E A B,. is an endomorphism in Ag, with By. ©) Bu. = 
B,,.; 
(2) the Duhamel solution s* = Bo AF ts the neutral element on the 
set B of all bounded solutions to Eq. (1.5.1.4), orVs€B s@s* =s; 
(3) B, =e Bo , for every f satisfying the condition f ® s* = s*; and 
(4) if H=D®OH , then the Duhamel solutions to the equations 


s= Hs ® — and s=Hs® F¥ coincide. 
Proof. The proof follows directly from the previous formulas and 
the fact that © is idempotent. 


1.5.2 The H-method of Numerical Solution 
of the Generalized Bellman Equation 


In this section we discuss two schemes for the numerical solu- 
tion of the Bellman equation in aspace with values in an Abelian semi-group: 
the Picard method of successive approximations, and (in the case of idempotency 
of the semi-group operation @) the more effective H-method of successive ap- 
proximations. 


Let us consider exact numerical algorithms for constructing the 
Duhamel solution to the generalized Bellman equation. 


1.9.2.4 Picard Method of Successive Approximations 

Let sP = {s, t = 0,1, 2, ...} be the sequence of 
approximations fixed by the following recursion scheme: 

So — ae S¢4y —= Hs, @ a t — Q, Lis 2 oe 8 (1.9.2.1) 


The sequence stabilizes if 3 ¢? € Zi and Vt > @P, si4, = 8;. It is 
obvious that sequence sP given by (1.9.2.1) stabilizes if and only if 


J? E€Z1,VAS>P, HO= HOHMOD. (1.5.2.2) 


In this case si is the Duhamel solution s* to Eq. (1.9.1.4), with 


the complexity estimate 7 of constructing s;, being nt? (T, + To), 
where 7’, is the complexity estimate of calculating the endomorphism 
h;;, and 7g is the complexity estimate of performing operation @. 

Below we give some conditions on the medium M and the endo- 
morphisms h;; that are sufficient for stabilization of the successive 
approximations in the Picard method: 

(1) Z (M) = @, where Z (M) is the set of all elementary contours 
of graph G = (X, 1); 
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(2) Vhe€ImL,1Bh=T; 

(3)VveEZ(M), 1 OL w) = 1; where v = {u,, Uy, .--, UR} 
and L (v) = L (u,) © L (ue) © © L (uz) is a composition of 
endomorphisms taken along contour v3 

(4) 1k, €2+4 such that for every family (i.e. a collection of 
elements not necessarily pairwise 8 rs ee hy, 
ho, ..., hy, belonging to ImZ we have! @(h, Oh, ©... © 
hy.) = 1. 

When the endomorphisms in Im Z are commutative, the conditions 
(2)-(4) may be made weaker: 

(5) 3k,€Z,, WreImL, h®)=—h oti —h © h*) @l, where 


t 
hO= @ h', t€Z,, h°=1; 
k=0 
(6) AkyEZ,, WWEZ(M), LY? (v) = LTP) 


Let us prove, say, the sufficiency of condition (6). (The proof 
for conditions (1)-(5) is similar.) We introduce A; = H'¥, t= 


0, 1, 2, ..., and represent A; in the form of a discrete Feynman 
“continual integral”, an integral along paths [1.22, 1.23]. For each 
t=O, 1, 2, ... we define a set of points of the medium, M; < X, 


through the relationship ®D, = {7€X |A; (cz) # OR}. Then, in 
view of condition (1.5.1.1) and formula (1.5.1.2), we have 


Ai (y) = (HAs) (y= BP L(x, y)) (At (*)). (1.9.2.3) 


XEDs 4 (x, yer 


Enforcing recursion in (1.5.2.3) to ¢ = 0, we get 


Me (y) = (HF) (y) = ® L(pw)(F (z)). (1.5.2.4) 
SA 
we My y 
Here Dy = {x €X |Ay (x) = HF = F ~ Op}, My, is the set 
of routes pw = {U,, Us, ..., Uz} of length _- = |u| connecting 


points x and y of the medium, ZL (yu) = Oo L(u;) = L(u,) © 


LE (ug) @® ... © L (uz) is the composition of ‘eadoioroliome along 
route p (the characteristic of route uw). Formula (1.5.2.4) constitutes 
a representation of H'#% = A, in the form of a discrete Feynman 
“continual integral,” the integral along routes uw in M. By direct 
substitution into (1.0.2.1) we can easily verify that aes member s; 


of sequence s? can be represented in the form s; = @ X,.- Hence, 
h= 


by virtue of (1.9.2.4), we finally arrive at a veecananiitbie of s; 
in the form of a “sum” along routes: 


s(y)y=(HOF) (y= 8 @8 Li(p)(F (2). (4.5.2.5) 


xE@D 
EPO iy 
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t 
Here M® = |) Mt is the set of all routes u = {u,, Uy, ..., Up} 
xy yey xy 


ie x to y whose lengths are no greater than ¢(|p|<t), and 


L(p)= 1 at |p] =0. 
Any route u, a] —k€Z,, can be represented in the form p= 


uy U U vi? where p,€ M,., is the elementary route from x 


to y, M sy is the set of all elementary routes from 7z to y, 

v,€Z(M) is an elementary contour incident to po, @,E€Z, is the 

multiplicity of v, in p, and r(u,) is the number of ‘all the ele- 

mentary coutours incident to py, Vuo€Masy, 7 (bo) <|Z(M)|, 
T (Uo) 


with k= Iu} =|u,] + > |v,[@,. With pw) we associate the set 
p==1 


r(Mo) 
My (Ho) = {Hs B= Ho UU vi?) k= Ib] <d. 


— 


By virtue of the commutativity of © and the distributivity of © 
with respect to @®, we have 


La (to)=@ E(w) = ("SLi (v,)) © L (ty) (1.5.2.6) 


WE M (Mo) 


where L\) (v,,) = @ L* (v,). 
h=0 


Let k*¥ = (n—1) + |Z(M)|nk,. By virtue of condition (6) 
and Eq. (1.0.2.6), the latter equality yields L44, (uo) = L¢ (uo) 
for ¢ > k*. Combining this with (1.5.2.5), we obtain the following 
chain of equalities: 

s(y= @ @ L(y) (F (x) 


XE Do uems”? 
x+y 


= 6 @ GB Lu) CF (2) 


XEDo WoEMy, HEM 4(Ho) 


GB BD Le (Mo) CF (2). 


XEDo MoE My, 


| 


This, obviously, implies that s;,, = s; for t >k* and, hence, the 
quantity 7? required by the stabilization condition (1.5.2.2) does 
indeed exist, with ¢P < k*. 

If the operation @ is idempotent, Va€R, a @ a = a, we have 
a method of successive approximations for solving the generalized 
Bellman equation (1.5.1.4) that is more effective than the Picard 
method. 
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1.5.2.2 The H-method of Successive Approximations 
We denote by x;;: A —A an endomorphism belonging 
to End Ag that is defined by the formula 
S (x) if xu; 
WEA, (CU) =| Gy @ hy le(a)) if Bm ay 
with h;; defined in (1.9.1.2). 


Suppose that sH = {s, s,, Sg, ..., Si, -..} iS a sequence of 
approximations fixed by the following recursion scheme: 


_. & -{ TijSz4 if Q:A SDA, EQ; 
7 sil as ee St_4 if O.= Or 


QO: = {(, j), St_4 FE 15 jSt_y}- (1.5.2.9) 

Theorem 1.5.2.1. Jf any one of the above conditions (1)-(6) 

is met, the sequence s¥ stabilizes: = ae Sn= S,Hi4s with 
0 0 


(1.5.2.7) 


(1.5.2.8) 


with 


S;H=s*, where s* is the Duhamel solution to Eq. (1.5.1.4). 


Proof. The proof can be carried out in the same way as in Sec- 
tion 1.5.2.1 and is based on the “continual” representation of s; (see 


[1.22, 1.24]). 
By virtue of formulas (1.5.2.8) and (1.9.2.9), the sequence s# = 
{s,, i = 0, 1, 2, ...} that converges, as ¢ +t, to solution s* 


of Eq. (1.5.1.4) is not defined in a unique manner. Depending on 
which of the sufficiency conditions (1)-(6) is met, there are different 
methods (f/-algorithms) of constructing the sequence si! + s*, with 
complexity estimates that are better than in the Picard method. The 
reason is that for the idempotent operation @® the order in which 
the endomorphism m,; (1.5.2.7)-is chosen from the set of all admissible 
endomorphisms defined by the sets Q; (1.5.2.9) is not important. 
The choice of a definite order in which the points and connections 
in medium M™M are selected in an H-method of successive approxima- 
tions, in other words, the choice based on an analysis of the topology 
and properties of the local transformations h;;, yields concrete H-algo- 
rithms with different complexity estimates. 


Algorithm Ay: 
Put s4AF, Q= {x EX, F (x) FOR}; 


while Q ~ @ do 
select point zx; € Q; 


QO = ON i233; 
for z; €T (7;) do 
R = njijs3 


ii s~A RAR then s=R; Q=Q U {2;} fi 
od 
od. 
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This algorithm can be applied when any one of the sufficiency con- 
ditions (1)-(6) is met. Let us estimate the accuracy of algorithm Ay 
when, say, condition (2) is satisfied, assuming that the semi-group 
operation @ is induced by the linear ordering relation p (see Sec- 
tion 1.5.3 below). Refining the choice of point z; € Q in algorithm Ay 
in such a manner that the point satisfies the condition s (x;) = 
@® s(x) and representing medium M by the continuity structure 


x€ 

[1-70] for algorithm Aj, we find that the complexity estimate is 
n?Te + mT,. Under the same conditions but with a representation 
of set O in the form of a sorting tree with respect to 0, the complexity 
estimate for A}; is equal to m log nTg + mT, [1.24]. If medium V/ 
satisfies the sufficiency condition (1), there is an H-algorithm that 
is more effective than A}, namely, 


Algorithm A: 
for x € X do 
sT (x) = | {y EX, (ty, z) €T} |; 
od. 
put s= ¥; Q = {zx |sT (x) = 0}; 
while Q + @ do 
select point 7; €Q; Q = ON {7}; 
for zx; € I (z;) do 
S == JUjj§; 
sf (tj) = sT (xj) — 1; 
if sT (z;) = O then Q = Q U {2;} fi 
od 
od. 


The complexity estimate for A} is equalto m(T, + Tg). 


1.5.3 Examples of Solution of Extremal Problems 
of Discrete Optimization Linear in Spaces with Values 
in an Abelian Semi-group 


In this section we consider the solutions of single-iteration and 
multi-iteration problems as examples of solution of extremal problems. 


The concept of a generalized Bellman equation in spaces with 
values in an Abelian semi-group makes it possible to give the state- 
ment of, and the solution methods for, a broad class of problems of 
discrete optimization on graphs. Here we restrict our discussion to 
the special Abelian semi-group Rg = (R, ®) in which the semi- 
group operation @ is induced by the linear ordering relation 0 
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on fk: 
a if aod, 


0@0=1 5 it Toph 


The choice of such a semi-group is determined, for one, by the fact 
that all known classical problems of optimization on graphs [1.37, 
1.70, 1.71], with appropriate choice of the discrete medium, prove 
to be linear in spaces of functions with values in this semi-group 
and, hence, a numerical solution for these problems can be obtained 
by employing the H-algorithms discussed in Section 1.0.2. 

From the standpoint of the generalized Bellman equations in the 
above-noted semi-group, problems of discrete optimization on graphs 
divide naturally into two classes: (1) problems whose solution can 
be tound by solving the Bellman equation in a fixed medium (single- 
iteration problems), and (2) problems whose solution requires con- 
structing consecutively solutions of the Bellman equation in a me- 
dium that changes from iteration to iteration (multi-iteration prob- 
lems). 


(1.5.3.4) 


1.5.3.1 Single-iteration Problems 


As an example of single-iteration problems we consider 
the problems of so-called discrete optimization on graphs of the 
trajectory type. The statement of these problems is naturally related 
to the continual representation of the solution to the generalized 
Bellman equation. Specifically let s* be the (Duhamel) solution to 
Eq. (1.0.1.4), s* = lim s;. Then, in the limit of t ~ o Kq. (1.0.2.5) 


t— oo 
yields the following “continual” representation for solution s*: 


WEX, s*(y)= © © L(p) (F(a), (1.5.3.2) 


where M,-,, = lim Mes is the set of all routes connecting points 


t— oo 
x and y of the medium, and M, = {rt € X, ¥ (x) HOR}. By virtue 
of the definition (1.5.3.1) of operation ® formula (1.5.3.2) implies 
that for every vertex y € X there is a route u, from point zy to point 
Y, X, € M, for which the following holds true: 


LE (to) (F (%o)) = s* (Y). 


In other words, in terms of the linear ordering relation o (1.5.3.1), 
route py is optimal on the set of all routes M,-.,,, that is, for this 
route we have 


Vr €Do, Vp € Mysy, L (uo) (F (2o)) PL (vw) (F (x)). 


This naturally leads to the following statement of the problem of 
the trajectory type in the discrete medium M = (X, IT, L, Ro): 
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Let an arbitrary element .4, € A and an arbitrary subset D < X 
be given, let D, = {x €X, Fo (x) = Or}, and let Ma +o be the 
set of all the routes connecting the points of sets ©, and 0, Mg,+.0 = 

U U My,.,. We wish to establish at least one route py € 


xED, xE@D : ; ; 
Mo, from zr, € Dy to yp € P that satisfies the following ordernig 


relation (>, is the optimal route): 
Vee Mo,-0, L (to) (Fo (40) PL (uw) (Fo(z)). —— (4-9.3.3) 


Note that in view of the above reasoning, the “length” of the optimal 
route, L (uo) (Fo (o)), and the final point of the route, yo, can be 
determined uniquely from the solution s* to the Bellman equation 
(1.5.1.4) with the right-hand side * = ¥, through the following 
formulas: 


S*(y)= @ s*(y)= LE (Uo) (F 0 (£o)) - 
ye@D 


Generally, describing the procedure of reconstructing the route uy 
from the known solution s* to Eq. (1.5.1.4) requires drawing on 
additional constructions [1.24, 1.56]. Here we describe the procedure 
in a Situation when the discrete medium M and the connections char- 
acteristic satisfy the sufficiency conditions (1)-(3), in view of which 
route wu, is a path. We introduce the notation Uy = {%p,, Zp,, -- +; 
tp, }- The nodes tp) = 1, ..., &, can be found through the follow- 


ing recursion scheme 
Lp i Yos 
s¥ (Lp,) == Np, pv, (8* (Lp,_,))) t=, kA, ..., 2, 


Vi,EX, s* (Lp,) = Ngp, (s* (22), 
Lp, = Xp. 


Note that the optimization problems of the trajectory known from 
the literature [1.70] are “included” in problem (1.5.3.3) under the 
following choice of the endomorphisms h;;. Specifically, we will 
assume that on (R, @®) we have defined an additional semi-group 
operation of multiplication ©. Then we defineh;; as the right trans- 
lations on F& that realize the representation of semi-group (R, ©), 
that is, VaER, hj; (a) = a© fi;, where f;;€ R. In this case 
Fig. (1.0.1.4) is the Bellman equation in the space of functions with 
values in the semi-ring A = (R, ®, ©). If we put 4, = 6 in 
(1.5.3.3), with 65 the “delta function” in semi-ring A, or 


is. 0 AG, 
Opn if x~A and O= {y}, 


we arrive at the problem of constructing the optimal path between 
two vertices, ¢ and y, in graph G = (X, I). Table 1.5.3.4 lists 


65 = & (x) = 
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examples of semi-rings and complexity estimates for H-algorithms 
for solving problem (1.5.3.3). For similar structures see [1.74]. 


Table 1.5.3.4 


g R a@®b Op aQ@b i. Complexity 

1 R} min (a, b) +0 a+b  O(n?), O(m logn) 
2 Ri max (a, b) ) at-b ) O (m) 

3 R} min (a, b) -++oo max (a, b) —oo O(n?), O(m logn) 
4 Rt max (a, b) () min (a, b) +oo O(n?), O(m log n) 
5) [O, 1] min (a, b) () aX b 1 O(n*), O(m log n) 
6 [O, 4] max (a, b) 1 aX b 1 O(n?), O(m log n) 
7 {9, 4, ..., nm}  min(a, b) nm min(n, a-+b) () O (m) 


As another example of a problem of the trajectory type (1.9.3.3), 
Jet us take the problem of constructing the shortest path through 
a network with a variable transit time along the arcs [1.72]. Suppose 
that to each arc u of graph G = (X, I) we assign a nonnegative 
function q@, (t). The independent variable ¢ is the starting time of 
motion from node x; along arc u = (z;, x;), while the value of @,(t) 
at time ¢ is the transit time along arc uw. We wish to construct the 
shortest (namely, “the fastest”) route u‘> from a specified node x, € X 
to any other node of the graph, x € X, under the condition that 
the departure from node x, occurs at time t,. This problem has been 
solved in [1.73] by the dynamic programming method employing 
a discrete time scale, with the estimates of the temporal and capacity 
complexities of calculations and the accuracy of the resulting solu- 
tion depending essentially on the step on the time scale. 

A more effective method of solving this problem with a complexity 
estimate equal to O (n*) or O (m log n) (n = | X | and m = |T |) 
[1.24, 1.56] is based on reducing it to the solution to the generalized 
Bellman equation (1.5.1.4). The discrete medium M = (X, I, L, Ra) 
corresponding to this problem is defined in the following manner: 
(1) G = (X, I) representing the initial network, (2) Ra = (R, 9), 
where R = {t€ R', t > t,} and © = mni, and (3) the endomor- 
phisms ZL (uw) € End Rg are specified by the formulaVa € R, L (u) x 
(a) = ane {t + g, (t)}. Then we can easily show that the length 


s* (zx) of ‘the shortest route u® from z, € X to x € X is the solution 
to the Bellman equation (1.5.1.4) with the right-hand side .¥ of 
the form 

ty 8 RR oe 


ad @)=| Op=0c0o if r4# 2X). 
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1.5.3.2 Multi-iteration Problems 


The state of, and solution methods for, the problems given 
below are discussed from the standpoint of the Bellman equation 
(4.5.1.4) in the space of functions with values in the semi-ring 
(R, ®, ©) supplemented by an additional condition, the commu- 
tativity of the “multiplication” operation ©. 

The generalized assignment problem. Suppose that G = (X, [) 
is an arbitrary nonoriented graph. By # = {P} we denote the set 
of all combinations of pairs P of edges in graph G, and by n (P) 
the number of edges entering P. Then #, = {P,EP,IVPE ®F#, 
n (Py) =n (P)} is the set of all combinations of pairs of maximal 
power. On the set of edges of the graph we specify a weighting func- 
tion @ with values in R, g: T > R. We define the weight  (P) of 
the combination of pairs, P, thus: @ (P) = © @ (u). We wish to 

P 


WE 
find the combination of pairs P, € ®, for whichg (P)»)) = ©@ @ (P). 
PEP 


At each ith iteration, i= 0, 4, 2,..., m(P))—1, of the 
algorithm for constructing the optimal combination of pairs, Po, 
the following sequence of steps is carried out: 

(1) by the combination of pairs P constructed in the previous iter- 
ation we determine the medium M* = (X, IT, L’, Rg): 


Vac R, L*(u) (a) =" (u) Oa, 
_ fe) if weETNP, (1.5.3.4) 
p (u) =| p(u) if ue P, 


where g (u) is listed in Table 1.5.3.5, 


Table 1.5.3.5 
g Assignment R a@b On a®)b 1p @ (u) 
1 Maximal {—1, 0, +1} max(a, b) —1 ja+b, ab () —4{ 
power \ a,a=b 
2 Minimal R} min (a, b) -+ 00 a+b 0 —@(u) 
weight 
3 Maximal Rt max (a, b) —oo at-b 0 —¢ (uv) 
weight 
4 Minimax Ri min (a, b) -+oo max(a, b) —o Q@ (wu) 
+) Maximin R} max (a, b) —oo min(a, b) +o ¢ (u) 
6 Least Rt min (a, b) -+0o axb 1 @o(u) 
reliable 
7 Most Rt max (a, b) 0 ax b 1 gt(u) 


reliable 
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(2) in medium Mi we solve the Bellman equation corresponding 
to the problem of determining the optimal alternating chain Up, 
that is, a chain for which 

© Pp’ (u) = GB © p (u), 
UE Lo WEoft ve 
where of is the set of alternating chains p [1.73], and 

(3) as is known, along an alternating chain the power of combi- 
nation of pairs P increases by unity. 

The optimality of the algorithm constructed here for the com- 
bination of pairs P (P = P,) follows from the fact that at each 
ith iteration, i= 1, 2, ..., n(P,.) —1, for the constructed run- 
ning combination of pairs P we have 


Qe 7°" 


where #? = {P€ Ff |n(P) = i} is the set of combinations of pairs 
of power i. 

In Table 1.5.3.5 we list, for a number of known optimal assign- 
ment problems in a weighted graph, the corresponding semi-rings 
and weighting functions @’, which according to formula (1.0.3.4) 
determine the connections characteristic L’ of medium MM’. 

The generalized transportation problem. Suppose that on the arcs I 
of graph G = (X, IT) we have specified a function C: [T +R? 
called the carrying capacity. The graph contains two isolated subsets 
of nodes: sources X, c X and sinks X,c X, with X, |) X, = @. 
The nonnegative function f: I’ > R{, that satisfies the relation- 
ships VuEr, fu)<C (tu); Vxe X,,div; (x) > 0; V rE Xo, 
div; (7) <0; VxrE XN (xX, U X,), div; (x) = 0, where 


divs(z;) = >) f(x, 2)—- Dd f(y, 2;) 
(x., x; EL 


Hay x +) p ~i 


is said to be the flow [1.44], while V(f)= > div; (xz) = 


xeX 
— pa div;(z) is said to be the magnitude of the flow. By @= 
we denote the set of all admissible flows, then Q@) = {fy € 


QINFER, V (fo) > V (f)} is the set of all the flows of maximal 
magnitude. 

Let us assume that on the set of all the arcs of the graph we have 
specified a weighting function @ with values in R, go: T +R. We 
define the weighting function @ (f) of flow f thus: 


P= © p(p(u), f(u)), 
ue 


where the function p: R x Ri, —R satisfies the following con- 
ditions: Va€R, Vb, cE Ri, p(a,b+c)=H(a, b) © (a, oc); 
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Table 1.5.3.6 


| = b 
g Maximal flow R ob On () 1p @ (u) _ - 
1 Minimal cost Ri min +o + QO —@ (wu) axb 
2 Minimax Ri! min -+oo max —o @ (u) a 
3 Maximin Ri max —c min +0 @ (wu) a 
4 Most reliable Ri imax 0 ™x 1 @-}(u) qa 


Vae€R,» (a, 0) = 1p (see Table 1.5.3.6). We wish to find the flow 
fo € @, for which the following condition holds true: 


® (fo) = ® p (f). 
fEQy 


At each ith iteration, i = 0, 1, 2, ..., n(P,) —1, of the algo- 
rithm for constructing the optimal /, the following sequence of steps 


is carried out: 
(1) by the flow f constructed in the previous iteration i we deter- 


mine the medium M* = (X, I’, L*, Rg): to each arc u ET in I’ 
there generally correspond two ‘arcs, the “direct” (with the same 
ahammar arc uw with carrying capacity & (u) — f (u) > 0 and the 
“reverse” (with the opposite orientation) arc uw with carrying capacity 
flu >0; WaeR, LT (u) (a) = g' (u) © a, where g' (uw) = g (u) 
for the direct arc and qg’ (u) = @ (u) for the reverse are defined in 


Table 1.5.3.6; | 

(2) in medium M* we solve the Bellman equation corresponding 
to the problem of finding the optimal path p, € Mx,+x, (see (1.5.3.3)); 

(3) along the established path u, the flow increases by the mag- 
nitude of the carrying capacity along this path. 

The optimality of the flow algorithm constructed here follows from 
the fact that at each ith iteration we have for the constructed flow 


viN= vif) 


where @' = {f' €@ | V (f') = V (f)} is the set of all the flows of 
magnitude V (f). 

In Table 1.5.3.6 we list a number of semi-rings corresponding to 
problems of optimal flows in transport networks. 
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2 Design of the Optimal Dynamic Analyzer: 
Mathematical Aspects of Sound 
and Visual Pattern Recognition 


V.P. Belavkin ang V.P. Maslov 


2.0 A Brief Survey 


The problem of automatic recognition of sound signals 
has in the last several years come to the forefront in connection with 
one of the most important problems in building fiith generation com- 
putational systems, that of voice input and output. Such automatic 
recognition of sound patterns contains a number of mathematical 
subproblems, the most important of which is the (mathematical) 
design of an optimal dynamic analyzer, the device occupying the 
center of the stage in the problem of automatic recognition of sound 
patterns. An example of such a device is given in [2.1]: a receiver 
of acoustic waves v (x — ct) whose idealized model is a point-like 
resonator (or cavity) capable of measuring the intensities of the 
vibrational (v) modes excited by the waves. The modes are the natural 
vibrations of one or several standards placed at point x = VU and 
are described by an orthonormal set of functions y, (t) on a given 
interval of observation [0, 7]. A typical example of such a resonator 
is the spectrum analyzer, a device that measures the intensity dis- 
tribution over the discrete frequencies f, = k/T, k € N, and can be 
represented by a selective filter of harmonic waves 


v, (c—ct) =2Re y" exp {2njk (x—ct)/cT}, j=V —1, 


in the output of which one can measure the positive numbers v* = 
|p* |? determined by the complex-valued amplitudes * € C}. 
The spectrum selector described by the harmonic functions y, (t) = 
exp {—2njkt/T}, k = 0, 1, ..., which, obviously, form an ortho- 
normal set {¥,} with respect to the scalar product 


T 
(Xilxn) = 7-1 | xf (t) xp (t) at 
0 


is ideally suited for the discrimination of pure tones with multiple 
frequencies {f;}, tones described by disjoint complex-valued ampli- 


tudes 1p; = 0 at i ~k corresponding to the harmonic waves v; (x — 


ct) = 2 Rey; (t — z/c), where vw; (t) = >) W7¥, (t). To establish 
h=0 
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which of the tones in {;} with different frequencies and nonzero 
intensities v; = | by 2 £0 at i=k is actually detected by such 
a receiver, it is sufficient to find the number i of the excited standard 
tuned to one of the harmonic modes in {x;} corresponding to the 
set {pi}: x; (t) = V; (t)/Il y; ||. The vibrational energy of such 
a standard will coincide with the intensity of the detected signal 1p;: 
| (xe |p) 7% = Ip; IP, while the other standards remain unexcited: 
(x, |*p;) = 0 at k ~i. A segment of human speech of duration T 
containing a finished sentence consists, however, not of a single pure 
tone but, generally, of an infinitude of pure tones of different amplitudes 
and frequencies (the frequencies may be assumed to be multiples of 
1/T at a fixed interval ZT of a single reception act). Nonharmonic 
signals, described by spectral amplitudes p; = [pilpeo or, in the 
temporal representation, by the analytic signals 


bi (t) = dD) pi exp {—2njkt/T}, 
k=0 


may be indistinguishable in spectral measurements, even if they are 
orthogonal. For example, if the y; (f), i= 1, ..., m are disjoint 
pulses obtained through the shift by 7 of the pulsed signal wp, (¢) 
of length At = 7/m, these pulses have corresponding to them the 
orthogonal spectral amplitudes y= ~? exp {2njik/m} with the 
same intensity distributions vi = |p; |? = PME) 6b Seg ee 
KEN. 

Orthogonal sound signals {p;} on [0, 7] may be identified in 
a similar manner by selective filters matched with the signal modes 
xi (t) = ; (t)/|| p; || that measure the intensity distribution v* = 
(Xx | :) |? in the modes {y;}, a distribution that has a different form 


for different values of i, namely, vi = ||; ||? 63. However, different 
sentences in human speech correspond ordinarily to nonorthogonal 
sound signals ; (¢), which from the viewpoint of their meaning are 
identified if they are collinear, that is, differ only in the total energy 


lw; |? = \ |p; (t) |? dt. For the recognition of nonorthogonal sig- 


nals {p;}j2, one cannot employ matched filtration since the filters 
described by the nonorthogonal modes y; = ¥;/|| 1; || are noncom- 
mutative and, hence, cannot be matched in a single selector; other- 


™m 
wise, the total measured intensity )) | (Xn | Xz) |? would exceed the 
h=1 


total energy || w; ||? of the received signal w; if (:; | p,) + 0 at least 
for one & => i. Thus, we have an indefinite situation, formally similar 
to the incompatibility of noncommutative quantum mechanical 
observables, a situation arising from Bohr’s complementary prin- 
ciple [2.2] and Heisenberg’s uncertainty relation [2.3]. Typical 


10* 
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examples of noncommutative filters are the frequency and temporal 
filters, which are incompatible, just as position and momentum mea- 
surements are incompatible in a quantum mechanical system. So 
which of the disjoint selectors described by orthonormal sets of 
modes {y,} must we employ to discern the nonorthogonal sound 
signals from a given set {w;}? It is natural to look for the answer to 
this nontrivial question in the form of a solution to an optimization 
problem by selecting a criterion of discernment quality such that 
the optimal selector does not depend on the gauge transformation 
Ww; — Av; for every complex-valued A. The latter condition is satisfied 


mm 
by the criterion of the maximum of the total intensity >) | (x; | p;) |? 
i=1 


of the true received amplitudes or by the criterion of the minimum 
of the lost intensity 2 | (x: | ~p;) |*. The corresponding extremal 


tZzR 
problem for arbitrary nonorthogonal amplitudes {,} describing 
quantum mechanical states normalized to a priori probabilities was 
first studied in general form in [2.4-2.6]. Particular solutions of this 
problem for the case of two nonorthogonal amplitudes {p), ,} 
were obtained in [2.7, 2.8], while the case of several linearly inde- 
pendent amplitudes {p;} was also considered in [2.9, 2.10]. 

The above-noted analogy between optimal recognition of sound 
signals and discernment of quantum mechanical states suggested the 
possibility of constructing a wave theory of noncommutative mea- 
surements within the scope of which one could solve more general 
problems of testing wave hypotheses for estimating the wave para- 
meters. From the formal viewpoint this theory generalizes the quan- 
tum theory of optimal measurements, hypothesis testing, and esti- 
mation of parameters [2.11, 2.12], while actually it carries the mathe- 
matical methods and ideas developed in [2.4-2.35] into the new, 
more realistic, field of applications. A short author’s review of 
optimal processing of quantum signals is given in [2.30]. (Additional 
literature on the quantum theory of detection, hypothesis testing, 
and parameter estimation can be found in the references cited in 
[2.41, 2.12].) 

In the present paper we give a systematic description of the wave 
theory of representation and measurement based on analogies with 
quantum mechanics. This theory is then employed to solve the prob- 
lems of detection, discrimination, identification, and estimation 
of the parameters of sound signals and visual patterns within the 
framework of the noncommutative theory of testing wave hypotheses 
developed here. The idea of employing the methods of quantum 
mechanics for discerning wave patterns emerged at the beginning 
of the 1970s, when a seminar on quantum mechanics and pattern 
recognition was organized in the Physics Department of Moscow 
State University. The seminar was directed by one of the authors of 
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the present paper, V. P. Maslov, along with Yu. P. Pyt’ev, and the 
second author, V. P. Belavkin, attended it. Interest in problems of 
registration and reconstruction of the complete wave field rather 
than only the energy illumination of the image in a certain plane 
was stimulated by the rapid development of holography, which was 
invented by Gabor [2.36] and then underwent a revival [2.37] when 
coherent sources of light, or lasers, were created. The emerging 
optimization problems of discerning wave fronts are also similar 
to the problems of discerning quantum mechanical states and cannot 
be solved by classical methods [2.38] of pattern recognition since 
it is impossible to register directly and exactly the phase and ampli- 
tude of a wave field by measuring the energy parameters. A detailed 
study of these problems at the time showed [2.39] that the then 
existing quasiclassical methods of solving quantum mechanical 
problems were also inadequate, and the solution had to be postponed 
until a consistent noncommutative theory of measurements was 
developed in the then rapidly advancing field of quantum theory. 

Note that some particular problems of processing optical wave 
signals, such as those of optical localization [2.40], detection, and 
discrimination of two signals from closely positioned sources of 
coherent radiation [2.41, 2.42], have been well studied by methods 
of quantum statistical and nonlinear optics [2.43-2.45]. 

In addition to discussing the noncommutative theory of measure- 
ments common for sound signals and optical waves, we give solutions 
to a number of new problems (one of the authors, V. P. Belavkin, 
obtained these solutions earlier, when solving similar problems for 
quantum signals). Content and commentaries to the list of literature 
are presented in brief summaries at the beginning of each section. 
Similar summaries are given at the beginning of each subsection. 
The subsections are written as a series of articles of increasing com- 
plexity so that each can be read independently, although the best 
way to understand the material is to carefully read the articles in 
the order given. 


ZA Representation and Measurement 
of Acoustic Signals and Optical Fields 


In this section we discuss the mathematical apparatus of 
the wave theory of representation and measurement of sound and 
visual patterns. Along with pure wave patterns, which are described 
by coherent signals and fields, we also consider the representation 
of mixed patterns, which are described by partially coherent and 
incoherent signals and fields. In addition to the spatial-frequency 
(coordinate) and wave-temporal (momentum) representations we 
introduce the joint canonical representation, in which the pure and 
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mixed patterns are described by entire functions and kernels in 
a phase complex space. We develop the mathematical theory of ideal 
filters and quasifilters, disjoint selectors, and quasiselectors, which 
describe ordinary, successive, and indirect measurements of wave- 
pattern intensity distributions. Using this theory as a basis, we 
analyze coordinate and momenta measurements as well as quasi- 
measurements of joint coordinate-momentum distributions. The 
mathematical tools used here are in many respects similar to those 
used in the quantum theory of representations and measurements 
[2.3], which recently received a new impetus in connection with 
problems of quantum states recognition [2.4-2.12]; however, we give 
a wave rather than a statistical interpretation of the apparatus in 
accordance with the applications considered here. 


2.1.1 Mathematical Description of Sound and Visual Patterns 


In this section we describe three basic types of representation of 
pure and mixed wave patterns: the coordinate, or spatial-frequency, the mo- 
mentum, or wave-temporal, and the canonical, in which the wave patterns are 
represented by holomorphic amplitudes in the complex coordinate-momentum 
plane. The third representation, which emerged in quantum optics [2.43], proves 
useful in an analysis of the frequency-temporal structure of sound and visual 
patterns and in holography in an analysis of the spatial-temporal structure of 
such patterns. 


2.1.1.1 Wave Patterns 


The sound and visual patterns considered here are com- 
monly described by wave amplitudes v (t, q) that are real-valued 
functions of time ¢ and coordinates g in a spatial-temporal region 
accessible for measurement. Although the simplest wave equations 
describing the behavior of such physical fields are linear in ampli- 
tudes v (¢, q), for purposes of measurement of sound and visual 
patterns the most interesting are functionals quadratic in v that 
describe the distribution of sound on the standards of the dynamic 
analyzer or of light on photodetectors, a distribution that in spatial- 
temporal measurements is described by the intensity function 
v® (t, q)/2. More useful information is provided not by the intensities 
of a sound or visual pattern at points (¢, q) but by the distribution 
of the sound intensity at frequency f (a spatial-frequency distri- 
bution), as is common in an analysis of color patterns. Such a d is- 
tribution is determined by the intensity function 


(7, qv= |, q) 1%, fed, (2.4.1.1) 


with @ the complex-valued spectral amplitudes, 
+00 


o(f, a)= | v(t, a) ert de, 


— OO 
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used to represent the wave field v(é, q) in the form of a linear com- 
bination of harmonic oscillations at each point q: 


Le @) 


v(t, q) = 2Re | p(f, q) e727! df. 
0 


Bearing in mind the well-known advantage of employing complex- 
valued amplitudes, in what follows we consider complex-valued sig- 
nals @ (c) = 9 (f, gq) =@ (qg), with x = (f, q) =gq, assuming that 
in a given spatial-frequency region of measurements @ they possess 
a finite total intensity 


I(@) = \ Ip (q) 1° a9. (2.1.1.2) 
Q 


When registering sound signals for which the spatial region of mea- 
surements is much smaller than the characteristic length of the sound 
wave, we can take for 2 a one-dimensional region, which is usually 
determined by a positive-frequency pass band M €t, of the dynamic 
analyzer, assuming that x = f at the point of its localization q = 0; 
recognizing visual patterns usually requires only a three-dimensional 
region 2 = M x S, where @ is the optical frequency band and S 
the surface on which the pattern is localized; for static patterns 
x=q (¢=0). 

From the standpoint of physics the admissible amplitudes are 
smooth amplitudes @ (g), g € 2, with compact supports inside a 
(d + 1)-dimensional region Q <— R°*! or, if Q is noncompact, ampli- 
tudes that fall off rapidly at infinity together with all their deriva- 
tives. Such amplitudes generate a Hilbert space #H = £7 (Q) of 
amplitudes y (q) of finite intensity || x ||—> << oo: 


(p|X) =) p* (g) X (9) aq. (2.1.1.3) 


Generally the set D of basic amplitudes @ can form an arbitrary 
complex-valued space with a positive Hermitian form J (@) = 
(p | @) that is invariant with respect to complex conjugation @ — g*. 
This form defines a finite intensity, J (@) 0, for any nonzero 
We denote the completion of this space in norm ||9q || = J’/? (g) 
by s# and consider it to be a Hilbert space equipped with an iso- 
metric involution ¥ +» y* with respect to the scalar product (2.1.1.3), 
which is linear in the second argument o € 3%. 

The use of complex-valued amplitudes not only considerably sim- 
plifies the formulas for calculating the observed distributions of the 
fields but also makes it possible to employ analogies from quantum 
theory. Specifically, as in quantum theory, complex-valued ampli- 
tudes differing in a phase factor must be assumed “equal” since they 
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lead to the same intensities defined by Hermitian forms of qg. Note 
that in the quantum description of optical and sound signals we 
usually take the mean number of the corresponding quanta (photons 
and phonons) as the intensity functions for light and sound, respec- 
tively. These quantities are determined by the same Hermitian forms 
of the complex-valued amplitudes @ as in the classical mode of de- 
scription, provided that the quantum mechanical states are coherent 
[2.43, 2.44], that is, are described by Poisson probability amplitudes 
| qm). Thus, restricting ourselves to intensity measurements, we 
postulate that only distributions of quanta are observable, while 
the only characteristics of signals @ of interest to physics are those 
obtained as a result of measurement of such distributions. 


Zeledee Momentum Representation 


In problems dealing with the recognition of moving pat- 
terns what may be of interest is not the spatial-frequency intensity 
distribution (2.1.1.1) but the momentum-temporal distribution 
described by the function 


u(t, p)= l(t, PI? (t, P/E RM, (2.1.1.4) 
where ny (t, p) is the involution Fourier transform, 
p(t, Pp) = \ \ * (f, q) (e275 +P-@ df dq. (2.1.1.5) 


We introduce the notation x = (¢f, p) =p. The representation of 


amplitudes @ in terms of the functions ry (i) = © ¢, p) = ry (p) 
is called the momentum representation.’ Note that this representation 


differs from the common one by complex conjugation, g* = g*, 
but this difference is “unobservable” from the viewpoint of measuring 
intensities described by Hermitian forms (2.1.1.1) and (2.1.1.4), 
which are invariant under such conjugation. 

Allowing for Plancherel’s equality 


\ le (p) ap = | lp (gaa, (2.4.1.6) 


we find that the total intensity described by the distribution function 
(2.1.1.4) coincides with the total intensity (2.1.1.2) for any amplitude 


. 1 Thanks to the introduction of the involution @- > g* in trans- 
formation (2.1.1.5), the inverse transformation to the coordinate representation 
is carried out by the same formula (2.1.1.5), @ = 0, which can be extended onto 
generalized amplitudes y in the standard manner. 
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(p with support in Q: 
| e(p) dp =1(@) = J (9) a4. (2.4.1.7) 


In what follows we consider the values of t (q) and U (p) in (2.1.1.1) 
and (2.1.1.4) as being functions of g, denoting by 1 (q, q) and 
L (Q, p) the functionals connected by involutions t (@, p) = t (q, p) 


and  (q, q) = 1.(q, g), respectively. Note that the Fourier trans- 


formation tt (q) >t (p) of the Hermitian functional t (9, q) = 
| p (g) |? cannot be reduced to the Fourier transformation of its 
value t (@) as a function of g. More than that, measuring the spatial 


distribution ut (q) for a single value of @ does not generally make 
it possible in any way to calculate the corresponding distribution 


L (p), and vice versa. Nevertheless, these distributions satisfy certain 
relationships, the simplest of which are (2.1.1.7) and the inequality 


\ (pp) (p) dp | (q—9)* (q) dg 1? (9) (2-1.4.8) 


(where p= \ pe (p) dp/I (p) and gq = \au (q) dq/I (~) for each 


of the components p = p, and g=q,;, k = 0, ..., d), which is 
known as the uncertainty relation. Using the commutation relations 
pq— gp = (énj)"4 (2.1.1.9) 


for each pair of operators g, p in the p-representation, with D = 


p — p and q = 0/0 (2njp) — q, we can easily arrive at (2.1.1.8) 
as a corollary of Schwarz’s inequality 


Arw Arw Aw Arw Ar AP 4 tw 
Il PP II ll ae [l= l(pe lag) | 2 [Im (pelae)|=5— Ile l[?; (2.1.1.1) 
Indeed, according to definition (2.1.1.4) we have 
| (p—p)?(p) dp = | I(p—P) 9)? dp = II Po? 


and, similarly, allowing for (2.4.1.6), for the Fourier transform po 
of the function (¢q — q) @ (q) we obtain from (2.1.1.1) 


\ (¢ —q)? + (q) dq= \ l(a—4) © (9) |2 dq =I 96 II? 


Thus, inequality (2.1.1.8) is equivalent to (2.1.1.10), where || © a 
J (g). For nonzero amplitudes @ this inequality is usually written as 


0 p0q > 1/4n, (2.4.1.11) 
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where o, and og are the standard deviations, 


—_ ir 


05 = \ (p— p)*u(p) dplT (@), 


03 = | (q@—9)* (aq) ag/T (9); (2.1.4.12) 


of momentum p and coordinate g in the wave packet @ from their 
mean values p and gq. In this form (2.4.1.11) is similar to the quantum 
mechanical Heisenberg uncertainty relation; however, here the 
standard deviations (2.1.1.12) have no statistical meaning but char- 
acterize the extent to which the intensity distributions are localized 
in the coordinate and momentum spaces. The lower bound 1/(4z) 
in this relation is achieved only in the case of an unbounded region 
Q = R¢t! for the Gaussian amplitudes 


@ (g) = C, exp {2nj (¢ — ¢q/2) p — | g — q [?/(402)}. (2.1.1.13) 


These amplitudes, with the normalization constants C, = 
{/(2n0;)¢*)/4, have a similar form in the p-representation: 


@ (Pp) = Cp exp {2x7 (p — pl2) q — | p — p |*/(403)}, 
with C, = 1/(2m03)@*)/* and o7o, = 1/(4n), are called standard 
canonical (Poisson) amplitudes and are denoted by , = | @), 
with a = (1/2) (q/o, + jp/op) if o, and op are fixed. Note that for 
a =a’ such amplitudes are nonorthogonal: 

(a | a) = exp {—(1/2) | a’ [? + a’at — (4/2) | a [*}, (2.1.1.14) 
d 
with @'a* the scalar product pa FOL;. 


2.1.1.3 Mixed Signals 


Due to limits in present-day technology, only a fraction 
of the information on the intensity distribution of amplitude 
in this or another region can usually be obtained when analyzing 
sound and visual patterns. For instance, in sound pattern recognition 
the common method is to use only the frequency or temporal distri- 
bution obtained through integration 


(=\ lo(f al, da, v(t) = J le (t, p)edp (2-14.15) 


of distributions (2.1.1.1) and (2.1.1.4) over the spatial or wave region 
of measurement. In visual pattern recognition often only black and 
white patterns are considered. These are obtained as the result of 
mixing 


=) led, oP af, vip)=J let pede (2.4.4.16) 
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of the appropriate color patterns in the spatial or wave region of 
measurement. To obtain such incomplete distributions there is no 
need to provide a total description of the signal by amplitude q (f, q). 
For instance, in describing sound it is sufficient to specify only the 
Hermitian kernel 


S(f', N=) el, aer(f, a) aq, 


for which t (f) = S (f, f) and L (t) = S(t, t), where 
S(t’, t)= | erm 198 (fF, fy df’ af. 


Monochrome patterns are defined by a similar kernel S (q’, q), with 


u(q) = S (gq, q) and u(p) = S (p, p). Having in mind the possi- 
bility of such mixing, we will describe signals in an abridged manner 
by nonnegative definite operators of intensity density, S$, with kernels 
S (q, g) that have a nonzero trace 


Tr = | S(q, 9) dq=(S, I), (2.4.4.17) 


Q 


which determines the total intensity, . (S) = (S, J), of the signal 
in @. To each amplitude t (q) we assign a one-dimensional operator 
S = |) (| with a kerne 


S (7, 7) = (7) }* (@), (2.1.1.18) 


which defines the amplitude wy (g) to within a nonessential phase 
factor e/®. The diagonal values 1 (¢g) = S (q, q) describe the coordinate 
distribution of the intensity of such a signal, while the momentum 


distribution is described by the diagonal values L (p) = S (p, P) 
of the involution Fourier transform 


S(p’, p) = \ e2tiw’aT-a'e7)g (q’, g) da’ dg. (2.4.1.19) 


y 


Each such kernel can be obtained as a result of mixing 
S (q's 9)= \ a. (a') Wa (g) v (dee (2.1.4.20) 


of the one-dimensional kernels corresponding to the normalized 
amplitudes {,}, ||, || = 1, parameterized by a space A with 
a nonzero positive measure v whose mass determines the total in- 
tensity (S, [) =~ (A). For example, the kernel S (q’, q) corre- 
sponding toa monochrome pattern generated by amplitude 9 (f, q) 
can be written in the form (2.1.1.20) for , (q) = 9 (f, q)/v? (f) 
on the set A of frequencies ® equipped with a nonzero measure 


v (df) = t (f) df. 
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In the case of an arbitrary Hilbert space 3@, mixed signals are 
described by density operators S obtained as a result of weak inte- 
eration 


S= | |e) (palv (de) (2.4.1.21) 
of one-dimensional density operators Sy = |v) (vp |, 
Ip) pl XE Mp pl x) = 1X), (2.1.1.22) 


corresponding to the normalized values yp, €3#%, a € A, of the vector 
function @ +>,. The operators (2.1.1.21) are kernel-positive and 
have a finite trace Tr S = v (A), with each operator S: 4 -> cs 
being represented in the form (2.1.1.21) via, say, the spectral decom- 
position 


S = >) |v.) (1p; |v. (2.4 .1.23) 


Here {p;} is the maximal orthogonal set of normalized eigenvectors 
w; € KH corresponding to zero eigenvalues v;: Sw; = v,;p;, which 
determine the trace Tr S = 5S) vj. 


t 


2.1.1.4 Gaussian Signals 


As an example let us consider the important class of mixed 
canonical signals defined by the integration 


S= | 1a) (a|v(dE dyn), aECe, (2.1.1.24) 


of canonical projectors corresponding to the amplitudes :, = | @), 
which in the coordinate representation have the following general 
Gaussian form (cf. (2.1.1.13)) 


Ven (q) =C exp {2xj (—8) n?— + (q—B o(q—8)"}. (2.4.4.25) 


Here wm = w? is a symmetric complex-valued (d + 1)-by-(dt 1) 
matrix with a positive definite real part wo + w* = 2n (vt v)7}, 
—E — V 2/n Reav and yn = Y 2/n Re ja*v, with v = v*w/(2n), are 
(d + 1)-dimensional rows, —* and nt are the corresponding columns, 
|C |* = det (vt v)-} = |v |-? is the normalization constant, and 
v*T — yt = vI* is the Hermitian conjugate of matrix v. 

Let ¢ = (€, n) be a 2 (d + 1)-dimensional row and v (dC) = 
v (d& dy) a Gaussian measure on A = R*4+14) normalized to a cer- 
tain number J < oo (the Gaussian intensity) and described (for 
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J positive) by the following moments: 


ae \ Ey (dt) =A, qa J nv (dt)=x, — (2.4.4.26) 


EEE | a ( exeyagya| en 2.11.27 
oat” J crew =H oeTA aT | Teer (Art DO) 

0 Or 
where 0;; = os hd is a nonnegative definite 2(d-+ 1)-by-2 (d+ 1) 


matrix. The signals that correspond to such a density operator 
(2.1.1.24) are characterized by the following first moments: 


g=I*\ Q (,) v (de) =, p=JI+) P() v (db) =x, 
(2.1.1.28) 


q™q=JI* | (Qe | Ove) v (db) = ETE + (w+ oF), 


Tp =JI+\ (Q" ye | Pye) v (ao) = 8% ~- jvtw/(2n), 
(2.1.1.29) 


ptq =I | (P pz | Qyp,) v (de) = WE —jorv*/(2n), 
pip =J-* | (PMz | Py) v (dl) = AM + (0 +08), 


where Q and P are the rows of operators of position VQ, and momentum 
P, defined in the gq-representation via multiplication by gq, and 


differentiation with respect to gy, or (2nj)-! 0/dq,, w/(2n) = 2n/o* 
and we have allowed for the fact that 


Q (he) = (He | Ove) =, P(e) =(be | Py) =n, (2.1.1.80) 
ha | q2) Ci | PY) | = (v*, jv)* (v*, v)/(20) 
(P™pbel ae) (pt rpe | pe) 


for the “shifted” operators q = Q — qI and D — P — pl. 
It can easily be demonstrated that for a nonsingular Gaussian 
measure described by density n (fC) = v (df)/dC of the form 


n(t)=C exp {—+ (6—8) off (C—8)7} (2.1.1.31) 


(with 8 = (x, A) and C = J/V det 2UO0z¢e) corresponding to a non- 
singular correlation matrix oz-¢ we can select representation (2.1.1.24) 
of the density operator S by appropriate choice of matrix w in such 
a manner that the representation will be described by density 
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(2.1.1.30) with the matrix o,, of the form 
6:,=Re(v*, jv)ts(v*, jv)/n (2.1.4.32) 


where s is a complex-valued positive definite (d + 1)-by-(d + 1) 
matrix. At this point it is expedient to introduce a complex-valued 
normal representation characterized by the transition made from 
2(d + 1) real variables ¢ = (&, n) to a (d + 1)-dimensional com- 
plex variables a = (Ew + 2njn) y?, where y = (w + w*)*/* in 
terms of which the density (2.1.1.30) combined with (2.1.1.32) can be 
written in the following form: 


n(a, a*)—C exp {—(a—9O)*s“!(a— 0)T}, (2.1.1.33) 
where 0 = (xw + 2njA) y"!, and C = J/det s if density (2.1.1.33) 
is normalized to J with respect to da da* = d& dy. Note that, as 


in the case with (2.1.1.13), amplitudes (2.1.1.25) must be written 
in the form 


| a) (q) = (y/V 2)" exp { (gy—Rea) a? — 5 90 qv}, 
(2.1.1.34) 


with the scalar product defined in (2.1.1.14). However, in contrast 
to (2.1.1.13), these amplitudes do not realize at Im m = O the lower 
bound in the uncertainty relation (2.1.1.11) while they do realize 
a more exact lower bound defined by the matrix inequality 


Ouq Sqp = 9 

det fees de 20, OF OppLOp 8GqFqp> (2.1.1.35) 
pq Upp 

provided that matrix o,, is nonsingular. Here 


Ogy = Ot Y", Ogp = Ogn—OY */ (2n)), 
Ong = Ong + wr*y?2/(20j), Opp (2.1.1.36) 
== Onn + wW*y20/(27)? 


are the elements of the correlation matrices, 
(QT Pe | Pa) v (da), 


ae | 
p=J \ (Q™ ba | Pa) v (dar), 
‘lo 


(2.1.1.37) 
(PV | QYPq) v (da), 


» =I-* ( (DT We | Pa) ¥ (da), 
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which are defined for nonmixed canonical signals in (2.1.1.30) and 
satisfy, obviously, the following relation: 


0, (0, —p*on07) Og = 1/(4)?, (2.1.1.38) 
with 65 = Opp, 0g = Uq , and 0 = wo Ima; at p = 0 this relation 
realizes the bound of (24 1.11). Otherwise, it realizes the bound to 
(2.1.4.35). 
2.1.1.5 Canonical Representations 


In problems dealing with the recognition of complicated 
sound and visual patterns, the most important information is usually 
contained in the momentum representation as well as in the coor- 
dinate representation. For example, in analyzing speech not only the 
frequency distribution of its intensity is important but so is its 
temporal distribution, in the same way as in color pattern recogni- 
tion it has proved important to know the wave structure in addition 
to the spatial structure. Although there can be no joint coordinate- 
momentum representation that would enable calculating such dis- 
tributions simultaneously (due to noncommutativity of position 
and momentum operators), the simultaneous estimate, say by the 
human ear, of the frequency and temporal structures of sound points 
to the possibility of building a mathematical model of such percep- 
tion, which may prove extremely important for automatic speech 
recognition. 

The simplest models of such joint coordinate-momentum repre- 
sentations are those whose densities are defined as the intensities 


k (z) = |(p, 19) |?, 2= (2, y) E RACH, (2.1.1.39) 


of projections of amplitude @ on the canonical amplitudes (2.1.1.24) 
at ¢ = z, which are parametrized at a fixed w by the estimate vectors 
== @ and 1 = y of the generalized coordinates x = (x), ..., 2) 
and momenta y = (Yo, .--; Yq). We can directly verify that tite 
density in x has the form 


m(z) = | h(a, y) dy= |v [2 ( enatee—mer1* Je (q) 2dg, (2-4.1.40) 


which in the limit of |v]=Ydetvtvu—oo coincides with the 


coordinate distribution 1 (q) = | @ (q) |?. Similarly, in the p-repre- 
sentation we find the density in y: 


m(y)= | k(a, y) dx 


= lv \-1/2 \ e- | (y—p) v- |? | © (p)| 2dp. (2.1.1.41) 
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which in the limit of | v | oo coincides with the momentum dis- 


tribution t(p) = | © (p) 2. Here for every amplitude @ we have 
oI? = | m(a) de | \ k(e, y) dx ay 
=| my) dy=lleP, (2.1.1.42) 


which means that the set of canonical amplitudes {wp, | z € °¢} 
is complete for every w, with Rew positive. Thus, the 2 (d + 1)- 
parametric set {p,} forms a nonorthogonal base that defines for each 
® a canonical representation in which the diagonal elements of the 
kernel (ap, | Sip,) of a signal described by density operator S yield 
the density of the distribution of the signal’s intensity ut (S) = 
(S, J). For mixed canonical signals (2.1.1.24) such a density with 
allowance made for (2.1.1.14) has the form 


k(x, y)=\ exp{—|c—a |} n(E, n)d&,dn, — (2.1.1.43) 


where c = (tw + 2njy) v*/2n, specifically, for Gaussian signals 
(2.1.1.25) we arrive at the following Gaussian density: 


k (2) = J exp { —= (28) oz! (2—0)T}/V det 2a0,,, 
(2.4.1.44) 


where 


Oxy Oxy Riad Ree 

C= =Ope + 2(vt, ju)t(v*, jv)/m = (2.1.1.45) 
Oyx Oyy 

is a (d + 1)-by-(d +1) correlation matrix (j = Y —1). 

A remarkable property of canonical representations is the possi- 
bility of calculating the intensity distribution in any representation 
knowing only one canonical distribution by analytically continuing 
the density & (c, c*) =k (x, y) to a kernel 


k(c', c®) =( |S Ie) (2.1.4.46) 
that is holomorphic in c’ and c* €C**!, where |c) =p, and 
similarly, |c’) =, at c’ = (#’m + 2njy’) vt/V2n for 2 = 


(x’, y ). For one thing, for operator (2.1.1.24) with a density of the 
form (2.1.1.33) we obtain 


ke.) = (Cee CED eer TS le (214-47) 
The transition from kernels of the (2.1.1.46) type to, say, the coor- 


dinate representation of operator S is carried out by the following 
formula: 


S= | lc) (c’ | k(e’, c*) (c |e’) de de* de’ de®’, (2.1.1.48) 
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where |c) (c’ |: @ +» (c’ | q@) | c¢) are one-dimensional operators de- 
fined by the canonical amplitudes (2.1.1.24), respectively, ata =—c 
and c’ € C2+!, de dc* = dz dy, dc’ dc*’ = dz’ dy’, 


(c | c') =exp { —— Jol? ote’ mp fe’ 2b, (2.1.1.49) 


Note that the canonical kernels (2.1.1.46), as operators S, act in 
the space of entire functions 
h(c) =el¢l?/2 (o | c), (2.1.1.50) 


which define the representation of amplitudes y € +4 in the Bargman 
space of all entire functions on C%*!, for which 


\ | h (c) |2exp {— | ¢ |2/2} de dc* < oo. (2.1.1.51) 
Specifically, one-dimensional operators of density S = | @q) (q@ | 
have kernels 

k (c’, c*) = (c | g) (@ | c’). (2.1.1.52) 
2.1.2 Mathematical Modeis of Sound and Visual Analyzers 


In this section we will consecutively introduce and describe math- 
ematical models of an ideal filter, a quasifilter, a disjoint selector, and a quasi- 
selector that make it possible to move to arbitrary representations necessary 
for solution of the problems of best wave-pattern recognition based on measure- 
meiuts of pattern intensities in a single representation. We will also discuss a 
theory, based on the work done by Halmos [2.46] and Neumark [2.47] for design- 
ing ideal filters and selectors and their realization via indirect measurements, 
an idea that originated in quantum theory [2.3]. 


2.1.2.4 Ideal Filters 


The simplest measurement of a signal is the determination 
of the intensity of the oscillations in the signal in a given mode de- 
scribed by a vector p normalized to unity, || || = 1, belonging to 
the Hilbert space of amplitudes m admissible at the “in” terminals 
of the receiver and having a finite intensity I (p) = (9 | 9) < ~. 
The oscillation amplitude in mode >} is determined by the projection 


(p | p) of the received amplitude @ on direction , while the intensity 
is calculated according to the formula 


Ey (9) = @ Ib) le) =I1@ly) P, (2.1.2.1) 


similar to the transition amplitude of a quantum mechanical system 
from state @ to state p. The intensity given by formula (2.1.2.1) 
is a positive quantity, Just as probability is; however, it can assume 
values greater than unity (but not greater than the total intensity 
I (p)). The appropriate measuring device acts as an ideal filter if 
it receives a signal @ completely, provided that and @ are collinear, 


1120105 
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and does not receive @ if @ and »p are orthogonal. A mixed signal 
described by a density operator S excites in mode jp oscillations of 


intensity 


ey (S) = (S, Ey) = ( | SY). (2.1.2.2) 
More general analyzers carry out the measurement of the intensity 
E (9) = (9 | Eg) = |I £¢@ IP (2.1.2.3) 


of the projection Eq of the received signal on an arbitrary subspace 
of 5 describea by an orthoprojector E = E*E. For example, an 
audiofrequency filter with a pass band A is determined by an ortho- 
projector E = I (A) on the subspace of amplitudes » (f) with support 
A = @ acting as the operator of multiplication by the indicator 
1 (f, A) of set A. In a similar manner one can define spatial optical 
filters that cut out a visual field in a certain region of aperture A. 

The reader will recall that an orthoprojector is any linear opera- 
tor E: # —& satisfying the condition E* = E = E”, and to each 
Hilbert space € < 3 there corresponds a unique orthoprojector 
for which € = E%. Bearing in mind this one-to-one relation, we 
will describe such analyzers by orthoprojectors and call them ideal 
filters, that is, as noted earlier, filters that pass a signal without 
distortion while measuring its intensity if @ € Eg¥ and that do not 
pass a signal if it is orthogonal to space Ec%. The set of all such 
filters is partially ordered with a smallest element and a greatest 
element for which we take the null operator O and the identity 
operator J; specifically, filter A is stronger than filter B, or A < B, 
if orthoprojector B is greater than A, or AB = A. Maximal filters, 
with the exception of the zero filter, are described by one-dimen- 
sional orthoprojectors Ly, = | x) (y | acting according to the formula 


In xlo=x(xle) = (x19) x (2.1.2.4) 


and defining the normalized vector y to within a phase factor e/®. 
For every filter A there is a unique complementary filter A+ such 
that A + At =TJ, with A++ =A, and A! >B:tif BSA. The 
orthogonal complement A — A+ possesses all the properties of 
logical negation: if A “passes” @: Ag = g, then A+ does not: A+@ = 
Q, and vice versa, with A A A+ =Oand A \/ A+ = J with respect 
to the operations of conjunction / and disjunction \/, for which 
we take the upper and lower bounds 


A \ B =sup {A, B}, A A B= int {A, B}, (2.4.2.5) 


and with the duality formula being valid, or (A \¥V B)t = A+ A 
Bi. 

Generally, filters A and B are said to be disjoint if A | B, that 
Ag =q implies Bo = 0 (Bo = g=> Ag = 0), or, which is 
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equivalent, if At > B (B+ > A); they are said to be incompatible 
if A \ B=Q9), aa is, if there is not a single signal that can pass 
completely through filter A and filter B in the sense that Ag = @ 
and Bo = @q. 

It can easily be shown that disjoint filters are incompatible, but 
not the other way round. For this reason the logic of filters is non- 
distributive, similar to the logic of quantum theory, which is also 
nondistributive. It satisfies a weaker condition of orthomodularity 


(AV Bt) A C=AYV (BL AC) if AXBK<C. 
(2.1.2.6) 


It is in this respect that the logic of filters differs from Boolean 
logic, where incompatibility and disjointness mean the same. The 
intensity of a mixed signal S measured by an ideal filter E can be 
calculated via the formula 


e (S) = (S, E) = Tr (ES). (2.4.2.7) 


Z1e2ee Disjoint Selectors 


Complicated analyzers measure the intensities EF; (~)= 
| (x; | @) |? of the received field @ simultaneously in several standard 
modes y¥; € #,i=1,..., m, which, if the normalization con- 
ditions || y; |] = 1 for all i’s, are necessarily orthogonal in view of 

m 


the condition py E; (9) <J (q). Otherwise, the total received in- 


tensity > E; (g) could be greater than the total intensity J (py) = 


ll @ Ii of a received signal @. Such analyzers act as disjoint selec- 
tors, or ideal selective filters that split the received signal @ into 
orthogonal components 9; = (¥: | @) ¥;, i =1,..., m. Signal 
is received completely by a selective filter if Eg = qg, where EF = 


>) E; is the appropriate nonselective filter defined by the one-di- 
i=1 


mensional orthoprojectors #£; on the subspaces generated by the 
standard modes y¥;. 

More general selective filters are specified by arbitrary sets (or 
families) {F; |i = 1, ..., m}of projectors E;: # > 4 that satisfy 
the condition of pairwise orthogonality £;£, = 0 for isk. For 
example, a disjoint selector that measures the intensity of a signal 
in each region A; of a Borel partition Q = 5) A;: A; © Q is de 


scribed by an orthogonal set of #; = I (A;) of indicators J (A;) = 
{1 (gq, A;)}. Note that such a set {£;} may have an infinite number 
of members if space d¥ is not finite-dimensional; in this case the re- 


11®@ 
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ceived intensity is determined for each @ by an absolutely convergent 
series >) E; (p) <1 (), where 
i=1 
E; (p) = (9 | Fig) = || £.@ IP. (2.1.2.5) 


A selective measurement is said to be complete if the inequality 
E (9) <I (gq) is transformed into an equality for every @ € s#, that 


is, if >) E; = TJ, in a strong operator topology (J is the identity 


11 
operator in 5”) and is said to be maximal if all the #; are one-di- 


mensional. 
Complete filters are usually related to self-adjoint operators with 


a nondegenerate discrete spectrum {z;} through the spectral decom- 
position (or expansion) 


~~ 
Ss) 
w 
co 

eee” 


A= 3 r,E;, 
11 


with each set {#;} being assigned a numbering self-adjoint operator 
N = >) iE;. 
i 
In addition to discrete filters there is another important class of 
filters, known as continuous filters, which are related to normal 
operators with a continuous spectrum X < C!. In accordance with 


von Neumann’s theorem, to each such operator there is uniquely 
assigned a projector-valued measure # on X that specifies the ortho- 


gonal expansion (or decomposition) of unity J = | E (x), so that 


A = | xE (dz), D(A) ={x€ KH: } |x|? (YX, dz) < oo}, 
(2.1.2.10) 


Here a family {A; |j = 1, ..., m} of pairwise commutative normal 
operators A;: #6 > has corresponding to it a selective filter 


described by a projector-valued measure E = @ E; on X © (™ 
j= 1 


that defines a spectral representation A = | 2B (dx) for the vector 


operator A = (A;). It is with these vector selective filters that the 
measurement of the intensity distribution (2.1.1.1) in the coordinate 
region is carried out. Such a distribution is described by the ortho- 
gonal decomposition of unity J = \ I (dz) for the coordinate vector 


operator Q = (Q;, k = 0, 1, ..., d); the coordinates in the coor- 
dinate (or position) representation are given by the respective oper- 
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and 


ator of multiplication by g = (qx), so that 
T(A)e@ =1@ Ae @, (2.1.2.44) 


where 1 (A) is the indicator of the Borel subset A <= R**?: 1 (A, g) = 
1 for g € A and 1 (q, A) = 0 forg ¢ A. The result of such a measure- 
ment is the continuous measure 7 (g, dr) with a density 


L(y, z) = I (g, dx)/dx = | @ (x) F. (2.1.2.12) 
Note that the self-adjoint position operator 


¢= \ q! (dq), D (Q) = {x€5# : | #1 x (g)12dq < 00 } 
(2.1.2.13) 


has a domain of definition ZY (Q) coinciding with + = ZL (Q) 
only in the case of a bounded region Q2. Generally speaking, operator 
QO is only a densely definite operator, such as the frequency operator 


| \ i (df) in the case of a semi-infinite band ® = [0, oo of 


0 
the spectrum. 

In general, let X be an arbitrary set and # (X) the Borel algebra 
of its subsets. Every measure E: A € @ +> E (A) with values in the 
orthoprojectors of the Hilbert space 3 is said to be a disjoint selector, 
it is called a complete selector if H (X) = J. Disjoint selectors mea- 
sure the intensity distribution in the received signal @ on X according 
to the formula 


E (@, A) = (9 | 4 (A) g) = I 4 (A) @ IP, (2.1.2.14) 


and define for each @ a positive measure on X of finite mass 
E (9, X) <I (q), coinciding with J (@~) = || q@ | in the case of 
a complete selector. 

We will say that selector £’ on X° majorizes selector E on X 
(E" > E) if there exists a measurable mapping f: X’ ~— X with 
respect to which 


E (A) = E’ (f-1 (A)) for every AC ¥(X) — (2.1.2.45) 


where f7! (A) = {x € X’ |f (#’) € A} is the inverse image of set 
A =X, and the selectors £’ and £E are equivalent, L’~ E, if E’< E, 
too. 


2.1.2.3 Successive Filters and Quasifilters 


The common practice in processing sound and visual pat- 
terns is to use analyzers that act not in the initial Hilbert space 
generated by the amplitudes @ on the “in” terminals but in an exten- 
sion of this space. For example, temporal measurements of sound 
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signals @ (f) with a restricted frequency band ® are reduced to deter- 
mining the intensity of these signals in this or that temporal interval 


A€Ri via the orthoprojector T (A) of multiplication of the signal 
in the temporal representation by the indicator function 1 (¢, A): 


T(p, A=[ 1G ANLE@Pa=[IT(A)eIP — (2.4.2.16) 


where T (A) acts in the space of signals of unlimited bandwidth, 
£2 (R). In a similar manner space d¥ is extended to £? (R*) in 
the wave processing of optical fields observed on a limited aperture 
S c R¢, which results in determining the intensities of the fields 
in this or another momentum interval A € R?2. 

In general, such an extension is described by an isometric embed- 
ding F: H —c#’ of Hilbert space cd into another space 3%", for 
which for examples considered here we can take the Hilbert space 
He’ = L£* (R2*') into which the space % = L? (Q) is isometrically 


embedded via the Fourier transform F: > 0.2 An ideal filter 
described in 3’ by the orthoprojector # measures the intensity of 
amplitude gm € 3 defined by the Hermitian form 


D (g) = || ZFq |P = #@ | LF) = @ | Dq@),  (4.4.2.17) 


where D = F*EF is a positive contraction operator in 3. Formula 
(2.1.2.17) shows that this intensity can be considered the result of 
successive action of two ideal filters, F and EF, with 3 being identi- 
fied with a subspace Fv < cH", where filter F is described by the 
orthoprojector F that cuts subspace ~¥ out of c%&’. For example, 
temporal measurement of narrow-band signals is the result of non- 
commutative action of a frequency filter & = J (Af) and a temporal 


filter E = J (At), the result is effectively described by the Hermitian 


form (2.1.2.17) defined by the operator D = J (Af) J (At) J (Af). 
It is, therefore, advisable to generalize the concept of a filter by de- 
scribing it in space df by any operator D:  — + that satisfies the 
condition 


I>D* =D>0, (2.2.1.18) 


and calling it a quasifilter if D+~D*. 

The basis for this extension is the Halmos theorem [2.46], accord- 
ing to which every quasifilter described by operator (2.1.2.18) can 
be considered as a reduction (projection) D = FtEF on 3 of an ideal 
filter H acting in an extension 3’. For the Hilbert space 3%’ we can 
always take the doubling H' = HH @ KH =C’? @ & of space 


2 The isometryF may be antilinear rather than linear, as is the case 
with the involution Fourier transform (2.4.1.5). 
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with embedding F: m — (q, 0), selecting the operators 
E,=D, E,y=V DA—D)=Ey, Ex.2.=I1—D  (2.1.2.19) 


for the blocks of orthoprojector E. Note that allowance for consecutive 
action of several noncommutative ideal filters #,, ..., Ey» in the 
initial Hilbert space also leads to the notion of a quasifilter. These 
ideal filters then measure the intensity 


D(9)=|| En --- £91? =(@ | YQ), (2.1.2.20) 
D=E, ... En EnEn+ --» Ev (2.1.2.21) 


and the result can be considered the effect of linear nonideal filters 
not necessarily described by Hermitian contraction operators A: 
HE > KH, || A || < 1, with the nonideal filters damping and distorting 
the amplitudes and with D = A*A in the formula for the appropriate 
intensity: 


D (g) = || Ag I? = @ | Dg). (2.1.2.22) 


2.1.2.4 Quasiselectors and Indirect Measurements 


In a similar manner we can introduce generalized selec- 
tors, which are defined on a Borel space X by a positive operator- 
valued measure M: A € 8 (X) —M (A) specifying in the Hilbert 


space of a weak decomposition D = \M (dz) of an operator D 
satisfying condition (2.1.2.18) in the following sense: 


D(e)= | M (q, dx) for every q. (2.1.2.23) 


Here, as usual, D (~) = (g | Dg) is a Hermitian form defined by the 
operator of total effect D, while 


M (g, dz) = (g | M (dz) g) (2.1.2.24) 


is the distribution of intensity of X corresponding to amplitude @ 
and measured by such a selector. Note that the expansion of operator 
D defined by measure M (dx) may not necessarily be orthogonal even 
if the operator is a projector, that is, if the total filter is ideal, such 
nondisjoint selective filters will be called quasiselective filters, or 
simply quasiselectors. A quasiselector is said to be complete if 
M (X) = TJ and maximal if M< M’ => M’ ~ M in the same sense 
as in (2.1.2.10). 

An example of a complete maximal quasiselector for sound signals 
and optical fields observed in a restricted region 2 of coordinates 
R¢*! 3q = (f, q) is the analyzer of the momentum distribution 
(2.1.1.4), which in the qg-representation is defiined by formula (2.1.2.24) 
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via the operator-valued measure 
M (dp) = F*I (dp) F =I (dp), (2.4.2.25) 


where F is the Fourier transform (2.1.1.5), and J (D) = {4 (p, D)} 
is the projector-valued measure on R4** described in the space 
He’ — L% (R4*1) of the proper representation of the generalized- 
momentum operator p = (t, p) by the indicator measure 1(p, dz). 

Note that the momentum operator defined in % = L* (2) by the 
nonorthogonal expansion 


P\= | pl (dp), D(P)={xeH:) PX (e) Pap <0} 


is always unbounded with a spectrum R4*! and, for Q ~ R¢*, 
non-self-adjoint, notwithstanding the fact that the form of the total 
momentum P(q@) = \ 7 (~, dp) is always Hermitian. Nevertheless, this 
operator always uniquely delines a nonorthogonal expansion J = 
\7 (dp) via the condition 


) (x11 (dp) x) =(Px1 Pn), 4€D (P), 


and is a restriction to functions ¢ (¢) = O for q ¢ ® of the operator 
(20j)* 0/6q that is self-adjoint in £* (R¢*') with a domain of de- 
finition {pm € £? (R4*"): || 0?p/dq* ||? << co}. For instance, time 
operator 7 = \ J (dt) in the space @ = ZL? (M) with a semi-infinite 
band © = [0, ol is a symmetric but not a self-adjoint operator 
(21j)-* 0/of with a domain of definition 


Oo 


D(T)={xEL2(0, 2): x()=0, | | 6x (f) lof Paf<oo}. 
0 


Similarly, the validity of the representation 
M (dx) = F*E (dx) PF, F*¥P=T7, (2.1.2.26) 


for an arbitrary quasiselector / in the form of the projection of the 
disjoint selector E described in the extended space d%’ by an ortho- 
gonal projector-valued measure £ (dx) is ensured by the Neumark 
theorem [2.47]. For mixed signals the intensity, as a function of the 
density operator S, is described by a measure pu (S, dx) defined by 
the following linear form: 


u (S, dx) = (S, M (dz)). (2.1.2.27) 
Quasiselective filters also emerge as a result of reducing the 


description of indirect measurement of the received signal via the 
disjoint selection FE, (dx) of the initially uncorrelated reference signal 
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interacting with the received signal; this reference signa! generates 
a Hilbert space 5%. Specifically, if Sy is the density operator of the 
normalized reference signal (Tr S, = 1) and U is a unitary operator 
describing in the tensor product  @ d#€, the result of the interaction 
S’ = U(S@S,)U* with the received signal S, then the intensity 
distribution corresponding to such indirect measurement may be 
effectively calculated via formula (2.1.2.27) as a result of the quasi- 
measurement 


(S, M (dr)) = (S’, I @ Sy (dz)) = (S @ So, E' (dx) 


described by the operator-valued measure 
lf (dx) = Tr {I @ S,) EF’ (dz) | B}, (2.1.2.28) 


where £’ (dx) = U* (I @ E, (dx)) U,and Tr {- | s€} is the partial 
trace in H# @ H, defined for factorable density operators S @ So 
via the formula 


Tr {S @ S,|4}=STr So. 


The indirect calculation of the intensity distribution over the fre- 
quency (color) f € M of static monochrome patterns is an example of 
the above-mentioned type of measurement. It can be carried out as 
a result of the wave processing of the patterns in which the intensity 
distribution over the momenta p in such patterns is calculated. 
Using the Neumark theorem as a basis, let us give an explicit 
description of a construction that makes it possible to reduce any 
quasimeasurement to an indirect measurement. Io this end we take 
for +) thespace 5%’ of the Neumark construction and for the reference 
signal a normalized amplitude p’ = Fy, || || = 1, and introduce 
the linear operator U in cH @ #’ (which is defined by the Neumark 
isometry F: 4 > H%’, F*F = TJ) in the following manner: 


U: 9 @ gy +> F*o’ @ Fo +9 ®@ (1 — FF*) QQ’ 
(2.4.2.29) 


with the generating elements being @ g’, p € #%, gy € Kh’. It can 
be directly verified that U = U* and U2 = TI and, hence, U*U = 
I = UU*, Taking for Ey (dz) the Neumark expansion F (dz) in ci’, 
assuming that Sy = |p) (wp | and allowing for (2.1.2.26), we arrive 
at an indirect measurement whose reduction (2.1.2.28) yields the 
initial measure M (dz): 


Tr (Z@ 1p) (1) £ (dz)} = ( |p) PRE (dx) F 
= M (dz). 


170 V. P. Belavkin and V. P. Maslov 


2.1.2.5 Canonical Operators and Measurements 


Bearing in mind the invariance of the domains of de- 
finitions of operators Q and P with respect to the self-adjoint oper- 
ators of multiplication by qg and differentiation with respect to q, 
or (2j)~1 0/0qg, which on h = ZL? (Q) coincide with Q and P, re- 
spectively, in what follows we will take for Q and P in £&? (R%*) 
their extensions, while always assuming that the region where these 
operators act is 2 < R®t. Such operators are known as canonical 
and satisfy the commutation relations (2.1.1.9) in the common 
domain Z (P) ) F (Q). 

Let us now discuss simultaneous measurement of the coordinate 
(or position) and momentum distributions. In view of the noncom- 
mutativity of @ and P, there can be no joint orthogonal decompo- 
sition of unity for these operators; there can even be no joint non- 
orthogonal decomposition of M (dz dy) for which the following 
would be true: 


I (dq) = { M (dq dy), I (dp) = \ M(dxdp). — (2.4.2.30) 


Otherwise, in view of the Neumark theorem, there would be com- 
mutative self-adjoint operators in 4%’ > 3% coinciding on dh with 
the noncommutative operators Q and P, which is impossible. 

Another interesting question is the relation to these operators of 
the measurements of the canonical distributions (2.1.1.39). Such 
canonical measurements are described, obviously, by continuous 
with respect to dz = dz dy nonorthogonal measures K (dz) = k (z) dz 
with projector-valued densities 


k (2)E= |*p2) be |= le) (Cle ct), (24.234) 


which are defined by canonical amplitudes (2.1.1.25) at C=2 
and a certain w or, in complex variables, by (2.1.1.34) at a =e. 
The respective quasiselective filters, which are parameterized by 
symmetric w matrices with a nonsingular real part w + w* and 
now will be called canonical filters, are, obviously, maximal and, 
because of (2.1.1.42), complete: 


\ I p,) (P, | dz =I = \ | Ic) (c | de de*, (2.4.2.32) 


where dc dc* = dz dy. 
By fixing w and directly integrating we find that the quasimea- 
surement of an intensity distribution in x € R4*! is described by a 


continuous measure M (dz) = \K (dx dy) = m (x) dx diagonal in 
the g-representation, 


m (2) = | k(x, y)dy = |v |"! | e-™|(x-a)e"4l* J (dq), (2.4.2.33) 
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with a Gaussian density and v*v = 2m (m + w*)~*, while the quasi- 
measurement of an intensity distribution in y € 24** is described 


by an operator measure M (dy) = \K (dz dy) = m (y) dy, where 


my) =F h(a, yde= [vit estar" F(dp), 
(2.4.2.34) 


with a Gaussian density and vty = 2 (c —- w*)-1, where w/2m = 
2n/a*. The operator measures M and AZ on R4*', which define 
nonorthogonal expansions of operators Q and P, that is, 

QO= \ xm (x) dx and p=\ ym (y) dy, (2.1.2.35) 


describe, in contrast to the spectral measures J and J, inaccurate 
measurements of position and momentum distributions, which are 
obtained by smoothing out (2.1.1.40) and (2.1.1.41) with Gaussian 


weighting functions m and m. Nevertheless, the canonical operator 
measure AK that generates the two spectral measures possesses certain 
spectral properties with respect to the complex-valued combinations 
of the two respective operators: 


A= (Qo + 2njP) vt/V 2n. (2.1.2.36) 


Namely, applying A directly to the canonical amplitudes (2.1.1.34), 
we can easily verify that it is well-defined on these amplitudes: 


A|la)=a]a), acc, (2:1,2:37) 


which, therefore, form a proper base for A in # = L* (R4*), 
Hermitian conjugate operators C = A* are diagonal in the Barg- 
mann representation, 


(ch) (c) =el¢!*/2 (Cy | c) =el¢"/2¢(x | c) =ch(c), 
with a domain of definition Dc) ={y CH Il ch || < oo}, where 
Il ch P= | lc |2| h(c) 2e-!¢ 8 de de®, (2.1.2.38) 


on which domain there is also defined the operator A by differentiation 


(ah) (c) = Oh (c)/dc. Thus, in the initial representation we obtain 
the spectral nonorthogonal decomposition 


A* = \ c*K (dz), D (A*) 


={x€ He: \ lc |* |(% | e)2de de®#< 00 } 
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Now let us describe a simple realization of a canonical measure- 
ment by an indirect measurement defined in the tensor product 
HE @ Ho, where #, is a copy of #. To this end we take the com- 
mutative self-adjoint operators 


X=Q0Q/,+1082,, Y=P@1,—!1® Py, (2.1.2.39) 
where Q, = do, Po = (2nj)7' 0/0q), and J, is the identity operator 
in H, = £7 (R¢*). Suppose that £ (dz) is the orthogonal spectral 
measure of the set Z = (X, Y) and that 

/ { 
Wo (Go) = | (O+ w*7(2m1) |4/4 exp {+ Jo cog? } = |9)o 
(2.4.2.40) 
is the basic canonical amplitudein 3%,. We take an arbitrary ampli- 
tude y € h and the corresponding tensor product (y ® WF) (4, do) = 
x(q) Wo (Vo) in H @B KH, and define the characteristic function of the 
corresponding distribution thus: 
i (uecl+eeyl 
Lu, wt) = le MF (1 @ yh | E (dz) 1 @ YO): 
(2.1.2.41) 

B= (x, y) ERG 
where as usual, c = (rw + 2mjy) vt V 2n and u, u* € C*(4th, We 
write this function in terms of normal operators 

B = \ cE (dz) = (Xo+ 2njY) v'/V In =A @ I, +1 @Cy, 

(2.1.2.42) 
with A the operators (2.1.2.36) and C,=(Q,w— 2xjP,) vt/V 2n, 
in the form 

Y (wu, u*) = (eFB* y @ pg | eFB*4™ ¥ @ yh) 

= (efAtul y | eiAsuty), 
where we have allowed for the property C,y* = 0 for the basic 


amplitude (2.1.2.40). Employing now the completeness property 
(2.1.2.32) of canonical amplitudes, we obtain 


YT (u, wr)= { (eA x |) (c | 4%") de de® 
= J eiutertient | (y | 6) [Pde de* =F (u, wu), 
(2.1.2.43) 


Thus, the characteristic function (2.1.2.41) of the indirect measure- 
ment of intensity of amplitude y € # coincides for the ground state 
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bs, When calculated in the z-representation of operators (2.1.2.39), 


with the characteristic function k of the canonical distribution 
k(c, c*) = |(x |c) ? for this amplitude. 


Qe Optimal Detection and Discrimination 
of Acoustic Signals and Optical Fields 


In this chapter we develop the wave theory of hypothesis 
testing for solving problems of optimal recognition of sound and 
visual patterns. We formulate the necessary and sufficient conditions 
for the optimality of two-alternative and multialternative detection 
of wave patterns according to the maximum criterion for the measur- 
ed intensity of acoustic signals and optical fields. We consider prob- 
lems involving the discrimination of a wave pattern against an 
acoustic or optical background, problems involving the discrimina- 
tion of pure nonorthogonal signals and fields, and problems involving 
the recognition of mixed patterns described by noncommutative 
density operators. Complete solution of the last type of problem is 
then obtained for the case of mixing two pure patterns. The discussed 
results of solution of the corresponding extremal problems follow 
from the methods of linear programming in Banach partially ordered 
operator spaces [2.48]. These results generalize the corresponding 
results of the quantum detection and estimation theory, which have 
been obtained for the two-alternative case by Helstrom [2.11] and 
for the multialternative case by Belavkin [2.4, 2.5]. The necessary 
and sufficient optimality conditions for the quantum theory of 
hypothesis testing have been discussed by Kennedy [2.9], Yuen and 
Lax [2.15], Kholevo [2.24], Belavkin [2.4], and Belavkin and Vanc- 
jan [2.27]. 


2.2.1 Optimal Detection of Sound and Visual Patterns 


In this section we will discuss the problem of detecting wave pat- 
terns that are in a partially coherent superposition with an acoustic or optical 
background. The problem is complicated by the presence of interference. We 
start by considering the superposition principle for generalized mixed am- 
plitudes. We then formulate the necessary and sufficient conditions for the optim- 
ality of detection and give solutions to a number of problems considered in the 
quantum case in the review [2.30]. 


2.2.1.1 The Superposition Principle 


The problem of detecting a sound or visual pattern de- 
scribed by a wave amplitude @ (q) taken from the Hilbert space 
KH = L£* (Q) can be solved in a trivial manner by measuring the 
total intensity J (@~) = || @ ||? only in the absence of an acoustic 
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or optical background consisting of other signals and fields in the 
frequency-spatial region Q considered. If in the region of measure- 
ment there is another signal or field described by amplitude @y € c#¥ 
the question of whether a wave pattern @ is present cannot generally 
be unambiguously solved by simply measuring the total intensity 
of the resulting amplitude p, which may be higher or lower than the 
background intensity. Such a phenomenon is called interference 
and is the result of the wave superposition principle ~ = @ — po, 
according to which the complex-valued amplitudes of the coherent 
signals m and qg, rather than the intensities of these signals, are 
added. The intensity of the resulting signal has the form 


Ip IP = Ie IP + 2 Re (p 1 Go) + Il Go II’. (2.2.1.1) 


To describe the result of the superposition of a mixed pattern and 
a partially coherent background caused, say, by thermal fluctuations 
that have an infinite total intensity of the acoustic or optical field, 
we can employ the correlation theory by considering generalized 
random amplitudes within the second-order statistical theory. 

Partially coherent signals and fields determined in a similar 
manner in the framework of the classical or the quantum theory are 
commonly described by bounded operators F from d#¥ to another 
Hilbert space &; for ordinary nonrandom amplitudes  € cd these 
operators are usually represented by the functionals Fyy = (p | x), 
denoted by Fy = () | and acting from % to &# =C. The mean 


intensity of random oscillations excited in mode y € &%, || x || = 1, 
is determined by a Hermitian form in F: 
Ey (F) = (Fx 1 Px) = (x | PTF Y), (2.2.1.2) 


and is calculated for common mixed signals via formula (2.1.2.2) 
with the aid of a (generally infinite trace) density operator P = FtF 
of the intensity u(P) € [0, co], where F* is the Hermitian conjugate 
operator 7 — H acting for F = (p | as an operator of multiplication 
cr>wc from K = C to &. The intensity (2.2.1.2) is a measurable 
quantity bounded by the norm of the positive operator P and equal, 
via the duality theorem, to 


ex (P) = (x | Px) < | Pll = inf {e | ef > P}, (2.2.1.3) 


which for the case of white noise P = el, described by the isometric 


operator 7 = F/Ve, T+tT =I, determines the local intensity 
€ = &, (P), the same for all modes y € #%. Note that every partially 
coherent signal F can be considered as the result of action of a con- 
traction filter D = P/|| P || on white noise of local intensity ¢ = 
|| P || if we employ the polar decomposition F = 7P}/*, which 
determines uniquely the isometry operator 7 on the range of values 
F*2%# of operator F*. 
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For generalized signals with infinite trace density operators P 
it proves expedient, however, to consider only such quasimeasure- 
ments for which the operators D of the total effect lead to finite 
intensities: 


D (F) =Tr (FDF)* = Tr (PD). (2.2.1.4) 


In addition to one-dimensional projectors D = Ey, = | x) (x |, for 
which the intensity (2.2.1.2) is determined by the bounded form 
(2.2.1.3), we can always consider finite-dimensional operators D = 
S} | Xe) (Xe | as well as any trace class operator 0 < D < J, since 


Tr (SD)<eTrD if S<el. 

Extending the superposition principle to generalized amplitudes 
F, Fy: H — &, we find that the result G = F + F, of addition of 
the generalized signal / and the background fF, is described by a 
density operator R = G’G, that is the sum of operators P = FtF 
and P, = FF, only if Re F*F, = 0. The latter condition, which 
defines the incoherence relation between F and F,, cannot be met for 
nonrandom amplitudes F = (gp | and Fy = (@, | since FtF, = 
| @~) (po | 0 even in the event of orthogonality (g |g.) = 0 if 
~ +0 or g, * 0, although the total intensity (2.2.1.1) is equal to 
the sum || @ |I? + II Qo II’. 


Generally, the resulting density operator R can be represented 
in the form 


R=P4 Preppy? + pep+pyz + P,, (2.2.4.5) 


where I’ = 7*7, is the operator of mutual coherence of signal F = 
TP*/? and noise Fy, = T,P'1/* determined by the partial isometries 7: 
FR > KH and Ty): Fw > KH. 

Note that I’ is a contracting operator: || I || < || 7* || || 7, |] = 1, 
and a partially isometric operator if P)>x < FH. The latter con- 
dition determines the coherence relation between the generalized 
amplitude /, and amplitude Ff, which is always met for nonrandom 
amplitudes fF = (gp | and Fy, = (g, | for which PyhHK = C = FH. 
Representing the partially coherent amplitude Ff, in the form of a 
sum of the component H, = TI'Pi/* coherent with F and the com- 
ponent W = F, — H, that is incoherent and doing the same with 
the resulting amplitude G, or G = H, + W, where H, = F + A,, 
we can isolate from operators P, and R a common density operator 
of the incoherent background N = WtW by writing the two oper- 
ators, with allowance made for the fact that WtH; = 0, in the form 
Py =S, + N andR = S, + N, where S; = AjH; are the operators 
S, = Pj*T+TP{” and 


S, = P+ P?usi* + Si*UtDv? + S,, (2.2.1.6) 
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with U the partially isometric operator of polar expansion, and 
rei’? = US;/*. Incontrast to P, and R, for a trace class operator P 
the operators S; are usually also trace class operators of rank r (S;) < 
r (P) and one-dimensional operators if r (P) = 1. 

Infinite trace operators P may also be replaced with trace class 
operators if we consider finite total intensities (2.2.1.4) with respect 
to a fixed D, assuming that S = D1/*PD!/*, The effective operator D 
is then replaced with the orthoprojector E£ on the subspace 6 = 
Dé that determines the total intensity ¢ (S) = Tr S by taking the 
trace ¢ (S) = Tr (ES) on 6. 


2.2.1.2 Classical Detection 


The simplest detection problem, that of isolating a pat- 
tern described by a kernel operator P > O from an incoherent mixture 
R=P+N of this pattern with the background JN, is solved by 
measuring the intensity of one of the possible signals, Ry, = N or 
R, = R, by comparing this signal with the background level t (V) = 
Tr N. To this end it has proved sufficient to limit oneself to measuring 
the total degree of contrast t (C) = TrC of the received signal by 
calculating the trace (C, LE) = Tr (CE) of the appropriate operator 
C; =R;—N, i=0,1, on any subspace € = EH, CE =C, 
with the trace assuming finite values (C,, -£) = O in the absence of 
a pattern, i = 0, and (C,, E) = Tr P, i = 1, in the presence of 
a pattern even for an infinitely high level of the background t(V) =oo. 

In the case of a partially coherent superposition AR of pattern P 
and background P,, the difference C = R — Py, may be a non- 
positive trace class operator with a zero or even negative trace, with 
the result that the detection criterion, which is based on the con- 
dition that the total degree of contrast u(C) is positive, may lead to 
incorrect results. Even if ut (C) is positive, which is the case when 
the superposition p = @, + @ of orthogonal amplitudes, (@ | 9,) = 
O, is coherent, that is, u(C) = |] ||? — || @o Il? = Il II?, we can 
considerably increase the degree of contrast of amplitudes @, and 
if we sum, say, the coordinate distribution of the degree of contrast, 


c (x) = |p (x) P — 1G (&) FP = 1 @ (@) FF + 2 Re @* (2) @ (2), 
(2.2.1.7) 


not over the entire region 9 but only that part of the region where 
c (x) is positive. As a result we arrive at the following classical 
problem of optimal detection of a pattern in a coordinate (frequency- 
spatial) region : we must find a measurable subregion A® < Q 
in which the upper bound | 


x4 (C) =sup (C, I (A)) = { ¢(2) da (2.2.1.8) 


A= Ae 
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of the integral of the contrast function c (x) = C (a, 2) is attained. 
This function is determined by the diagonal values of the kernel 
C(x’, xz), which is the difference between the generalized matrix 
elements R (z’, z) and WN (z’, x) of operators R and WN in the coor- 
dinate representation. 

It is sufficient to consider the supremum (2.2.1.8) in the class of 
measurable subsets AQ of the coordinate region Q = {z€ 
R2+1 | c¢ (x) 0}, the support of the integrable function c¢ (x), in 
which the supremum is attained only on the set 


A® = {rEQ| c(z) > O} =HQ,. (2.2.1.9) 
Its value, x7 (C) = \ c (x) dx, coincides, obviously, with the inte- 


Q+ 
gral over Q of the positive part 
1 
c, (x) == max {0, c (x)} == (¢ (x) + [c (x) |), (2.2.1.10) 


where the functions c determine the solution to the duality problem 


(c+ = inf {| b (2) dx |b >c}= | ce(z) dz. (2.9.4.4) 


The lower bound (2.2.1.11) over all positive integrable functions 
b (x) € £, (Q), majorizing almost everywhere the function c, is 
attained at 6° = 0 \V c = c+ and determines on the space of inte- 
grable functions c a positive gauge (c)+, which is zero only when 
c< 0. The set (2.2.1.9) specifies the optimal band of the frequency- 
spatial filter in which the best quality of detection, (2.2.1.8), is 
achieved. 

Reasoning along similar lines, we can solve the problem of optimal 
detection in the momentum (or temporal-wave) space X = Ré*}, 


KY se ashe 2 (C, £(A))= jew ax, (2.2.1.12) 
where ¢ (x) = C (x, x) are the diagonal elements of the difference 
R(x’, x) — N (x’, x) of the operators R and N in the momentum 
representation; in coherent superposition these diagonal elements are 
c(X) = | p (2)? —| Po (2) |* = | P(X) |? +2 Re p* (x) Gy (x). (2.2.1.3) 


The quality of such detection, x~(C) = (C) +, based on a momentum 


quasimeasurement may differ considerably from (2.2.1.11). For 
example, the canonical amplitudes (2.1.1.25) @y = Woo and P = Yor; 
which are similarly localized in the coordinate representation, 
differ by their momenta, ny =£ 0, and can be thought of as two hypo- 
theses, corresponding to the absence and presence of a complex- 
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valued amplitude @ = Won— Woo in the coherent superposition yp = 
~ + @, that cannot be distinguished by the measurement of 
Qo (x) 2 = |p (z) P (c+ = O since c (x) = O for all z € &). At the 
same time, such wave packets are easily distinguished in the mo- 
mentum representation: 


Bea [OPef emo mente aie det 


if | nv! | >> 1 since in this case c, (x) XY | Won (2) |’. 

In general, for every quasiselective measurement of intensity on 
a Borel space X with a positive operator measure MV (A) < /,A €& X, 
optimal detection is determined by the solution to the problem 


xM epee iap ee (A)) = x (A®) (2.2.1.14) 


of finding the upper bound of the degree-of-contrast measure x (A) = 
(C, M (A)). The supremum (2.2.1.14) is attained on the | x |-meas- 
urable set A°, the support of the positive part x+=—0V x= 
(x -+ | x |)/2 of measure x: 


A° = () {A: x4 (A) = 0} = A;, (2.2.4.15) 


which realizes the lower bound in the positive measures (4 > x 
of finite variation: 


(%)+ = ink {A (X) | Au} = x4 (X), (2.2.1.16) 
>0 
which determines the gauge (x)+ = 0 <>x<0 of measure x. 


2.2.1.3 Optimal Detection 


As the example discussed in Section 2.2.1.2 shows, the 
quality of detection, which is determined for a given intensity dis- 
tribution on X by the degree-of-contrast measure u (C, A)= 
(C, M (A)), must be optimized not only with respect to measure- 
ment regions A © X but also with respect to the methods of measure- 
ment of this quantity. These methods are determined by the ways in 
which the positive operator-valued measure VW (A) < E is specified, 
where £ is any orthoprojector in 5# satisfying the condition CE = C. 
Here it is sufficient to find at least one resolving operator D = M (A) 
that realizes the upper bound of the maximal degree of contrast 
(2.2.1.14): 


x° (C) a es D) | DXF}. (2.2.1.17) 


Employing the methods of linear programming in partially ordered 
Banach spaces [2.48], we can formulate the necessary and sufficient 
conditions for the optimality of the detection operator D employing 
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criterion (2.2.1.17), which is determined by the trace class degree- 
of-contrast operator C = Rk — P,. 

Theorem 2.1.1 The upper bound (2.2.1.17) is attained on operator 
Ox D<E if and only if 


B(E—D) =0, (B°—C)D°* =0, (2.2.1.18) 


where B® >> 0, C. The operator B® here is the solution to the duality 
problem 


(C), = int {(B, E)| BSC} (2.2.1.19) 
B20 


for which the conditions (2.2.1.18) for admissible D® are also necessary 
and sufficient, with x° (C) = (C)+. 

Proof. The sufficiency of the optimality conditions (2.2.1.18) for 
solving problems (2.2.1.17) and (2.2.1.19) can be verified directly 
by employing the property of the monotonicity of the trace, B > C => 
Tr (BD) > Tr (CD), for every positive operator D. Allowing “for the 
fact that BE = B°D® = CD® for every 0< D< E, we obtain 


(C, D) = Tr (CD) < Tr (B°D) < Tr (B°E) = (C, D®). 
Similarly, for every B > O and every C we obtain 
(B, FE) = Tr (BE) > Tr (BD*) > Tr (CD)® = (B°, E). 


The necessity of the optimality conditions (2.2.1.18) follows from 
the fact that the inequality 


(C, D) = Tr (CD) <Tr (BD) < Tr (BE) = (B, E), — (2.21.20) 


which is valid for all operators D and B admissible in problems 
(2.2.1.17) and (2.2.1.19), must transform into the equality (C, D®) = 
(B°, EF) on the extremal operators D® and B®, in accordance with 
Lagrange’s principle of duality: 


sup {(C, D)| D<E}=sup inf {(C, D)+ (8B, E—D)} 
D>0 D>0 R>0 
= inf sup {((C—B, D)+ (B, E)} 
B>0 D>0 


= inf {((B, FE) | BSC}. 
B>0 


Whereby, allowing for the fact that the trace of the product of pos- 
itive operators is zero if and only if the product itself is zero, we 
arrive at conditions (2.2.1.18) via the following relation: 


Tr [B° (E — D°)] + Tr [(B° — C) D°] = Tr (B°E) — Tr (CD®) = 0. 


The proof of the theorem is complete. 
Note that the solutions to problems (2.2.1.17) and (2.2.1.19) 
exist for every Hermitian trace class operator C and every bounded 
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positive orthoprojector HE; the solution to problem (2.2.1.17) is 
unique only if & is the minimal of the orthoprojectors for which 
CE = C, while the solution to problem (2.2.1.19) is unique only if F 
is the maximal / = J of the orthoprojector £. Indeed, employing the 
spectral representation of operator C, we write this operator in the 
form of the orthogonal sum 


C= >> x, | %n) Xn | = Ce tC (2.2.1.21) 


Fed 


of the positive and negative operators 
Co= Di wn [ tn) (Xn 1, Ca Di %n (Xn) hn ty (2-24.22) 
n> 9 %,<0 


where we have allowed for the fact that a Hermitian trace class oper- 
ator has a discrete spectrum of finite multiplicity, x, € R, which 
can be found by solving the eigenvalue problem Cy = xy. The 
orthoprojector £ satisfying condition CE = C can be written in 
the form of the orthogonal sum 


E=E4+4,4+ E., (2.2.1.23) 

where Fy = a | Xn) (Yn |, £. = 2, l¥n) (Xn |, and #y = E — 
x 

E+— E_. The. a DoS z.. B° = Cx are, obviously, 
admissible: 0 <E+< FE, C+ 20, C and optimal: 

C4. (FE — E+) = Ci (E, + £.) = 0, 

(C+ —C) E+ = —C_E+ = 0. (2.2.1.24) 
Every other solution D® to problem (2.2.1.17) satisfies conditions 
(2.2.1.18) for B® = C4: 

C+(E — D®*)=C+—C.+D® =), 


(C+ —C)D®° = —C_D® = 0, 
in view of which £+ = £+D° and E_D® = 0, that is, 
E+, <x D<xEKE—EL=Ei+E£). (2.2.1.25) 


Similarly, every solution B° to problem (2.2.1.19) satisfies con- 
ditions (2.2.1.18) for D®° = Ex: 


B(E—E+s)=0, (B9—C) E+ = BE+—C+=0, 
which imply that B is commutative with # + and, hence can be re- 
presented in the form of the orthogonal sum B° = B+ + By, with 

Bs = BEs+ =Cx, By, (FE — E+) = 0, 
that is, 

B=C.+8B,, By Sd, BE = 0. (2.2.1.26) 
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Thus, the general solution to the problem of optimal detection is 
determined by the quasifilter (2.2.1.25) of the form es Basa Diy, 
where D, is an arbitrary operator, 0 < Dy < £o, and an ideal filter 
D’ = E.ifE — £.+ E_. The general solution to the duality prob- 
Jenn (2.2.1.19) is determined by the operator of the form (2.2.1.26), 
with B, = 0 at E =J. The maximal possible degree of contrast 
realized by the optimal detector D° is given by the expression 


“,(R—P,)=Tr (R—Py)+= Dy *n- (2.2.1.27) 
%,>9 
2.2.1.4 Coherent and Quasioptimal Detection 


Let us consider the particular problem of optimal detec- 
tion of a wave pattern described by a common amplitude p € # 
in a partially coherent mixture with a generalized random amplitude 
H,: KH > &. The resulting amplitude G = | &) (9 |+ Ho, with 


E € K& a normalized vector |] & || = 1, defines a density operator 
R= GG of the form 
R= |g) (91+ 19) (01+ 14) (1+ Po (2.2.1.28) 


with @y = F{E€ H and Py, = FjF, the background-density oper- 
ator. Thus, we are required to solve the extremal problem (2.2.1.17) 
for the two-dimensional degree-of-contrast operator C = R — P, 
of the form 


C= |g) (@l+ 1) (ol+ 19) @ 1 
= |) @ | — | Qo) (Po I, 


which corresponds to the coherent superposition ) = @ + @, of the 
common amplitudes @~ and q,. We will consider this problem in the 
minimal subspace 6 C o# generated by the amplitudes ) = @, 
and, = Q,) + @. For its solution we find the eigenvectors and eigen- 
values of operator C by constructing the secular equation Cy = xy 
for the coefficients of the expansion y = &)) + @,%p), in the base 


{po Pi} of space 6: 

Wr (Dy | %oPo + Arp) — Po (tPo | Loo + AP) = % (Ao. + Ap). 
(2-2.1.29) 

Introducing the notation v; = || yp; ||°, 7 = 0, 1, B = (> |), and 

equating the coefficients of p;, i = O, 1, in Eq. (2.2.1.29), we arrive 

at a system of two homogeneous equations, 

(Vo + *) & + Pa, = 0, Bao + (Vi — %) Oy = 0. 

(2.2.1.30) 
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This system has nonzero solutions only if the system determinant 
is zero, or 


(vo + x) (vy; — x) — |B [PP = 0. (2.2.1.31) 
Solving this quadratic equation for x, we obtain the eigenvalues: 
= +V ( (See)? Bp “ete BIZ, (2.2.1.32) 

which are real in view of the Schwarz inequality 


1B IP = | (bo Ii) F< 1 Po - [apy [FF = Vovz, 


and, obviously, have opposite signs: +x, > 0. At 6 = O the ampli- 
tudes tp, and , are orthogonal, x+ = v,, *_ = Vp», and the eigen- 
vectors p+ and @_ coincide with the normalized amplitudes y,/YV v, 


and Wo/V Vos respectively. Optimal detection in this case is reduced 
to the discrimination of amplitudes, andy, by measuring the degree 


of contrast of oscillations in the resulting mode y+ = W,/V vj, 
which is equal to the intensity of oscillations at x = v, in this 
mode if the received signal is p, and to zero if the received signal 
is Yo. In the opposite case |B |? = vov, of the colinearity of , and 
Wo, the values x. are equal, respectively, to the positive and negative 
parts of the = V1 — Vo: 


Xy = + (%y— Vp | Vi — Vo |) = (V1 — Vp) = - 


The corresponding optimal detection is reduced to the measurement 
of the positive degree of contrast *+ = v, — Vp) in the mode y = 
,/V v, = p,/V Vo) if Vv; >> Vo, in the opposite case, vy > v,, the degree 
of contrast x + is zero and no measurement is carried out, or y+ = O. 
The optimal detection of a wave pattern g of intensity u = || @ |> + 
Q in the coherent superposition p=@ + @p is therefore reduced to 
the measurement of the maximal degree of contrast 


%+= V UV (Rey+VAt / (Reyt+V A? +1— ly | 
(2.2.1.33) 


where y = (Q,q | p)/V uv, is the coefficient of collinearity of ampli- 
tudes @ and Qo, and A is the signal-to-noise ratio. The corresponding 
ideal filter H, = | yy.) (y, | is defined at x, 0 by the eigenvector 
VY, = 4.9 + Qf, With coefficient 


a= V vga (jImy+VA+ p/ (Re yt+Var+1—ly i?) , 
(2.2.1.34) 
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QA) ->0, found from the normalization condition || x, || = 1. The 

case where x_ = 0, and therefore y, = 0, is possible in the minimal 

subspace € only if @ and @y are colinear, when |v | = 1, and 
“4=V pv, (cos0+ VA), (2.2.1.35) 


where cos 8 = Re y. The optimal filter in this case is matched with 
the signal mode y, = 9/V wif cos0 > —Vi, and y =O in the 
opposite case if cos 8 < —YVA which is possible only if 4 < 1. 

The same filter y, = g/Y w matched with w is used to describe 
the asymptotically optimal detection at large signal-to-noise ratios 
i == 1/e >> (Re y)*. The degree of contrast is then 


“%=u(it+tVeRey), (2.2.1.36) 


which coincides with (2.2.1.33) to within e. In the next order we 


obtain a filter matched with the resulting mode y, = /V v, and 
realizing the degree of contrast 


e| Ve/2+y |? 
4[1+(Ve/2)Rey+e/4]/ - 
(2.2.1.37) 


For an orthogonal background, @ _L @ ), we have y = OQ, and the 
normalized eigenvector y, corresponding to the eigenvalue 


%4=Vuv(YV1ItA+YV A) (2.2.1.38) 
can be written in the form 
Le =(Po/V vot (V1+A+V A) G/V p21 +A) +VA(1+A)). 


For Im y #1 and a low signal-to-noise ratio 1 < 1 — (Im y)?, the 
maximal degree of contrast is realized at 


X+ = (1/V 2) (ce @/V p+ Qo/V Vo), (2.2.1.39) 


with sin 8 = Im y, and is determined asymptotically by the expres- 
sion 


Vz 
X= (4 +—— Rey + >— 


“i= V uv, (Rey + cos0+ VY A(Rey-+ 1)), (2.2.1.40) 


with cos8=/Y1—(Imy)?. For one, at y=0O we get x5 Vuv, 


x (1+Y Ad). 

In the general case of the partially coherent superposition G = 
f -- Fy, the solution of the eigenvalue problem for the degree-of- 
contrast operator C = G*G — FF, constitutes a complicated mathe- 


matical problem. If we isolate the coherent component from the 


184 V. P. Belavkin and V. P. Maslov 


generalized amplitude /y, we can represent the latter in the form 
Fy=-—VeFAt+W, 


with W the incoherent component, #*W = 0, and A is an operator 
in 5, which we assume to be bounded: || A || < 1. Next we select 
the positive constant ¢ in an appropriate manner. Operator C’ then 
assumes the form 


C=P++Ve(PAt+ AP) (2.2.4.41) 


and is a trace class operator if P = F*F is an operator with a finite 
trace. 

For high signal-to-noise ratios 1 = 1/e >>1, the eigenvectors yy 
and the corresponding eigenvalues x, of operator C can be found via 
perturbation theory methods. In the first order in ) ¢ the eigenvectors 
coincide with the eigenvectors q,, of the signal density operator P, 
that is, Pon = Un@Pon, and realize the following degrees of contrast: 


Xon = (Pon | CPon) = bn (1+ V eRe yz), (2.2.1.42) 


with y, = (Ag, | @,). The corresponding quasioptimal detection 
is reduced, therefore, to measuring the total degree of contrast 


%o = TT (CE)= 2 bn (1+ Ve Re y,) (2.2.1.43) 
matched with the signal orthogonal modes qg,, of the ideal filter 


Ey= 4 1 Pn) (Pn | Ny={n: Rey, > —1/Y 8}. 


(2.2.1.44) 


When the intensities of the signal and the noise are comparable, 
e ~ 1, the quality of such detection may be considerably lower 
than that of optimal detection. In particular, for the above example 
of orthogonal @ and @,y we have y = O and x, = u, while the quality 
of optimal detection (2.2.1.38) equal tox+ =u (i+ V1 + ¢)2 > 
u is more than twice as great as x, if the signal intensity is less than 
half of the intensity of the noise, and we have 


44/H%y=(1+V 1+8)/2—+ 00 as €=v,/(4) > oo. 
(2.2.1.45) 


Zi2ce Multialternative Detection and Identification 
of Wave Patterns 


In this section we will consider the problem of detecting one of 
several simple or mixed wave patterns that is in a partially coherent super- 
position with the background. We will introduce the necessary and sufficient con- 
ditions for the optimality of such detection, using the criterion of the maximum 
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degree of contrast, and give these conditions a concrete meaning for the prob- 
lem of separating such patterns from an incoherent background. We will also 
give the complete solution to the problem of identifying nonorthogonal waves 
of the same intensity.This solution coincides with that of the problem of optimal 
discrimination between pure quantum states obtained in [2.4, 2.5]. Finally, 
we will discuss the quasioptimal method of multialternative detection based on 
the perturbation theory for degree-of-contrast operators. 


2.2.2.1 Statement of the Problem 


The problem of m-alternative detection of sound and visu- 
al patterns described in a given spatial-frequency region & by the 
wave amplitudes 9; (qg), i= 1, ..., m belonging to the Hilbert 
space hf = L£* (Q) can be solved in a trivial manner in the absence 
of an audio or optical background, g~, = 0, only on the assumption 
that these amplitudes are pairwise orthogonal, (@; | @,) =O for 
i=~k. It is sufficient to measure the intensity distribution ¢; = 
|(p |x) |? in the received signal w € {g;}i£1 over the orthogonal 
modes ¥; = @;/|| g, ||, i = 1, ..., m, to determine correctly the 
pattern g@ = qg; with a nonzero intensity u; = || g; ||° by specifying 
the number of the excited mode i: €; = u; ~ 0. The other modes 
v,, & i, remain unexcited in the process, and the case ¢; = O for 
all i=41,..., m means that these patterns are absent from the 
measurement region Q. 

The simplest problem of multialternative detection in noise, the 
problem of isolating one of a set of orthogonal amplitudes {q;} 
from an incoherent mixture Rk; = | g;) (9; | + N with an optical 
or acoustic background not necessarily described by a trace class 
density operator NV, has the same solution if we compare the inten- 
sities ¢; = (¥; | Ryi) = wi + v; of the received signal R € {R;}7ho 
not with zero but with the background level v; = (y; | Vy;) in the 
orthogonal modes y; = q;/|| 9; ||, i = 1, ..., m. 

In the case of nonorthogonal amplitudes {,; }j%, there is no way 
of measuring the intensity distribution in the received signal directly 
over the modes g;/|| @; ||. We must therefore find a set {y,; }}L1 C # 

™m 


that satishes the condition a | xi) (vg | < JZ and for which a pattern 


= 
(~; can be confidently reconstructed from the distribution x; = 
|p | y;) |? corresponding to the received signal y: € {q@, }¥24. 

The same problem emerges in the multialternative detection of 
patterns {@;};2, in the coherent superposition ; = 9; + @,) with 
a nonzero background amplitude @, even when all the amplitudes 
{p;}7-, are mutually orthogonal and orthogonal to q,. Although 
in the latter case we can still measure the intensities in the orthogo- 
nal signal modes y; = q;/|| @; || and this yields a total degree of 

™ 


contrast x, = ») u;, we can achieve a higher quality of detection 
i=! 
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if we minimize the expression 


m 


w= D (xelCix) = DZ MOulwdP— 10a god? (#201 
where 


C's = | Pi) (Pil + 1 Po) (Gi | + 19:) (Pol 
== |Y;) (Wi] —1 Qo) (Pols (2.2.2.2) 


as we did in the case with m = 1 in the example at the end of Sec- 
tion 2.2.1. 

Note that in the coordinate representation the wave patterns 
OF \r., may be indistinguishable even if they are orthogonal, as 
is the case, say, for harmonic amplitudes 9; (/) = exp {2njfi/D} 
which are orthogonal in the frequency interval [0, M] and have 
the same homogeneous distributions, | g; (f) |?» = 1. The maximal 
quality of m-alternative detection achievable through measurements 
of the coordinate distribution of the degree of contrast 


cj (x) = |@; (%) |? + 2Re pF (£) Po () = pi (%)|?— [Go (H/F (2.2.2.3) 


is determined by the solution to the extremal problem 


“A(C)= sup D (Ci, T(A))= DY | e:(x) ae, (2.2.2.4) 


Dd A; " 
11 


where the supremum is taken over the measurable nonintersecting 
subsets A; C ® of a coordinate region Q that can be bound by the 
union of the supports of the integrable functions c; (x), i = 1, 


m 
m. This limit is attained, obviously, on the partitions Q, = >) A 
i=1 
of the measurable set Q + in every point of which at least one of the 
functions c; (x) is positive and coincides on A? with the upper en- 
velope cy (cz) = max ce; (x). Thus, the total degree of contrast 
t= 15 dag 
(2.2.2.4) coincides with the integral over Q of the positive part 
c+ (x) = max (0, cy (x)) of cy, which determines the solution of 
the duality problem 


(C).= aii? LVCLIO 0. TH 1a. 228s m} = | c+ (x) dx. 


(2.2.2.5) 


The lower bound (2.2.2.5) over all positive integrable functions 
6 (x) > 0, which almost everywhere majorize every function c; (x), 
defines the positive gauge of the vector function e = {c;}%4, (e)+ = 
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O <> c; (x) <0. The best m-alternative detection in the coordinate 
region 9 is reduced, therefore, to a search among the A; for the 
regions A? on which the measured degree of contrast ¢ (x) is positive 
and reaches c+ (zx); in the opposite case of ¢ (x) << c+ (z) the pattern 
may not be detected for all x € Q+ and it can be assumed to be un- 
detected if ec (xc) < O for all z € Q. 


yy A The Optimality Conditions 


Let us consider the problem of maximizing the quality 
of m-alternative detection of mixed patterns /;: + — # with trace 
class density operators P; = Fj] F;, i=1, ..., m,in a partially 
coherent superposition G; = Ff; + F, for which the mutual densities 
FiF, = Y eP;Aj/2 are determined by the contraction operators A: 
é > Hé (e > Oisa parameter). The respective extremal problem is 
formulated for trace class operators of the degree of contrast, 


C,=R,—Py=P,+ > Ve(PAL+A:P), i=1, ..., m, 
(2.2.2.6) 
R; = G;G;, in the class of quasiselective measurements described 

by any resolving operators {D; fh: 
“9 (C) = sup {y (Cas D;) > D, =<. E}, (2.26257) 

D,>0 \i=1 i=1 

where £ is an operator for which C,;£ = C; for alli = 1, ..., m. 
Theorem 2.2.2.1 The upper bound (2.2.2.7) is attained on the 
admissible operators D;, i = 1, ..., m, if and only if there is a trace 


class operator B® >0, C;, i= 1, ..., m, such that 
Bo (£ —D) = 0, (B°9—C;) D}=0,i=1, ...,m, (2.2.2.8) 


m 
with D°® == > Dj. The operator B® then is the solution to the du- 


1=1 
ality problem 
(QC), = inf ((B, E)|BSc;, i=1, ..., m}, (2.2.2.9) 
B>0 


for which conditions (2.2.2.8) are also necessary and_ sufficient 
when Di >0, >; DIX E, with x°(C) =(C),. 


i=1 
Proof. The proof, which is similar to the proof of a particular case 
of this theorem, Theorem 2.2.1.1, will be found as a corollary of a 
more general theorem, Theorem 2.2.3.1. 
It can also be easily proved that the solution to problem (2.2.2.7) 
exists for all trace class operators C; and determines on subspace 
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6 = EX for which C;E = C; for alli =1,...,m, a unique solu- 
tion B° = B°E to problem (2.2.2.9). 

Indeed, the lower bound (2.2.2.9) determines for the vector oper- 
ators C = {C;}7L, the gauge (C);, a positive homogeneous sub- 
linear functional on the space of families {C;}{£, of the trace class 
operators C;, i=1, ..., m, that possesses the property (CQ), = 
O<>C; < O for all i? i's. Bearing i in mind that every linear functional 
C+» (C, D) satisfying the condition (Cc, D) < (C) + is positive 


and has the form (C, D) = >» Tr (C;, D;), where > D; = E, we 


find that the set that is haa tomia to {C | (M4. <= 1} ere of the 
resolving families D = {D;}/£, of bound operators that are admis- 
sible in problem (2.2.2.7). The existence of a solution to problem 
(2.2.2.7) follows, therefore, from the Hahn-Banach theorem, accord- 
ing to which for every vector C° of a calibrated space there exists a 
supporting functional D® defined by the conditions (C, D®)< 
(C)+ and (C°, D®°) = (C°),. For every solution D® to problem (2.2.2.7) 
the solution of the conjugate problem (2.2.2.9) on the subspace € = 
ES is determined —- by the formula 


BOE = Bp =S = ;,DY (2.2.2.10) 
which is obtained by aie (2.2.2.8) over i=1, ..., m. Note 
that the above proof of the existence of a solution to problem 
(2.2.2.7) and of the uniqueness of the solution to problem (2.2.2.9) 
remains valid for the case of an infinite number of patterns m = oo 
if we require that (C;, FE) = TrC; ~0 as io. 

Conditions (2.2.2.8) can easily be met for m > 1 by analogy with 
the case of m = 1 only for commutative C;, when these operators 
have a joint spectral representation 


C; = pay XinlXn) (Xnl> (XnlX%m) = Sam: (2.2.2.11) 
The orthoprojector # can be resolved into an orthogonal sum 
E=Eyt> By, where 

Ei= 1 In) nls NiS {rN | min SO, Hans BAD 


(points n at whict x;,= max xj, —%x,, refer to any one of 
m 


the nonintersecting sets N,, Nh). The —_— 


m 


D? = E;, Bo=> » in| Xn) (Xnl = ae Fas i; (2.2.2.12) 
E i = 


i=in 
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are, therefore, admissible and optimal: 
B° (E — D?°) = DE. == 0, (B° — C;) E, =C,E,; —C,E; = 0. 


Thus, optimal m-alternative detection in the commutative case 
is reduced to measuring the discrete distribution of the degree of 
contrast * in the proper representation of operators C;. The 
total maximal degree of contrast in this case is determined from the 
formula 


x9(C)= D>) Dd tin = Dy Max {%in \V 0}. (2.2.2.13) 


ro) 
I 
= 
= 
mM 
Zz 


ey AP es Optimal Identification 


Let us consider the important case of positive operators 
C; = HiH; — S; which occur, say, in the case of an incoherent 
superposition of wave patterns F; with a background F’,, when the 
degrees of contrast (2.2.2.6) are the density operators P; = FjF;. 
The corresponding extremal problem (2.2.2.7) of pattern recognition, 
which is known as the optimal identification problem, is not trivial 


for noncommutative S;, i=1, ..., m,for m>1 even if these 
patterns are pure, that is, are described by nonorthogonal amplitudes 
w,, i? = 1, ..., m. For the case of m = 2, however, the optimal 


identification problem can easily be solved by reducing it to the 
problem of optimal detection with one degree-of-contrast operator 
C = S, — S,. Indeed, allowing for the fact that the admissible 
operators B = L in the duality problem (2.2.2.9) are determined 
by the conditions L > B >0,i = 1, 2, we can proceed from (2.2.2.9) 
to (2.2.1.19) by carrying out the substitution inf (2, FE) = (S,, EF) + 
inf (B, E) where B = L — S, is the admissible operator of problem 
(2.2.1.19): B > {S, — S,, Sz —S,} = {C, 0}. Thus, the solution 
D® to problem (2.2.1.17) makes it possible to represent the solution 
to problem (2.2.2.7) in the form 


#° (S) = (C, D®) + (S,, £) = (Si, D®) + (S,, #—D®), 


which yields the optimal decision operators D; = D® and D; = 
E— D»°, 

To investigate the problem of identifying wave patterns in the 
multialternative case with m > 2, we restrict the space % by the 
minimal space €° | s¥ containing all the ranges of values #7; = 
S; 5. Since the S; >0, every operator B admissible to problem 
(2.2.2.9) is determined by the conditions B >S;,i=1,..., m, 
in view of which it is nonsingular on the subspace €° in the sense 
that BD = 0=>D = 0 for every operator D in €6°. Otherwise, 
operator D* (B — S;) D could be negative for at least onei€1,...., 
m. This last fact means that the first condition in (2.2.2.8) is met 
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only if £ = D®, that is, the optimal decision operators Dj deter- 
™m 


mine the decomposition of unity £° = >» Dj, the orthoprojector 


i=1 
on subspace 6°, and operator 6° can be found uniquely by summation 
of the remaining optimality conditions in (2.2.2.8). 
When the subspaces &@;= H;3¢ have a low dimensionality, say, 
ordinary amplitudes H; = (; | for which #; = CU, it has proved 
expedient to represent the solution to problem (2.2.2.7) via the 


following 
Theorem 2.2.2.2 The optimal decision operators D°® determined by 
conditions (2.2.2.8) for C; = HjH;,i=1,..., m, have the following 
form in space €é° 
Dj = (2°) Ajui, (£°)-t i=1, ..., m, (2.2.2.14) 
sm 1/2 
where Lo-( > Hutt) = $° is the _ solution to problem 
i=! 


t 
(2.2.2.9), and the w; are trace class positive operators in #; de- 
fined by the conditions 


(1; —H, (L°)!H?) w8=0, 1, >> HH; (L°*Ht — (2..2.2.45) 


(1; are the identity operatorsin & ;). If these conditions are met, mazi- 


Ut 


mal intensity of graded signals x° = >\ Tr wu? is achieved. 
i=! 


Proof. Multiplying the remaining equations in (2.2.2.8) from the 
right by (L°)'/2 and from the left by (L°)-1/2, where L° = B®, we 
can rewrite the optimality conditions in the form 


(E9— FiF;) MY =0, E°> FiF;,i=1, ..., m, (2.2.2.16) 
where F; =H; (L°)-4/2 and M3=(L°)-/2D9(L°)"/2, Thus, 
My= FTF ,MY= MYF{F; = Fivi;, (2.2.2.17) 


where np} = F;M?F}i, which leads to (2.2.2.14) if we carry out the 
inverse transformation. If we substitute (2.2.2.17) into Eq. (2.2.2.16) 
and multiply the result from the right by Fj and from the left by 
(F3)-*, we arrive at (2.2.2.15) if we allow for the reversibility of the 
operators f°: &; > €. The inequalities (2.2.2.15) are simply the 
inequality (2.2.2.16) in the form F;F;<1;. The operator L® is 


m 
determined by summation >, D? = E° of the optimal decision 
i=1 


operators (2.2.2.14), which yields L° = >) Auv;H;, and this deter- 


i= 
mines uniquely the positive operator B® = L°. 
The proved theorem reduces the solution of the optimal identifi- 
cation problem to finding the operators u} that satisfy conditions 


2. Design of the Optimal Dynamic Analyzer 194 


(2.2.2.15), which in the case of finitely mixed patterns /; constitute 
finite-dimensional algebraic equations and inequalities. For one, 
for pure patterns H; = (ip; |, conditions (2.2.2.15) have the scalar 


form 
uo = (p; | (L°)- pi) we, 1S Mh; | (L°)* i), 
ad Re / 027 (2.2.2.18) 


where L® = (|1p;) v3 (p; |). The numerical positive solutions of 
the system of algebraic equations (2.2.2.18) determine the one- 
dimensional decision operators 


Di = |x:) (nil, Y= (2): V wt (2.2.2.19) 
(which are equal to zero for those i’s for which (ip; | (L°)~* p; < 1) 
and the quality of the optimal solution, x° = >. pe 
i=! 
Solution of the pattern identification problem makes it possible 


to establish the quasioptimal multialternative detection scheme 
using the maximum criterion of the total degree of contrast (2.2.2.6) 


as the first approximation in Y e for decision operators of the form 
D; = (Po: ae Ve F,;)* (Fo; a Ve Fi) a Feil’ gj. (2.2.2.20) 


Assuming that Fo; = V u8H; (L°)-! and Dy; = FoiFo:, in the first 
order in the signal-to-noise ratio ¢ <1 we obtain the following 
formula for the degree of contrast of quasioptimal detection x, = 


Dy Sido: 


;=1 
Mo= >) Try wet V e(vityi)/2), (2.2.2.24) 
i=1 
where »; = H,Ai (L°)'H7, or y; = (Ajtp;| (L°)-*p;) when #, =C. 


2.2.2.4 The Signal Representation 


It has proved expedient to represent solution (2.2.2 .14) 
to the problem of optimal identification of wave patterns in the 


so-called signal space, #7” = ® &;, which is the direct sum of 


ixt 

Hilbert spaces #; = H; H& and which, in the case of ordinary 
amplitudes H; = (vp; |, is equal to C”. Such decomposition is carried 
out via the partially isometric operator V: % — #&™ of the polar 
expansion H = o0'/2V, o = HH", for the operator H: @ € H 
[A pli, from 3 into &™, which is defined uniquely on the subspace 
é° by the conditions V*V = E° and VVt = e°, where e° is the sup- 
port of the correlation matrix o = oe. Note that the m-by-m matrix 
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o = [o;,] consisting of operator components 0;, = H;Hj, i, k = 


1,...,m (o;, = (Y; | p,) if 4; = (; |), is positive and, in the case 
of the linear independence of the signals H;, nonsingular with support 
= as 1, = 1”. The components V; =1,;V, i=1, ..., m, of 


i=1 
the isometric operator V: €° > #™ determined by the diagonal 
projectors 1; from #™ onto &; bring about, obviously, the decom- 


position of the unit element 
EP=VtV= > VH4jV= 2 Viv; (2.2.2.22) 


of space 6° and are orthogonal if e®=1”: 
ViVi = lin = 1,091, = Ojp 4p. 


Representing the operators H; in the form H; = h;V, with h; = 
1,01/2, we can write the necessary and sufficient conditions for the 
optimality of the separating operators D; in the following form: 


(1 —o,) 8 =0, Wo; =hth;, i=1, ..., m, (2.2.2.23) 
which are simply conditions for the decomposition of the m-by-m 


projection matrix ¢&° =) 6], 6; = VDiV+. Theorem 2.2.2.2 in 


1=1 
this case assumes the form of 
Theorem 2.2.2.3 The optimal decomposition of the support ©° of the 
correlation matrix o defined by conditions (2.2.2.23) has the form 


69 = Athughat, i=1, ..., m, (2.2.2.24) 
where h = o¥2, 1 = (huvh)'/2, and wo = @ yu; is a diagonal matrix 
i=1 


defined by the conditions 
uo =. (hA-th) pw, 1 D> v(hA-th), (2.2.2.25) 


© — [u96;,] consisting of the positive operators vj: KH; > #; and 


or 9 = 1 (V op) if o is nonsingular (e°=1), where t:ar> >; 1.a1; 
i=1 


is the diagonalization operation [a;,]-—~[a@;,6;,] of the m-by-m 
matrices a = [a;,] consisting of operators aj;,: #, > #;. The quality 
7 optimal identification is determined by the trace in #™, or x° = 

faa Representation (2.2.2.24) can be obtained directly via the 
isomorphism V of spaces E°S$ and 2°%™. Here Al = V (LP )=2V *, 
an m-by-m matrix with elements (Net) -2; SK; > H#»,, is the inverse 
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of matrix 7 — VL°V+ with respect to e°: AAWt = 6° = A-1K. Matrix 
4 — VL°V* consisting of operator elements A;;,: K 1, +> &#; is directly 
expressible in terms of the square root h = Vo of the correlation 
matrix 


3 m 1/2 
r= (3 ninth; _ V hwh, (2.2.2.6) 


—s| 


while the conditions (2.2.2.15) for determining the operators ij, 
which in the signal representation have the form 


(1, —h;dtht)u9=0, 1; >>h,A-1ht, (2.22.27) 


represent the element-by-element notation for the conditions 
(2.2.2.25) imposed on the diagonal elements in #™. If o is non- 
singular (which means that / is nonsingular, too), we can rewrite 
Eq. (2.2.2.25) in the following simple form: 


uo =u (RAg#Rw) = t (RAR) == v(V 6p, (2.2.2.28) 


where we have allowed for the fact that t (a) w® = t (ay®) (because 


u° is diagonal) and that on® = (hAh~)?, in accordance with (2.2.2.26). 
The proof of Theorem 2.2.2.3 is complete. 

We note an important particular case when conditions (2.2.2.25) 
can be resolved explicitly. Let us assume that the diagonal part 
u(h) of matrix h = o'/? is commutative with h. Then conditions 
(2.2.2.25) are met at p® — (Vo), that is, at uw? = (h;;)2, i = 
1,..., m. Indeed, the diagonal matrix w° in this case is commutative 
with A and 


h=Vhpwh = V Ww = h Vp =he(h) =V ar (Vo). 


Moreover, hiA—2h = hi (h)-*, where u (h)~? is the diagonal that is 
the inverse of u (2), which always exists because the diagonal elements 
0;; = H,Hj of the correlation matrix o are nonsingular and, hence, 


so are the diagonal elements h;; of the matrix h = Yo on the spaces 
Ke ; = Hc. Thus, 


U (AAR) =v (he (h)-4) =u (h) v(h)-t = 1, 


and conditions (2.2.2.25) are satisfied. The optimal decision operators 
then assume the form 
6}=1,, DDI=VtHV,=ViV;, i=1, ..., m, (2.2.2.29) 


13—0105 
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where V = h-1H, while the quality of optimal separation is deter- 
mined by the total intensity: 

mM m 

wo = SY) Tr(h;;)2=- SY Troi"). (2.2.2.30) 

i=1 i=! 
The above-noted property of commutativity manifests itself, for 
one thing, in the case where all diagonal operators o;; coincide and 
are multiples of the identity element 1; -= 1 of space #’; = #. which 
is the same for all i = 1, ..., m. In view of the assumption that o;; 
is a trace class operator and, hence, uw? = (0;;)*, this is possible 
only for a finite-dimensional &@. In Section 2.2.2.5 we consider 
concrete equidiagonal families of ordinary amplitudes H; = (v; |, 
for which # = C. 


2.2:2.0 Separation of Cyclic Systems 


Let {;}f£, be a family (or set) of nonorthogonal wave 
amplitudes p; € 5 that describe sound or visual patterns with a 
correlation matrix o == [(p; | p;,)] whose square root, h = Yo, has 
the same diagonal elements h;; == a = hj, for all i, is = I. ., Mm. 
The optimal identification of the wave patterns {); , is described by 
the one-dimensional separating operators {Dp}p-, of the form 
(2.2.2.12), where yi = Vz, k=1, ..., m, is generally an over- 
complete system of polar decomposition, 

m m 
Y, = Xi Vi oni” os XR nis 
i= ix]! 
m 


m 
> |xt) (yal = XS ViV, = VV = BY, 
h=1 he] 
in the space €° induced by the set {p,}. Bearing in mind that n = 
a2 == (Tr h/m)?, we can represent the maximal intensity »°® = ma? 
of optimally separated amplitudes {yj} in the following invariant 
form: 
x9 = (Trh)?/m = (Tr o'/2)2/m. 
Let us consider the following example when the above-mentioned 


condition of the equidiagonality of matrix h = Yo is met. We will 
call the system {p;} of amplitudes of equal intensity ||; ||? = v 
equiangular if (p; | ~,) = vy for every i +k, that is, if the cosines 
of all mutual angles are equal to y. This is possible in the case when 
yo i/(1 — m), say, when ); = @) + 9;, where {q;}fio) is an 
orthogonal system of amplitudes with intensities || @, ||? = vy and 
lg; |-F =v (i — y) at t=4 0. Representing the respective correla- 
tion matrix o in the form 


o=v((1—y)1"™+reTx), c= (1,...,1)EC™,  (2.2.2.31) 
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and using the formula 


f(1" 4+ cata) =F (1) "+ —, 


(f (14+ tart) —f (1) ota 


to invert it and extract a square root, we can write out the optimal 
system {2} for y €] (4 — m)*, 1 [ explicitly: 


Xr = Vio» (oni V 1—(1+ myi(1—y)) )-1/2) z wiVir), 


i=1 


The intensity of the signals separated by this orthogonal system is 
x9 — v(m—(1—1/m) (VY 1—y-- my— V 1—y))? 


and admits the maximal value x° = mv in the event of orthogonality 
vy = (0 of the family {p;} and the value x° = w in the case of colin- 
earity of {1p, }. 

For one, when the i); = | @;) are canonical equiangular amplitudes 
a; defined by a (d + 1)-by-(d -+ 1) matrix of the scalar products of 
vectors a; € C?t! of the form aan — 6 for is~k, |; |? = A for 
alli = 1,...,m, the quantity y = exp {A (6 — 1)} does not vanish 
and the maximal intensity of optimal separation is always lower 
than mu even if the vectors {a;} are orthogonal (6 = QO) and tends 
to my only as 4 — o. Note that the maximal intensity of separation 
of canonical amplitudes is reached on simplex vectors «; € C¢*} 
defined by the condition 6 = (1 — m)7}; for one thing, at m = 2 the 
intensity of separation of a - of canonical amplitudes, 


wav (1—V1— 9) = 1 —V 1 — 286-9), 


can be attained at 6 = —1 by employing orthogonal vectors a;, 
while at 6 = 0 this can be done only by doubling A = | a; |?. 

Equiangular systems constitute a particular case of cyclic systems, 
which are defined by the condition that the correlation matrix 6;, 
remain invariant under translations s €Z: (i, k)-» (i+s, k +s), 
that is, at o;, = o (i — &). Such translation invariant systems as 
containing only a finite number m of distinct amplitudes must satisfy 
also the cyclicity condition o (4) =o(Z+s) for 2=i—k< 0. 
Since the matrix h = Yo, as any other matrix function of o, also 
depends solely on the difference in the indices, or h;, == h (i — k), 
the equidiagonality condition h;, = a= h (0) is certain to be 
met and the solution to the problem of separating any cyclic system 
can be written explicitly. 

Let us take the case of cyclic canonical amplitudes wp, = | @;) 
defined by complex numbers qa; € € whose real and imaginary parts 
can be interpreted as the mean frequency and duration of the wave 
packet | a;). There can be only two cases of the cyclicity of amplitudes 
13% 
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|a;) corresponding to the equidistant distribution of points a; 
along a circle or a straight line with the center at a = 0. 

(1) Optimal estimation of phase. Let a; = V re2riskim 7 — Vee, 
In this case we have a cyclic system 


O;, = exp {A (e- 27st -A)/m — J} = o (i— &). 


To extract the square root of matrix o, we must carry out a discrete 
Fourier transformation via a unitary matrix U;, = exp {2nijn/m}/ 
V m, n=0O0,...,m—41.A continuous analog of this problem, to 
which one can pass if m is sent to infinity, is the estimation of phase 
6 of the vector a7 = VAexp {2nj0} of the canonical amplitude 
eo = | ae) on the interval [0, 1]. Diagonalizing matrix 


O59 = (tte|e) = exp {2 (e~ 2752-© —1)} 


via a discrete-continuous Fourier transformation u,, = exp {2njzrn}, 
n€Z, we obtain its eigenvalues 


A, = Me-/n!, n=O, 1, ...,4,—0, n< 0. 
The optimal system of decision vectors yx, « € 10, 1], has the form 
i= Deen |n), where |n) = —— (A*)"|0) 
n=0 ‘ni 


with A* the creation operator ins# = £2(R). It can easily be verified 
that the system y,; defines the decomposition of unity, 


1 00 : i 
T= | lx) (el de= 2 [n)(m| [ ee—— da = J |n) (mI, 
0 n,m=0 0 n==(0) 


but is not orthogonal. 

(2) Optimal estimation of amplitude. Let us take a; = iAe?, 
where i€Z, A> O, and j = VY —1. In this case the cyclicity con- 
dition is satisfied: 


O;, = exp { — A? (i —k)2/2} =0 (i —h). 


The matrix o = lo;,] is diagonalized by the discrete-continuous 
Fourier transformation U;, = exp {2njik}, 1 €[0, 1]. For A<1 
the problem of optimal separation of the respective coherent ampli- 
tudes is reduced to the problem of optimal estimation of the real 
parameter x € R of the coherent amplitude wp, = | xe/*). This estima- 
tion is realized by measuring the intensity in the proper representa- 
tion of the self-adjoint operator Re Ae~/® in space H = £2(R). 
At 8 = O this is the frequency representation, while at 8 = n/2 it 
is the temporal representation. 
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2iLeo Optimal Testing and Discrimination 
of Mixed Wave Hypotheses 


In this section we will take up the problem of testing wave hypo- 
theses based on measuring the appropriate intensity distributions. We will derive 
the necessary and sufficient conditions for optimal testing of such hypotheses 
by the minimum criterion of parasitic contrast at a fixed level of the received 
signal by employing a method of linear programming in partially ordered 
Banach operator spaces. In a specific case these conditions formally coincide 
with conditions obtained earlier in [2.15] on the optimality of quantum measure- 
ments by the minimum criterion for the error probability. A genera] geometric 
solution will be given for the case of a two-dimensional space, which is suffi- 
cient for describing the recognition of the polarization of a plane wave. This 
solution is similar to solution of the problem of measuring quantum mechan- 
ical spin [2.4]. 


22.304 Wave Hypotheses 


The problem of recognizing sound and visual patterns 
based on measurements of the intensity of the received audio or opti- 
cal wave can be formulated within the framework of the wave theory 
of hypothesis testing discussed below. 

Let H;, i= 1, ..., m, be bounded operators from the Hilbert 
space <# to another Hilbert space &% describing the possible general- 
ized random amplitudes at the “in” terminals of the receiver with 
density operators S; = H:H,; with a trace Tr S; < oo. The reader 
will recall that at # = C the operators H,; correspond to ordinary 
amplitudes p; € #, i = 0, ...,m, which define the bounded func- 
tionals H; = (vp; |: ¥ € HB -— (vp; | x). Each operator H;,i = 0,..., 
m, can be thought of as a hypothesis, according to which at th 
“in” terminals of the receiver there is one of the possible simple or 
mixed patterns G;, i= 1, ..., m, in a partially coherent super- 
position H; = G; + Hy, with an acoustic or optical background 
described by operator H, in the absence of wave patterns G;. The 


problem of m-alternative detection of wave patterns G;, i= 1,..., 
m, may, therefore, be considered as a problem of testing m + 1 
hypotheses H;, i= U0, ..., m, and vice versa. 

The optimal testing of the hypotheses H;, i = 0, ..., m, is deter- 
mined by the solution to the problem of finding a quasiselective 
measurement D = {D;}7_,) that maximizes the quality functional 

m 7 


“x (fA, D) = >) (R;, D;), Di > 9, > D,;=E, 
0 i=0 


i 


where fR = {R;}7-9 are trace class operators with a support EZ: 
R,E = R; for all i = 0, ..., m, operators that are usually repre- 
™m 


k= 0 
S; = H{H;. For instance, in the problem of m-alternative optimal 
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detection by the maximum criterion for the total degree of contrast 

(2.2.2.7), the operators R; are in effect the degrees of contrast Ry = 

0,R; = 8S; —S, =C;,i=1,...,m, and the admissible operators 

{D;}%) are determined by the decision operators D, = EF — D, 
m 

D;,i=1,...,m, where D = > D,;. For the problem of discrimi- 
i=1 

nating between the hypotheses H; we can consider more general cri- 

teria defined, say, by the operators 


m 


R,= > 


Secsomss 


Gis R,=(1+4,)C;, i, > 0, i=, ee 09 mM, (2.2.92) 


that appear in the problem of suppressing parasitic degrees of con- 
trast (C;, D,) for isk: 


daca i =p i, XD,» | Cir D,) > en ¥ Di <E} 


i=1 
(2222932) 
under the condition that the useful degrees of contrast (C;, D;), 
i == 1, ..., m, are not lower than given levels e;. Indeed, if we 
solve the extremal problem 
x9(R) = sup {> (R;. D;) v D, = Bt 
D, 220 i= ( el 
— sup 2 ((C;, Dj) (1 +A)) 
D,>0 \i=1 
+(C;, E—D))\> D, <E| (2.2.3.3) 
i=1 


for the operators R; = Rj defined in (2.2.3.1), we can write the 
solution to the problem (2.2.3.2) in the form 


tT? (C) = >: (C;, E)+ sup 1D Ni€; — x9 (R)| 


i=l A; =) 


= sup inf {> ACo > Pr) 


4,270 D; 20 


44: (e—(C, Dy))|S 


D, < El, (2.2.3.4) 


=; 


provided that we employ Lagrange’s method of multipliers Aj, 
eM ee, We 
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Let us start with the classical variant 


um (A) = , pa (R;, M (A;)) a A; = x| 
=> wi (AY) pone 


of the problem (2.2.3.3) of optimal testing of hypotheses H in a fixed 
measurement described by the decomposition H = \ M (dz) of an 


orthoprojector £, R;kE = R;, on a Borel space X. This may be the 
coordinate selective measurement M (dz) = I (dz), X = Q, or 2 


the momentum quasiselective measurement M (dx) = Tr (dz), X = 


R2+! or the canonical quasimeasurement M (dz) = | z) (# | dz, 
X = C¢+!, described in Section 2.1.2. The upper bound (2.2.3.5) 


: as . | 
in measurable partitions X = >) A; reaches the gauge 
i=0 


(u) == inf {2 (X)|% D> uj, i= 0, ..., m} = py (X) (2.2.3.6) 


of the family w = {u;}f2o of measures uw; (A) = (C;, M (A)), where 
the infimum is taken over all the measures of finite variation 
| A | (X) < oo that majorize all yj. 

Indeed, x}4,(C) < x; (uw), since for every measurable partition 


Q=— >») A; <X, obviously, 


1=(0) 


Swi (Ai) < NAA) = 2) < A(X). 


The lower bound (2.2.3.6) is attained at the upper bound py = 
m™m 
\V wu; of the family of; measures {u;}j—0: Py > {u;}i=o, ADeu; > AS 
i=0 
Uy, and is equal to the supremum (2.2.2.5) reached on the 


partitions Q = >!) A$’ of the support Q =X of measure Uy into 


a 


i=0 
regions Aj. on which it coincides with the respective measure u,;: 
By (At) = max py (AY) = ws (Ad). (2.2.3.7) 


In view’of the last relationship, determining a hypothesis A; for 
a given measurement /V is reduced to searching for the number of 
the nonempty region A? on which the measured degree of contrast 
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reaches the envelope py (Aj) of the family {u;}. However, this 
method does not enable us to find the wave patterns for which 


u (Af) < py (Aj) for all i =O, ..., m. 


2. 2edi2 Optimal Testing 


To obtain a satisfactory solution to the problem of wave 
pattern recognition one must look for the supremum (2.2.3.5) not 
only over the measurement regions A; but also over the various 
methods of such a measurement, which are described by the resolving 
operators D; = M (A;). Thus, there emerges a nonclassical extremal 
problem (2.2.3.3), which may be considered as part of the conditional 
problem (2.2.3.2) of testing the hypotheses H; in the degrees oi 
contrast (C;, D;), which are compared with given levels ¢;, i = 
1, ..., m. The necessary and sufficient conditions for solving this 
problem are formulated in the following 

Theorem 2.2.3.1. The upper bound (2.2.3.3) is attained on operators 


Dj, i=O0,..., m, if and only if there is a trace class operator L° > 
R,; i=0O,..., m, such that 
(L9°—R,) Di=O0, i=O0, ..., m. (2.2.3.8) 
The operator L® is then the solution to the duality problem 
(R)ys=inf (LZ, E)|L SR, i= 0, ..., m} (2.2.3.9) 
L 
for which conditions (2.2.3.8) are also necessary and sufficient for 


D} > 0, >, D? = EF, and »x° (R) = (RAR). Solution L* to this 


1=0 

problem for operators R; = R*, i-- 0, ..., m, of the form (2.2.3.1) 
represents the solution to the conditionally extremal problem (2.2.3.2) 
in the form 

19(C)= S) ((C;, £) +Aje:) —(L*, B), (2.2.3.10) 

i=l 

and the parameters N == V0 can be found from 
iti Co. Toya, el 0n Day, 24, x... M, (2.2.3.1) 


where Di are the optimal decision operators at R; = R¥. 

Proof. The suificiency of the optimality conditions (2.2.3.8) for 
(2.2.3.7) and (2.2.3.9) can be verified directly by employing the 
property of monotonicity of a trace, LOAR;=> Tr(LD;)> 
Tr (R;D;), for D; > 0. Allowing for the equality L°E = » R,D;%, 

i=() 
which is obtained via summation of (2.2.3.8) over i = 0, ..., m, 
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for every family {D;}f9 admissible in (2.2.3.7) we have 


yy hy DiS y Tr(R,D;) <>) Tr(L°D;) 
i=—0 41==0 1=0 


= Tr (L°E) = & (Ri. Di). 
In a similar manner for every operator L admissible in (2.2.3.9) 
we have 


(L, Ey=Tr(LE)= ». Tr(LD}) > >¥ RiDi= (Lb, B). 
The necessity of the optimality conditions oT oo follows from 
Lagrange’s duality principle 


= sup int |S (R;, Dj) -+ KL i=. D, | 
i=0 i= 


D,20 L 


sup +>) (Ri, Di)| » 


D, 20 2 0 


= inf sup > (R;—L, DY+, E)| 


EL D,20 


ee od Ble SS Rete, any, Ths 


according to which >) (R;, D;)=»°(R)=(R)=(L°, E£) 

and 

S Tr|(L°—R,) D}]--'Tr(L°E)—S »; <R;, DY. 

i=! =o 

The necessary and sufficient condition for this sum of traces of 
products of positive operators to vanish is, obviously, Eq. (2.2.3.8). 

Employment of the duality principle in the conditional problem 
(2.2.3.2) reduces this problem by the elementary Lagrange method 
to problem (2.2.3.4), for which the necessity and sufficiency of con- 
ditions (2.2.3.11) can be verified directly. The proof of the theorem 
is complete. 

Note that the above proof remains unchanged in the case of an 
infinite number of hypotheses, m -= oo. From this meory rOHOWS, 
for one thing, Theorem 2.2.2.1 if we put R, =U, R; =C;, i = 
1, ..., m, and L = B. The existence of a sities ‘to problem 
(2. 5 7) and the uniqueness on the subspace 6 — E2% of the solution 
to problem (2.2.3.9) can be obtained from the meee in Section 2.2.2.2 
of these assertions for problems (2.2.2.7) and (2.2.2.9) to which 
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(2.2.3.7) and (2.2.3.9) are reduced by the substitutions C; = R; — Ro 
and B= L— R,. 

In the case of positive R,’s the problem of testing the hypotheses 
H;, i =0O,..., m, can be solved as a problem of separating m -- 1 
signals H; = Ri” by applying Theorems 2.2.2.2 and 2.2.2.3. For 
nonpositive R,;’s it has also proved expedient to go over to the signal 


mM 
space M™+1 -- OF, HW, — H,HK,i-0,..., m, via a partially 
i~0 
isometric operator V: 4 > #H™* of polar decomposition H = o'/2V, 
o = HH* for the operator H: » € % —1|H;ql1,;Z,. As a result, the 
optimality conditions for the decision operators Dj; can be written 
in the form of conditions imposed on the decomposition ¢ = 


>) 6, 5 =VDV*', of the support e°—VV* of the signal correlation 
i=0 


matrix O;,=H;Hi, Ll, k=O, seg TIES 


3 ‘ m 
(A—o;) 6§=0, A> 0; = » hicihp, i=(Q, ..., mM. 
h=0 


Here A=VL°V+, h, —1;h, h=Vo. and c is the quality matrix, 
l Z 8 « 


m 
; ee = h : 
which defines the operators R; = » Hic;H, and which, for a 
k=0 
fixed m, it has proved expedient to consider as being a diagonal oper- 


mM 
hy | . 
ator c; = @® c;1, in space #™*! because then the signal matrices 


=() 
0; = VR;V* can be represented in the form 0; = he;h. 

Even if the amplitudes H; are ordinary, that is, H; = (p; |, and 
hence the correlation matrix is a number matrix 6;, = (\; | Wx), 
it is difficult to write conditions of optimality explicitly for m >1 
for a nonsingular matrix o. Below we will study this problem for 
the case where the rank of matrix is equal to 2 and, hence, all the 
operators R;, L, and D; can be represented by 2-by-2 matrices in 
space 6’ = C?. 


2.2.3.0 Two-dimensional Recognition 


To the operators {R;} in the optimization problem 
(2.2.3.8) we assign Hermitian matrices that can be considered non- 
negative without loss of generality. Any 2-by-2 matrix can be decom- 
posed in Pauli matrices, which are 


F 7 Co “0 77 1 0 
=1o4]7 9 ot oy =|, a) =| 9 am 

v+Z x£—] 
n—| + iy 


x+y P| = Wt x0 yoy +200 V+ j=v —t1, 
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— v, z, y, and z are real if matrix A is Hermitian, and r = 
LO, + yO, + 20, is a vector operator represented by vector r 


(x, y, 2) of three-dimensional real space R®, The product. of r and S, 


with r € R? and s € R3, is equal to rs = r-s +j(r x s), where r-s 
and r x s are the scalar and vector ainlaita of r and s. Note that 
Tr R = 2v and Det R = vw — |r? (with [r] = V r-r), and that 
the nonnegativity condition R OU assumes the form v > |r |. 
Obviously, rank R = 2 forv > |r|, rank R=1 atv =|r|+<0O, 
and rank R=O at v =) 


The operators Ri; —(v;--r, \/2, t=O, ..., m, where |v;| > |r;| 
and = v,;=1, can be interpreted as density operators related to 


7=U 
the tested wave hypotheses with a priori intensities v; = Tr AR; and 
represented by vectors r; € R°, which are known as polarization 
vectors. A similar problem arises when we must identify the photon 
polarization or the electron spin [2.4]. Let us assume that polariz- 
ations {r;} satisfy the inequalities 


|r, = = | Vp a NS (2.2.3.12) 


for all A = i; in the opposite case. that is, |v, — v; | |r, —r; |, 
the Ath hypothesis dominates the ith hypothesis or vice versa: 
R, > KR; or R, = R; or R, < R;, and one of the hypotheses (with 
the smaller v) can be ignored. 

The decision operators D; in the Pauli representation D; = 6; + 


d; are described by nonnegative numbers 6; > 0 and vectors d; € R° 


m 

(| d; |< 6;), with the decomposition of unity = D; = 1 assuming 
i= 0 

the form 


m 


2d bi 4, ay d, == 0. 


I=0) 
The solution of the problem of optimal recognition of polarizations 
r; with intensities v; can be reduced to linding a real number A and 
a vector 1° € R® that defines the operator L° — (A +1)/2 that satisfies 


conditions (2.2.3.8) fora collection of D? = 6° + 1°, 7 | me 72 

Theorem 2.2.3.2 The solution to the problem of optimal recognition 
of polarizations {r;} satisfying together with {v;} condition (2.2.3. a 
can be — if and only if there is a collection of numbers uv} > 0, i = 
Q, ..., m, such that 


mm 


> (r; —T,) Pr 


k=(0 


nV 


=r >; (V; —V,) WR cel, t=O, ..., m, (2.2.3.13) 
=0 
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where the equality takes place at least for those i’s for which wi ~ 0. 


The optimal decision operators have the form 6} = | dj |, dj = 
ui (r; — 12), where 

Jo — > ur |S, u’, (2.2.3.14) 
and the maximal ustead intensity is 

n= (1+) piv.) /> ud = 2. (2.2.3.15) 

i=0 i=0 
Proof. In terms of ih, 1°, v;, and r;, the first optimality condition 

(2.2.3.8), L° — R; >0, has the form 

A> |r, —I | + v;. (2.2.3.16) 


The equation (L° — R;) D} =O can be written in another form 

if we nullify the scalar and real vector parts of the product (A +V;— 
ri) (689 + di): 

banat alee denice cheat (2.2.3.17) 


The imaginary vector equation j (2 — r;) x d? =0, j = VY —1, 
follows from the real vector equation in (2.2.3.17), according to 
which either d} is collinear with r; — 1° for every 6§ > | d°] or 


d? = 0. Since 1 — v; € 0, Eqs. (2.2.3.17) are equivalent to 
dj = 63 (r; —1°)/(A— v;), niin |r; —19|)* 63 =0, (2.2.3.18) 


in the opposite case (A == y; for a certain i in (2.2.3.16)) for i =k 
we obtain 1° = r;, with the result that inequalities (2.2.3.18) and 
(2.2.3.12) become incompatible. The optimal decision vector can be 


written in the form (2.2.3.14), where uj = Sei(A — v;) is nonnegative 


in accordance with the inequalities 6 > 0, > v;, and (2.2.35.16), 


while I° is determined by the set {u}} in an with the fact that 
m 


pay d;=0. The second cquation in (2.2.3.18) implies that inequal- 


ities (2.2.3.16) become amplitudes for the values of i for which 


™m 


69 = u;(A—v;) 40. Multiplying (2.2.3.16) by >) uw? and finding 
i=0 


X from the condition that > 67 == 1 for oj = pw) (A— v;) = w]e; — 1°] = 
i=0 


| do}: = 145 wv; ba 3, we get condition (2.2.3.13) for 
=a oa 
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determining {u?}. Since Tr L°® = i, the maximal intensiy of (2.2.3.9) 
is equal to (2.2.3.15). The proof of the theorem is complete. 

Note that the equalities in (2.2.3.13) must be true for at least 
two indices i and k, since there is no such set {p;}, p; ~ 9, for only 
one subscript i that satisfies the ith inequality. For every pair r; 
and r, for which (2.2.3.12) is valid there is a unique solution of the 
ith and kth equalities in (2.2.3.13) with uw; = 0 for all j 4i, &, 
Lj _ 0, Up > QO: 


UL; = ({ rp — V; | +- Ve — vi), Llp, = (| r,;—', | 47 Vi — Va), 


but such a set {u;} may not satisfy the other inequalities in (2.2.3.13) 
for j “i, k. If there exists a pair r;, r, for which all the inequalities 
in (2.2.3.13) are valid at u; 4 0 only when j = i, /, then the optimal 
decision vectors d? are zero for j “i, k (see (2.2.3.14)) and 


dj = (r; — r,)/2 |r; —r, |, dr = (th — r,)/2 |r, —Y; |. 


Here the optimal decision operators D§ == | dj | — d} are orthogonal 
and correspond to an error intensity x° = (v; + v,)/2 4+ |r; — rz, | 2. 
In the case where the optimal operators D} are nonzero for more 
than two i’s, they define a nonorthogonal decomposition of unity 
in the two-dimensional space 6 = C*. We will not try to find a gener- 
al analytical solution to the system of equation (2.2.3.13) with 
us; = O for more than two i’s; rather, we will give a geometric inter- 
pretation of such a solution. 


2.2.3.4 Geometric Interpretation 


Let us represent the Hermitian operators (2.2.3.10) by 
points r = (v, z, y, 2) = (v, r) in the four-dimensional Minkowski 
space K'+®, To every nonnegative operator there corresponds a point 
inside the light cone v = |r |. In these terms a priori neither the 


Ath nor the ith hypothesis is dominant at R; == (v; + r;) (2 and 
R, = (v_, + 4,)/2 if and only if the interval r; — r, = (v; — vp, 
r; —r,) is spacelike. In accordance with (2.2.3.16), point 1° = 
(7, 1°), which represents the operator L° = (A® -- 1°), is the apex 
cf the four-dimensional cone 


é (1) ={r =(v, rv): v—A+ |r— IP} = 0} (2.2.3.19) 
covering all the points r; = (v;, r;) and containing the subset 
t"jg} © tri} of the boundary points r;, satisfying (2.2.3.16). On the 


other hand, the optimal points J are only those whose projections | 
belong to the convex hull of the boundary subset of the spatial 
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projections rj,, @=0, ..., 8 sqm: 
s s 
SY) %5,.%, =), >) YG, =1, 2.3.20) 
a=0 a=0 


where, in accordance with (2.2.3.14), 13, = ui, | py Pi, > O(u,;=0 
: ore 


if r; is covered by cone (2.2.3.19): v;+ |r; —1]| <A). We will say 
that the subset {7;_} has an apexifthe points r, lie on the cone: 
r;, © €(l) with an apex / whose spatial projection |] is a point 
on the convex hull {r;,}. In these terms Theorem 2.2.3.2 


can be formulated as follows: 

Theorem 2.2.3.3 To solve the problem of optimal recognition of 
points r; = (vj, %;), i = 0, ..., m, separated by spacelike intervals 
(2.2.3.12), it is necessary and sufficient to find a subset {rj} with an 
apex 1° belonging to a cone that covers all other points of set {r;}, that 
is, to specify a subset of vectorsr;, C {r;},% = 0,..., s whose convex 


hull contains vector 1° with respect to which the sum |r;, —V" | + vj, 
is the constant i: 

Iti, — Pl 4+u, a4, «=90, ..., 8, (2.2.3.21) 
while |r; —I®?|—+—v,< A for all other indices i & tj, }. The optimal 
decision operators are represented by points on the cone dj = (6%, d}), 


6$ = | d? |, with spatial vectors 


nd 


d= ai (x; —1)/S) a,x, (2.2.3.22) 
1= 0) 
where ni=0 fori G {jg}, and {n;,, a=0, ..., s} is any nonnega- 


tive solution to the system of equations (2.2.3.2U0). The minimal intensity 
in this case is 
= Di (v; + jr; —I1°|) 7;. (2.2.3.23) 
— 

Note that every pair of points r;, r, separated by a spacelike 
interval defines, via two equations from (2.2.3.21), j, = i, k, a set 
of points 1 € R'*3 whose difference of distances to the points r; and 
r, 1s constant: 


| 1° == Tj; | == | ]° ame | = VS Vs (2.2.3.24) 


These points lie on one of the two sheets of the hyperboloid of revol- 
ution with foci at r; and r, and eccentricity ¢« = |r; — ry, |/ 
|v; — v, | >1. Here, if v; = v;, the hyperboloid (2.2.3.24) becomes 
a plane normal to the segment r;n; + 1,0, (n >O, n; + nn, = 1) 
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at point (r; ~- r,)/2, while if v; ~ v,, we select the sheet in whose 
plane lies the focus with the higher intensity, v; or Vz. Obviously, 
if the subset {rj }has an apex /, the spatial projection | is the com- 


mon point of all the hyperboloids (2.2.3.24) corresponding to all 
the pairs of the set {r;, } that belong to the convex hull {r;,}. We will 
call this point | the center of {r;,}. The uniqueness of operator L® 
implies that the apex of set {rj} representing L° is unique, which 
means that the center of {r;,} is unique, too. It can easily be shown 
that for every vector 1 of the convex hull {r;,} the system of linear 
equations (2.2.3.20) has a unique solution {1}, } if and only if vectors 
ri — Tj a= 1, ..., s, are linearly independent. 


a 


2.2.3.0 Simplex Solutions 


The reader will recall that a convex hull of a set ir; 3 
of points rp = O, 1, 2, 3, is called an s-simplex (a segment if 
s = 1, a triangle if s = 2, a tetrahedron if s = 3, and so on) if the 
vectors Tj,, Tj,, & = 1, ..., s, are linearly independent. It is well- 
known that each s-dimensional face (an s-face) of an n-simplex 
(n >s) is a simplex, too. We will call a subset that generates a 
simplex convex hull a simplex subset. 

Theorem 2.2.3.4 The problem of optimal recognition of polariz- 
ations {r;,i =0,..., m} always has a solution that can be described 
by the simplex set {di a=0,...,s},s<m, of the nonzero vectors 
(2.2.3.22) corresponding to the simplex subset {yj } & tr; } with a cen- 
ter at 1° and a maximal sum 

Vj, +18, — l= max {v; + |r; —1°|}. 

(=e cea 
This solution is unique if and only if the s-simplex generated by subset 
(rj, } is an s-face of the convex hull of all vectors r;,,..., ¥;,, with a 
common center 1}, 

Proof. By Theorem 2.2.3.3, the solution to the problem considered 
here is reduced to finding the cone (2.2.3.19) that covers all points 
{r;} and has an apex 1° with a projection lying inside the convex 
hull of projections iT; 3 of the tangency points ria Obviously, there 
is always such a cone. Let n < m be the number of tangency points 
rj e= O,..., m. If the subset {Ty 0, ay SS SM, 18 8 
simplex set, the validity of Theorem 2.2.3.4 is obvious. If this 
subset is not a simplex, then the convex hull ir) can be partitioned 


into several simplexes with a common vertex r; via diagonal planes 
a ee rj.) OF diagonal lines (rj, rj,) when all the vectors r;_ 
are coplanar. Hence, the center 1° is an intericr point of one of the 
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s-simplexes (s << n < m) with apexes rj & = O, ..., 8, which are 


the projections of the tangency points and habia the unique 
positive solution {nj} of system (2.2.3.20). The set (qd; } of nonzero 


vectors (2.2.3.22) is a simplex set if and only if the set {rj } is a 


simplex and determines the optimal solution with maximal quality 
(2.2.3.21) and minimal error intensity (2.2.3.23). When center I” 
is an interior point of a nonsimplex convex hull of the projections 
of tangency points, the optimal simplex solution is not unique (the 
partition into simplexes is not unique) and there are also optimal 
nonsimplex solutions. But if point 1° is a boundary point of the 
convex hull, that is, an interior point of an s-face, the optimal solu- 
tion is unique if the face is an s-simplex. 

Corollary To solve the problem of optimal testing of several hypoth- 
eses in the two-dimensional space € = C*, it is sufficient to limit 
oneself tos + 1<4 solutions jy, ..., j, corresponding to a simplex 
subset of hypotheses Tjgy + + +> Ty, Each such solution procedure can be 


realized in an indirect measurement described by an orthogonal decom- 
position in the observation space % = C? ® C?. 

Indeed, in the three-dimensional space R*® there is not a single 
simplex subset Digit oe a for s >3 and, therefore, for every m 


there always exists an optimal decomposition in the two-dimensional 
space € consisting of s -+ 1<4 nonzero decision operators Dj = 


65, ot d; of rank 1. [t is well known that.each nonorthogonal de- 
composition of unity in operators Dj,, ..., Dj, of rank 1 can be 
extended to an orthogonal decomposition in an (s -+ 1)-dimensional 
space € C 3. Hence, we can limit ourselves to the four-dimensional 
measurement space +4, whichcan always be represented as the tensor 
product of two-dimensional spaces 6: = € @ €&, corresponding 
to the composition of two identical systems. 

Note that the optimal solution may be degenerate (in the sense 
that a hypothesis r; may correspond to D,; = QO) even if the set 
Dis 4 03 Pee 1S a simplex set (m < 3), for example, at m = 2, vo = 
Vy = Vo, if the vectors ro, r, a r, form an obtuse triangle. 

In conclusion of this section we will consider two particular cases. 

(1) Optimal recognition of pure polarization. Here the polarizations 
are normalized to a priori intensities: |r; | — v;, with the represent- 
ative points r; = (v;, r;) belonging to the cone v = |r |. Expression 
(2.2.3.21), which determines the subset of points r;, of tangency of 
this cone and the covering cone (2.2.3.19), has the form 


rj, — I] + [ry | =A. (2.2.3.25) 
In relation to r;,_ this is the equation of an ellipsoid of revolution 


with foci at O and I® and eccentricity e = | 1° /0 << 1. In accordance 
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with (2.2.3.16), all the other points r; ¢ {rj;,} must lie inside the 
ellipsoid. Hence, the problem of optimal recognition of pure polariz- 
ation is reduced to finding the ellipsoid described about points {r;} 
with foci at O and 1°, where 1° is an interior point of the convex hull 
of the points of tangency {r,, }. The quality x° of the optimal solution 


is equal to the length of the major axis of the ellipsoid, A. 

(2) Optimal recognition of equi-intensity polarizations. The a priori 
intensities v; = vy), i = 1, ..., m, and the corresponding points 
are points of the hyperplane v = vy. The density operators A; = 
(v -- r;)/2, all having the same trace vy, are represented by normaliz- 
ed vectors, |r; | < vo. The intersection of the covering cone (2.2.3.19) 
and the hyperplane v = v, is a sphere |r — 1° | =o of radius 


= ha v,. Hence, the problem of optimal recognition of equiprob- 
able polarizations is reduced to finding a sphere described about all 
points r;: | r — 1° |< 0 with radius 0 and centered at 1°, the center 
belonging to the convex hull of the tangency points r;,: | rj, — DP |= 


@. Theradiusp = ‘on v, determines the maximal intensity (2.2.3.15): 
x =p+v, = h (2.2.3.26) 


(0 <v, since |r; |< v, for all i’s). The minimum of intensity 
(2.2.3.26) is obtained at p = vy: x° = 2v,. This corresponds to the 
typical equiprobable case | r; | = 1, when there is at least one sim- 
plex subset {r;,} for which the center 1° = 0 is an interior point 


of the simplex. 


2 Effective Measurement 
and Estimation of Parameters of Acoustic 
Signals and Optical Fields 


In this section we develop the noncommutative theory 
of effective measurements and optimal estimation of unknown param- 
eters of wave patterns as applied to problems of sound and visual 
pattern recognition. We consider two variants of the lower bounds 
for the variance of the measured parameters, the variants being 
based on noncommutative generalizations [2.14, 2.31, 2.49] of the 
Rao-Cramér inequality [2.50], and introduce the notion of canonical 
states, for which we derive generalized uncertainty relations similar 
to the quantum mechanical uncertainty relations [2.11, 2.42, 2.31]. 
We then establish the necessary and sufficient conditions for effective 
measurements, conditions that extend the conditions of effectiveness 
of quantum mechanical measurements obtained in [2.31] to the case 
of classical wave signals and fields. We formulate the necessary and 
sufficient conditions for the optimality of generalized measurements 
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of wave patterns, conditions that generalize the respective conditions 
substantiated for quantum systems in [2.32]. Finally, we investigate 
the structure of optimal covariant measurements for symmetric 
wave patterns, which in the case of quantum symmetric fields has 
been studied in [2.12, 2.29]. The exposition is based largely on the 
works of Belavkin [2.29-2.31]. 


ys Fa | Invariant Bounds for the Variance of Parameters 
of Wave Patterns 


We will consider two variants of the lower bound for the variance 
of parameters of wave patterns, both based on noncommutative generalizations 
[2.14, 2.31, 2.49] of the Rao-Cramér inequality. In contrast to [2.14, 2.49], these 
bounds are represented in a form invariant under diffeomorphisms, the form 
will be used to obtain generalized uncertainty relations and effective measure- 
ments of canonical parameters. 


2.3.1.1 Classical Bound 


In Section 2.2 we considered the problem of recognizing 
pure or mixed wave patterns taken from a given finite or denumer- 
able standard family. Generally, sound and visual patterns may 
contain unknown parameters that run through an infinite set of 
continuous values 6 € © of finite or denumerable dimensionality. 
For example, we may not know the mean frequency and the moment 
when the sound signal appears or the mean position and the wave 
number of the visual pattern, or we may a priori have no information 
on the expected amplitudes of the oscillations in the given finite or 
denumerable family of standard modes. 

It is natural to estimate the unknown parameters by the intensity 
distributions in the representations in which the wave packets with 
distinct values of 6 are clearly separated; for example, the frequency 
and position can be calculated as the mean values on the coordinate 
representation, while the mean time of arrival of a signal and the 
wave number of a wave packet can be calculated in the momentum 
representation (but not vice versa). 

We will call a family of wave packets described in a Hilbert space 
Hf by amplitudes {pp} resolvable in a representation defined by the 


decomposition of unity I = | (dz) on a given Borel space X if 


there exists a measurable map 0: X — © satisfying the condition 
\ Q(x) We (da) = 0 | ue (dz) VOE®, (2.3.1.4) 


where Ug (dx) = (tbo | M (dx) he) is the respective intensity distrib- 
ution on X. Thus, the resolvability of the family {eg} means that 
it is possible to calculate the unknown @ € © in a given representation 
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given the observed distribution of the wp as the mean values of a 


function 6 (z) known as the unbiased estimator of parameters 0. 
It is natural to define the quality of the resolvability of family 


{te} by the size of the variance of the unbiased estimator 0, assum- 
ing that the quality for a given 0 is all the higher the smaller the 
standard deviation from 8 in the distribution induced on © by the 
measure Up of the wave packet wg. To find the lower bound for this 
variance, we can use the classical Rao-Cramér inequality [2.50] 
if the measure Ug possesses the appropriate dilferentiability prop- 
erties in 8. For the sake of simplicity we take the case of one param- 
eter 80 € Kt. If we assume that there exists a second moment for the 


logarithmic derivative 6 = 0 In tp/d0, which is the Radon-Niko- 
dym derivative of measure ug = Oue/08, or 


up (dx) ye (x) = Aue (dzx)/00, (2.3.4.2) 
we can easily obtain the inequality 
) © (x) — 8)? Ho (dx) | (yo (x) — 0)? Ho (dx) > JB, (2.3.1.3) 


where Jp = \ Ue (dx) is the total intensity of the wave packet wo, 


and yg is the mean value of Ve: 
Toro = | vo (x) wo (dx) = Jo=2 Re (tho] Ye). 


Inequality (2.3.1.3), which implies the inverse proportionality of 
the standard deviations og > 1/0. or variances 


0% = | (8 (2) 6) po (dz)/Jo, 0% = | (Yo (x) — 0)? po (da)/Jo 

(2.3.1.4) 
follows in an obvious manner from the Schwarz inequality if we 
allow for the fact that the right-hand side can be represented, in 
accordance with (2.3.1.1), in the form of the square of the scalar 
product 


Jo= | 6 (x) wo (dx) — OJ = | (0 (2) —6) (yo (x) — Yo) bo (22). 


In a more general situation, where the estimated parameters 0 = 
[6*]7_, are differentiable functions 6 (a) of unknown parameters a — 
la? ]f—1 of the density operators of mixed wave patterns S (%), we 
can easily obtain a matrix Rao-Cramér inequality that is invariant 
with respect to the choice of the state parameters: 


R> Do" D" , (2.3.4.5) 


14% 
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where D = | 007/da* | is the Jacobian of the a ++9 transformation, 
n= On « is the covariance matrix 


Ri (cx) | (6 (x) — 6" (a)) (8 (2) —0* ()) (a, da) 
(2.3.1.6) 


of unbiased estimators 6: (x) with respect to w(a, dz) = 
Tr S (a) M (dz), 


\ Gi (x) u(a, dx) =-0' (a) J (a). J (a)=TrS (a), (2.3.4.7) 


and o.« is asimilar covariance matrix for the logarithmic derivatives 


A 


vy, = Olnu (a)/Oa®, k =1,..., n. We will derive the inequality 
for the general noncommutative case. 


2.9.1.2 Symmetric Bound 


The lower bound of inequality (2.3.1.5) depends, natur- 
ally, on the choice of the representation determined by the method 
of measurement. By using the noncommutative analog of the loga- 
rithmic derivative introduced by Helstrom, we can obtain a more 
exact bound for the variances of the unbiased estimators that does 
not depend on the choice of representation. 

If we assume that the family {So} of the trace class density oper- 
ators is strongly differentiable in 6 in a certain region 0, we can 
define a symmetric logarithmic derivative by the following equation: 


goSo e Sogo = 289. (2.3.1.8) 


It is easy to show (see [2.13]) that if | Tr (Sox) -<ecTr (Sx?) 
for every Hermitian operator x, the solution to this equation exists 
and is unique, with Tr (S9g§) < oo. 

Let us consider the operator 


z= | 6(z) M (dz), Tr (Sox) = OJ», 


e 


determined by the unbiased estimator 0 for a fixed measurement V/. 
Since 


| (8 (x) —0)? us (dz) = Tr (So i (6 (z)—0)°M (dz), 


Tr (So \ (6(z)— x) M (dz) (0 (x)—2) + (x—0)) > Tr [So (e—6)"1, 


it is sufficient to find the lower bound of the variance o% of operator zx. 
x 
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By analogy with the commutative case we have 
Jo = Tr (x86 — OJ) = Tr [(x— 9) Se] = ~ Tr [(« —8) (geSo + Sogo) 


— = Tr [So ((t — 9) (ge— ve) + (go— ve) (x— 8))] 
r— 


| @| 0 —Y0)+- 


Thus, the total intensity J» is equal to the symmetrized scalar 
product with respect to Sg of the operators — Q and gg — Ye, where 
ve = Jo/Jg is the mean value of the operator go of the logarithmic 
derivative, and Jg = Tr (Segoe) = Tr So. Applying the Schwarz 
inequality 

| (z—0 | go— yo) [2<(e—0 | t— 9) (2o— Yo | Zo— Yo) +s 
we arrive at the sought inequality: 

Oo} > Tr [So (7 —0)?\/Jo=s 02 > J o/ Tr So (Go —Y0)"] = 110% ,. 

(2.3.1.9) 


Thus, the variance of any unbiased estimator cannot be smaller 
than the inverse variance of the operator of the logarithmic deriv- 
ative (2.3.1.8): 


0: = Tr [Se (go—vo)2V/Jo. (2.3.1.40) 


A similar result can be obtained in the case where there are several 


parameters 0 = [0*]f~, for the estimator Q (x) = [93 (x) #1 satisfy- 
ing the unbiasing conditions (2.3.1.1), which when met make matrix 


(2.3.1.5) the covariance matrix of estimators Qi, and the mean square 
error at a fixed Rg assumes the minimal value. 

For the covariance matrix Re, Helstrom [2.14] has established 
the lower bound by assuming that the operator function Sg = S (0) 
is differentiable and using the concept of the operators g; of partial 
symmetrized logarithmic derivatives of the functions S (0) in 0%. 
He defined these operators by the following equations: 


£;Se@ +- Sof; = Z (OS 9/00*). (2.3.1.11) 
As in the classical case [2.50], this bound is defined by the matrix 
Go = || Giz (8) || of the covariances of the solutions g; = gi (0) of 


Eqs. (2.3.1.1). This matrix for noncommutative g; is taken in sym- 
metrized form 


Gin (0) = Tr (So (8:82 -> 8n8i)/2) (2.3.1.12) 


214 V. P. Belavkin and V. P. Maslov 


(the mathematical expectations of Tr (Seg; (8)) are equal to zero). 
The corresponding inequality has the form 


Re >Go’, VEO (2.3.1.13) 


and is understood as the nonnegative definiteness of matrix 
[Ri (0) — Gi (0)], where G* (6) are the elements of the inverse 
matrix Go: GY (8) Gj, (8) = 63. Inequality (2.3.1.13) is the non- 
commutative analog of the Rao-Cramér inequality [2.50]. The matrix 
Gg plays the role of a metric tensor locally defining the distance 
o (60, 80 + dd) =G;,,;, (60) d+ d6* in the parameters space 0, similar 
to the Fisher information distance in classical statistics. 

We now turn to a more general situation where the state parame- 
ters are not the measured parameters 0* but other parameters a = 
for kh =1,...,n},S = S (a). The parameters 0% are differentiable 
functions 6* = 6* (a) of the unknown parameters. The respective 
generalized Helstrom inequality (2.3.1.13) represents a bound for 


the covariance matrix R = R (a) of the estimators 0* in a form 
invariant with respect to the choice of the variables of state S (a), 


R > DG"DT, (2.3.4.14) 


where D = | 00*/da? |, and G =G (a) is the covariance matrix 
(2.3.1.12) of the operators g, = g, (a) of symmetrized logarithmic 
derivatives of the operator function S (a) in a. 

Inequality (2.3.1.14), which is equivalent to inequality (2.3.1.13) 
only ifm = n and matrix D = D (a) is nonsingular, can be verified 
by a line of reasoning similar to the one that will lead us to inequality 
(2.3.1.17) (see Section 2.3.2.5). 

Inequality (2.3.1.14) can be reduced to the classical Rao-Cramér 
inequality only where the family {S (~)} is commutative. For non- 
commutative families other generalizations [2.22] of the Rao-Cramér 
inequality are possible, generalizations that are based on other 
definitions of logarithmic derivatives and that lead to other lower 
bounds for A differing from the invariant Helstrom bound DG-!D". 
For real-valued parameters a these generalizations may serve equally 
well as analogs of the Rao-Cramér inequality and coincide only if 
{S (a)} constitutes a commutative family, in which case they are 
reduced to the classical Rao-Cramér inequality. However, in the 
event of complex-valued parameters @ a special invariant generaliz- 
ation of the Rao-Cramér inequality becomes especially important. 
It is based on the notions of right and left logarithmic derivatives 
and was suggested independently by Belavkin [2.31] and Yuen and 
Lax [2.49]. 

Let us assume that the parameters a are pairs (a?, a) represent- 
ed by complex numbers: a* = at + jat, a = {at} EC”. The 
estimated parameters 0* = 07 (a, a), i=1,..., m, are assumed 
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Q | 


to be functions independently differentiable in « and a.*° Let us 


define the non-Hermitian logarithmic derivatives of S = S (a, a) 
thus: 


Sh, = OS/da*, hES = 0S/da®, k=1,..., n. (2.3.1.15) 


The operators h;, = h, (a, a) are called the right derivatives with 
respect to a (and the operators hi the left derivatives with respect 
to a) and have zero mathematical expectations. The covariance 
matrix 


Hin (a, &) = Tr [S (a, «)] hh (2.3.1.16) 


is Hermitian and, assuming it is nonsingular, defines a positive 
definite metric ds* = H;, dat da* in a complex domain © c (” 
of the unknowns @ € 0. | 

Suppose that a joint measurement of the parameters 0°‘ is described 


by a decomposition of unity that defines the estimator 8. This estim- 
ator is represented by a vector quantity that, in general, assumes 
complex values x = {z*'}€C™, is represented by a conditional 
distribution w (dx |a, a) = Tr[M (dz) S (a, a)], and satisfies the 


unbiasing condition (67) = §* (a, a). Then the mean square error 


of measurement is determined by the matrix R = R (a, a) of co- 


variances R** = (( — 9%) (6* — 6*)*), for which the following 
inequality holds true: 


R >DH-D+, (2.3.1.17) 


where D = D (a, a), as in (2.3.1.14), is the matrix of the derivatives 
60'/da", and D* is the respective Hermitian conjugate matrix. 


Even in the real case, that is 6° = 0*, inequality (2.3.1.17) leads 
to a lower bound that differs from the Helstrom bound (2.3.1.14). 
We will call the lower bound in (2.3.1.17) the right bound. Other 
bounds can also be considered, say, the left bound, which is based on 
the left logarithmic derivatives with respect to a. The proof of all 
such inequalities is similar to that of inequality (2.3.1.17), which 
is given in Section 2.3.2.5. The right bound in (2.3.1.17) is invariant 
under replacement of derivatives with respect to a* by derivatives 
with respect to new variables B* = B* (a) only if the functions 


ae 3 The derivatives 0/da and 0/da are defined in terms of the partial 
derivatives 0/da, and 6/da, in the common manner: 


jas 5 (a/de, + jA/d0-), 


a/aa = 5 (0/aa, — jd/da,). 
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k — B* (a) are analytic, that is, 0B*/da’ = 0, and the matrix of 
derivatives 0f"/da* is nonsingular. Hence, the use of inequality 
(2.3.1.17) in invariant form R > H-', where, as in (2.3.1.13), we 
employ derivatives with respect to the estimated parameters 0? 
(but, in contrast to (2.3.1.13), right derivatives rather than sym- 
metrized are used), is inexpedient since the condition for the equiv- 
alence of these inequalities includes not only the condition that 
matrix D be nonsingular but the analyticity condition 00°/da* = 0 
as well (that is, the independence of functions 8? (a, ~) on a), which 
is not our initial assumption. A similar situation for complex-valued 
parameters a exists in the classical case. 


2.3.2 Generalized Uncertainty Relations 
and Effective Measurements of Wave Patterns 


In this section we will introduce the notion of canonical families 
of wave patterns for whose canonical parameters we will establish uncertainty 
relations that generalize the quantum mechanical uncertainty relations obtained 
in the one-dimensional case by Helstrom [2.13] and in the case of multidimen- 
sional Lie algebra by Belavkin [2.31]. We will then find the limit of accuracy 
in estimating the canonical Lie parameters of wave patterns and prove that 
such limits are exact only for canonical signals for which there are effective 
measurement or quasimeasurement procedures. The discourse will follow the 
scheme suggested in [2.31]; for examples of uncertainty relations for quantum 
systems the reader is advised to turn to [2.12, 2.13]. 


2.3.2.1 Canonical Families and Uneertainty Relations 


In classical mathematical statistics an important role 
is played by canonical, or exponential, families of probability 
distributions, for which a special selection of parameters 0 and a 
makes the Rao-Cramér bound exact. In Section 2.3.2.3 we will 
prove that in the noncommutative case a similar role is played by 
density operators of the form 


= Ee x =p * 

S (B, B) = y-te® “2S, *R, (2.3.2.1) 

where the Cn k=1,...,n, are linearly independent operators in 4%, 

which may be non-Hermitian (7; = z;) and may not commute with 

the conjugate operators (x;7% 4 xzx;), and y = x (f, B) is the 

generating function of the moments of these operators in state S,: 
ae ah... ek.*¥ 

x (6, B) = Tr Se? tneP = h (2.3.2.2) 


which is finite (y < co) in a neighborhood of zero —B = O of the 
complex space C”. The family of density operators (2.3.2.1) will be 
said to be canonical and the parameters 6%, canonically conjugate 
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to the z,. In contrast to the commutative case, even for Hermitian: 


operators x, it is meaningful to assume that the conjugate parameters 


p* may have complex values. 
Of special interest is the case, which has no classical analog, of 


canonical states (2.3.2.1) where the B* are imaginary and the Lp 
are Hermitian. The parameters 6” = Im £*/(2m) acquire a dimension- 
ality and meaning of quantities that are dynamically conjugate to 


the x,; for instance, Jl x is frequency, 8 is time, if z is momentum, 


8 is displacement, if x is angular momentum, 6 is the angle of rotation. 
The canonical states (2.3.2.1) at B® = Onj0% assume the form 


Sy = 2TH" hg 9 2208 (2.3.2.3) 


and are unitary equivalent to state S,, which corresponds to a zero 
value of 6. It has been established that if we put a = B and apply 
inequality (2.3.1.17) to the canonical family (2.3.2.3), we arrive 
at the exact formulation of the generalized uncertainty principle 


for any pair of dynamically conjugate quantities Q* and x“, where 
the first quantity in the pair may not correspond to the Hermitian 
operator that meaningfully describes in 5 the measurement of this. 
quantity.* 

Differentiating (2.3.2.1) with respect to B® and comparing the 
result with (2.3.1.1), we get 


h, =e 8 *hy sat (y-1e8"*ny — x, (B)—0,, (2.3.2.4) 
Bex, 0 0 


where x; (B) =e aI oP R, and 06; = ge BE - Tr [Sz, (B)]. 


Matrix (2.3.1.16), therefore, is the covariance matrix. 


Hiy = TeLS (¢: (B) —81) (ta B)— = oF (2.3.2.5). 


of the operators x; (B) analytic in B and coinciding with x; at B = OU. 
The inequality (2. 3.1.17) in the neighborhood of point Bp = 0, 


4 The Heisenberg uncertainty principle is usually proved only 
for such dynamically conjugate quantities described by noncommutative opera— 


tors p and gq that satisfy, say, the commutation relations Ip, qi = = 1/2zj. The 
proof employs the well-known scalar inequality ((p — Ap ))?) ((q — (q))2 2)> 


| (Ip, q1) |2/4, which is valid for any pair of operators p and qg. Strengthening 
and matrix multidimensional generalization of this inequality in terms of the 
covariance estimations of an arbitrary family of noncommutative operators are: 


suggested in [2.21]. 
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therefore, can be written in the form of the uncertainty relation 
R > DS“"D*, (2.3.2.6) 


which establishes the inverse proportionality between the matrix 
© = || S;, || of the covariances 


Si, = Tr[S (B, ) (x; — pi) (2, — Ln) *] (2.3.2.7) 


of the operators Li, Tr [LS (B, B) x; ;] = u,;, and the covariance matrix 
R of the estimators 0# of the functions 0% (B, B) of the conjugate param- 


eters 6 and £. At 0 = 8, (2.3.2.6) assumes the canonical form 
R= S-. 


In the scalar case (n = 1), x (8) = x for every B, and the uncer- 
tainty relation (2.3.2.6) transforms into strict inequality in the entire 
domain ©5f. Putting 8 = Im B/(2m) and allowing for the fact 


that 00/08 = 1/4nj, we obtain at z* = x the generalized uncertainty 
relation 


(2)? Rg > (1/4) S* (2.3.2.8) 


in terms of the variances Rg = (6 — 0)*)g, with S = TrIS, (x — 


q)*], valid for any pair of dynamically conjugate quantities 6 and x 
defining the canonical family (2.3.2.3). For the quantum case of 
pure states Sy = |W) ( |, the scalar inequality (2.3.2.8) has been 
derived from inequality (2.3.1.13) by Helstrom [2.11] by a compli- 
cated procedure for calculating the matrix elements of the operators 
of symmetrized logarithmic derivatives. 


In the multidimensional case, when the operators x; are pairwise 
<ommutative (but not necessarily with rf and S,), the situation is 
the same: Lp (8) = Lp for every B €O and inequality (2.3.2. .6) is 


strict. The averages u, and the covariances (2.3.2.7) at t, = a xt and 
f* = 2nj6* are independent of 0 and, therefore, coincide with the 


respective values at 0 = 0: u, = Tr (S Lp) and 
Sin = Tr [So (i — pi) (Te — Ue)I- (2.3.2.9) 


‘The uncertainty relation (2.3.2.8) in this case acquires a matrix 


meaning: Rp is the covariance matrix of estimators 0’ of the canonical 
parameters belonging to a translation group in state Sg, and S 


is the covariance matrix (2.3.2.9) of the generators zx, of this group, 
defining the lower bound $~‘/16x7 for Re uniformly in every 0 € R”. 
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We now take up the case df noncommutative {z,}. Suppose that 


the operators z, form a Lie algebra: 

£4 Xp — Lptj = Czy, (2.3.2.40) 
where C2, are structure constants. Here the operators z; (f) in 
(2.3.2.4) are linear combinations of the generators 7;: 


a; (B) = L~! (—B)i xy, (2.3.2.11) 
with LZ (€) = &®C, I — e°°)-! an n-by-n matrix that exists in 
a neighborhood © € C” of zero —€ = 0, and the Cy, = || Cy, || are 
the generators of the adjoint representation of the commutation 
relations (2.3.2.10). Expressing the covariance matrix H of the 
operators (2.3.2.11) in terms of the covariances (2.3.2.7) of the 


generators x;, we get instead of (2.3.2.6) the inequality 
R >DL*S1LD*, (2.3.2.12) 


where L = L (—f). In the case of (2.3.2.3), the family of Sg» is 
unitary homogeneous with respect to the Lie group with Hermitian 


operators x, and canonical parameters 0°. Similarly to (2.3.2.8), 
we obtain a more general relationship 


(2m)? Ro>7 L§S™'Lo, (2.3.2.13) 


where Leg = 0'G,; (I — 7 78°Gny-1, G,=2njC,. Inequality (2.3.2.13) 
determines in the domain OCR” of convergence of the series 
expansion 


(T— 7 Gry — >, eo MONG, —_— {0°} CO, 


m= 0 
the lower bound of the mean square error in estimating the canonical 


enjors , 
parameters of the unitary representation e'”° “ of a Lie group. 


2.de202 Effective Measurements and Quasimeasurements 


In classical statistics, estimations whose covariance 
matrix assumes the minimal value and thus transforms, locally or 
globally, the Rao-Cramér inequality into an equality are known as 
effective (locally or globally, respectively). In the noncommutative 
case, the concept of eifectiveness introduced by analogy with the 
classical concept loses its universality because the generalization 
of the Rao-Cramér inequality is not unique and the definitions of 
locally effective estimates [2.14, 2.22, 2.49] based on different 
variants of this generalization are not equivalent. For this reason 
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we distinguish between the effective measurements (or estimates) 
for which the invariant Helstrom bound (2.3.1.14) is attained and 
those for which the right bound (2.3.1.17) is attained, with the former 
called Helstrom effective and the latter, right effective. As we 
show below, the notion of right effectiveness is more universal: 
measurements that are Helstrom effective are right effective, but not 
vice versa. Let us first prove that Helstrom effective estimates exist 
globally for canonical families of density operators (2.3.2.1) if the 


operators x, are Hermitian and pairwise commutative and if for 
the estimated parameters 6 we take the derivatives 0, = 0 In y/dx* 


Re — 
of the generating function y (x) = Tr (S,ye" “*), where x = B + B. 
The parameters 0, selected in this manner coincide with the averages 
defined by the canonical subfamilies of the density operators, 


S (x) = x77 (x) er Rpl2g hh pl? (2.3.2.14) 
with Imf*=0: 
Q, (x) = Tr [S (x) x,] = 0 In y/dx". (2.3.2.45) 


Taking for parameters a” the canonical parameters x” and differenti- 
ating the operator functions (2.3.2.14), we obtain the symmetrized 


logarithmic derivatives in ~*: g, = x, — 9,. Thus, the covariances 
(2.3.1.12) coincide with the covariances of operators z,, 
7 ‘ 0? In ) | , 
G,, = Tr [S (*) (z;—9;) (t,—9,)]=——~, — (2..3.2.16) 


Ont Onk 


which are equal to the derivatives 00,/dx" defining matrix D in 
(2.3.1.14). Therefore, inequality (2.3.1.14) assumes the form R > G, 


or || Rix — Gir || 20, where R;, = ((8; — 9;) (8, — 9,)) are the 


covariance of the unbiased estimators 0,;: (0,) = 0,. If for these 
estimators we take the results zx, of measurements of the observables 


x, (which are compatible), then matrix R assumes the minimal value 
R = G. Thus, for the canonical families (2.3.2.14) with commutative 


operators x, there exists a Helstrom effective measurement of the 
functions (2.3.2.15) of the canonical parameters x;, which is the 


usual compatible measurement of the observables x,. The domain 
of this effectiveness, obviously, coincides with the domain 9 c R” 
for which y (x) < oo, x € 0. It has been established that the converse 
is true in the following sense. 

Let the estimators 0, (i.e. the results of a measurement) have 


averages 0, (a) and covariances A;, (a) that are differentiable in 
a certain domain, and let the matrices R = [R;, (a)], D = [00;/da*] 
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satisfy the conditions 
d(R-D)i/da' = 6 (R-1D})/da" (2.3.2.17) 


(the regularity conditions). We can then introduce the canonical 
parameters x* — x* (a) defined uniquely by the derivatives 
Ox'/da® = 2 (RD), if we put x" (a) = 0 for a fixed a. It can 
easily be verified that for a family of density operators S (a) of 
canonical form (2.3.2.14), with x* = x* (a) differentiable functions 
possessing a nonzero Jacobian, the regularity conditions are met in 
an effective measurement at 0, (a) = 0 In (x (x (a))/0x" such that 
Rj, = Gj, (x (a)) and 2 (RG), = 0x'/da*. Proof of the converse 
assertion that under the regularity conditions the global Helstrom 
effectiveness comes into play only for canonical families (2.3.2.14) 
is given in Section 2.3.2.5 for a more general situation involving 
complex variables. 

Hence, we have proved the following 

Theorem 2.3.2.1. Under appropriate regularity conditions, in- 
equality (2.3.1.14) is transformed into an equality in a certain domain 
Oc R” if and only if the family of density operators S (a) has the 


canonical form (2.3.2.14), where x,, k = 1, ..., n, are commutative 
Hermitian operators in 5, and the canonical parameters x*,k =1,.. ., 
n, are functions of parameters a defined by the equations 

0 1n y/dx® = 0, (a), kK=1,..., 7. 
2.3.2.3 The Theorem Regarding the Canonical Form 


of the Family of Density Operators 
Suppose that in a certain domain © c C” the unbiased 


estimators 0, possess averages 0, (a, a) and covariances R;, (Q, a) 
that satisfy the regularity conditions (2.3.2.17), to which we adjoin 
the analyticity condition 


=~ R“D —0. (2.3.2.18) 


Here we can introduce, as we did in Section 2.3.2.1, canonically 
conjugate parameters f* = B* (a) via the equations 0f‘/da* = 
(R-'D), and conditions B* (a,) = 0 for a fixed a, €O with the 
functions B* (a) being analytic in view of conditions (2.3.2.18). 
Theorem 2.3.2.2. Under the formulated regularity conditions, in- 
equality (2.3.1.17) is transformed into an equality in a certain domain 


O = C" if and only if the family {S (a, a), a € ©} has the canonical 


form (2.3.2.1), with Sy = S (a, Go) for an a € O, the operators x,, 
kA =1,..., n, simultaneously possess in 4 the property of the right 
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proper decomposition of unity 


i \ M (dz), 2,M (dz)=2,M (dx), «={x,}€C", 
(2.3.2.19) 


and the parameters B®, k = 1, ..., n, are analytic functions B* («) 
determined by the equations 


dln y/0p* = 0, (a, a), aeO. 
Optimal estimation is then reduced to a quasimeasurement of the non- 
Hermitian operators x;, described by the decomposition of unity (2.3.2.19), 


while the minimal mean square error is determined by the covariance 
matrix 


Rj, = Tr [S (2;— 9;) (x, — 9,)*]. (2.3.2.20) 


Proof. Sufficiency is proved in the same way as in Section 2.3.2.1. 
Employing the fact of invariance of the right bound (2.3.1.17) under 
the analytic transformations a — 8, we select for the variables a’ 
determining this bound the parameters B* of the family of density 
operators (2.3.2.1). The elements 00;/0B* of matrix D then coincide 
with the elements (2.3.2.5) of matrix AH if we allow for the fact that 


A 


6, =oln y/ Opi. Since according to (2. 3. 2. 19) the operators x, are 


commutative, xz; Lp = \ 2, x,M (dx) = Cpls we have 0, = u, and 
H;, = Sin, where the wu, are the averages of the Ln, and the S;, 
are the covariances (2.3.2.7) of these operators. Hence, inequality 
(2.3.1.17) assumes the form R > S. What remains to be proved is 
that the measurement described by the decomposition of unity 


(2.3.2.19) leads to an estimation for which R = S even when the 
operators are not commutative with the respective conjugates: 


X;th xte, (which occurs when decomposition (2.3.2.19) is non- 
orthogonal). To do this, it is sufficient to allow for the representation 
x= ( xM (dx), 2,2% = \ x;a,M (dz), x€C", (2.3.2.2) 


which is obtained by integrating the equations in (2.3.2.19) and the 
adjoint equation M (dx) xt = x,M (dz). Thanks to (2.3.2.21) the 
covariances : 


a \ (x;—0;) (t,—8,) Tr [SM (dz)} (2.3.2.22) 


of the estimators 0, obtained as a result of a quasimeasurement of 
operators x, coincide with the covariances S;, of these operators, 
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which proves the effectiveness of this quasimeasurement for the den- 
sity operators (2.3.2.1). The proof of the converse of Theorem 2.3.2.2 
follows from the derivation of inequality (2.3.1.17) and will be 
discussed in Section 2.3.2.5. 


2.3.2.4 Discussion and an Example 


Thus, the condition of (right) effectiveness requires the 
existence of commutative operators possessing a joint right spectral 
decomposition and playing the role of sufficient statistics, which it 
is natural to call right effective. Here it is sufficient to restrict the 
discussion to the operators in the minimal subspace generated by the 
regions S (B, B®) 5 with the density operators S (6, B) for all B (a) € 
C” for which a@ € ©. Even if we consider only the real values of 
parameters 0 (a, a), optimal estimation can be described by non- 
Hermitian and noncommutative (with the conjugate) operators of 
the right-effective statistics and, therefore, may not be Helstrom 
effective. However, estimates that are Helstrom effective correspond, 
according to Theorem 2.3.2.1, to the particular case of right effective- 


ness where the z, are Hermitian. If the operators x, in (2.3.2.1) are 
non-Hermitian but commutative with the conjugate operators, the 
right-effective estimates also coincide with complexificated esti- 
mates, which are Helstrom effective. However, commutativity 2,27 = 
xix, may not occur either. 

Kxample. Let x, = o, (a), where the g, are entire functions 
C7 — C, and let A = {A;, i=1, ..., r} be the annihilation 
operators satisfying the commutation relations A;A, — A,A; = 0, 
A,At — AA, = 8. It is well-known that the operators A have 


right eigenvectors | a) € #, a € C’, that define the nonorthogonal 
decomposition of unity 


I= | |a) (aj [[ m*Rea,dIma;, A; | a) =a; |). 
i=1 
It is obvious then that the operators x = @ (A) have a right proper 
decomposition of unity (2.3.2.19), where 


M (dx) = dz \ 5 (x— @ (a)) | a) (a | ll m'd Rea;d Ima; 
i=1 
(dz is the Lebesgue measure on C”, and 6 (x — gq) is the Dirac delta 
function). Hence, optimal estimation of the parameters 0, = 
6 1n y/dB* of the density operators (2.3.2.1) at « = q (A) is right 
effective and can be reduced to a coherent measurement and esti- 
mation of 8 = @ (a) by the result a. In the particular case where @ (a) 
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is a linear function and S, is a Gaussian state this fact has been estab- 
lished in [2.5]. 

Note that along with right and left lower bounds one can consider 
other combined bounds via the factorization 0 = 6+4-+90_ by 
appropriately defining the right derivatives with respect to 0+ and 
the left derivatives with respect to 0_. An interesting question aris- 
ing in this connection is whether the class of effective estimations is 
exhausted by the estimations for which at least one such bound is 
attained. 

Let us now consider the (right) effectiveness of estimating the 
parameters B® of the canonical families (2.3.2.1). The inequality 
(2.3.1. 17) corresponding to this case with 6* = B* has the form 
R > H-, where H is the matrix of derivatives (2.3.2.5). Without 


loss of generality, we can assume that Tr (tS) = Q. 
Theorem 2.3.2.3 The inequality R= H™ transforms into an 


equality if and only if the operators x; in (2.3.2.1) possess a right joint 
decomposition of unity (2.3.2.19), the generating function of the moments 
(2.3.2.2) of these operators in state So is Gaussian, x (B, B) = 

exp {B'H;,6"}, with H;, independent of B and £ and linear functions 
ee ee = (H “1\ki x. of the results x; of joint quasimeasurement of observ- 


ables x, are selected for the estimators B*. 
Proof. Sufficiency of the above-formulated conditions for the 
existence of right-effective estimation is obvious: the fact that matrix 


A coincides with the covariance matrix S of operators Lp implies 
that the covariance matrix R = HSH is equal to H-!. Necessity 
follows from the necessary conditions of right effectiveness in 


Theorem 2.3.2.2, according to which the family S (B, B) must have 
the form 


S (Bp, B) = peers ony (2.3.2.23) 


oe * * he . 
where p= Tr[S,er! end”), B* — 06, In p/00,, and the operators y* 
possess the joint right decomposition of unity: 


I= | M(dz), yM (dy) = y'M (dy), y={y"}EC". 


Comparing (2.3.2.14) with (2.3.2.1), we conclude that Ony* = Bry, 
whence 


0.—HyiB', (8, 0)—x (8, p)=B'Hinb*, yt =(A>)* a, 


The proof of Theorem 2.3.2.3 is complete, 


qt 
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2.3.2.9 Proof of Inequality (2.3.1.17) 

We start with the one-dimensional case. Let x be a non- 
IIlermitian operator in 3 for which 

Tr [xS (a, «)]=0(a, a). (2.3.2.24) 


Differentiating (2.3.2.24) with respect to a and employing definition 
(2.3.1.15) and the normalization condition Tr S (a, a) = 1, accord- 
ing to which Tr (Sh*) = 0, we obtain 


00/da — Tr [S (z— 8) h*]. 
Since the covariance Tr [S (z — 0) h*] obeys the Schwarz inequality 


| Tr [S (x—8) h*] |2<Tr[S (x— 0) (x —0)*] Tr (Shh*), 
(2ads2e20) 
which reflects the fact that the determinant of the 2-by-2 covariance 
matrix Tr (Sh,hz), i = 0, 1, with h, = (z — 0) and h, = h, is non- 
negative, we can write 


Tr [S (x— 0) (x* — 6) >>| 00/00 |2/Tr(Shh*).  (2.3.2.26) 


oe aw « 


This inequality, obviously, specifies the lower bound on the variance 


of the estimation of. parameter 0 = 0 (a, a) in the class of ordinary 
measurements described by normal operators xz. But since the nor- 
mality condition, rxz* == x*xz, was not used in deriving (2.3.2.26), 


this bound is the lower one for the variance of any estimators () 
obtained as a result of arbitrary generalized measurements described 
in + by decompositions of unity I = | M (dz), x € o that may be 
nonorthogonal. Indeed, the nonnegative definiteness 

(x —x) M (dx) (x—2x)*>0 (M>0) (2.3.2.27) 
implies 


\ |x—O [2M (dx) >(xz—6) (x—6)*, (2.3.2.28) 


where x = \2M (dx), and 0 = Tr (Sz). Taking the mathematical 
expectations of both sides of (2.3.2.27), allowing for the fact that 
the variance R of the estimator 60 =z is equal to TrS x 
| 2 — 0 |* .W (dx), and combining the result with (2.3.2.26), we 
find that 


R>Tr[S (x—6) (x—9)*] >| D |2/H. (2.3.2.29) 


15—0105 
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where D = 00/da, and H = Tr (Shh*). This proves inequality 
(2.3.1.17) for the one-dimensional case. 

The equality in (2.3.2.28) occurs if, first, the averages of both sides 
of (2.3.2.28) coincide and if, second, the Schwarz inequality trans- 
forms into an equality. Actually, the first requirement establishes 
an equality in (2.3.2.28). Specifically, we have the following 

Lemma Suppose that the ranges of values S (a, a)c# of the density 
operators from a certain family {S (a, a), 2 € ©} generate the entire 
space 36. Then the fact that Tr (SA) = 0 for every nonnegative definite 
operator A in # and all a €© implies that A = 0. 

Proof. It is sufficient to prove that in 3 there is no vector y of the 
form y = S'/*p for which (y | A | x) #0. But this follows from the 
well-known inequality 

Tr (S*¥/?AS"?) > (p | S47?2AS*/? | 1p), 
which is true for every nonnegative A at (wp |) = 1. 

Applying this result to the operator A that is equal to the differ- 
ence between the right- and left-hand sides of (2.3.2.28), we find 
that under the lemma’s hypothesis the equality in (2.3.2.28) occurs 
only if 
(c— x) M (dx) (x —x)*=0, or «tM (dz)=2M (dz). 


This proves that right-effective estimation in a certain region 0 5 a 


exists if there is an operator of minimal sufficient statistics, zx, 
possessing a right proper decomposition of unity in the subspace 


generated by the subspaces S (a, a). In the real case, x € R, such 


an operator is obviously Hermitian. 
The second requirement for equality to occur in (2.3.2.28) is 


equivalent to the condition of linear dependence, Sh = AS (x — 0), 
where 4 = D/R, if the first condition for equality in (2.3.2.28) is 
met. Extending this condition over the entire region © 5 @ in which 


the analyticity condition (2.3.2.8), dA/da = 0, is assumed to hold 
true, we arrive at the equation aS/da = 0S (x — O0)inS = S (a, cL). 
Its solution combined with the boundary condition S (a), a,) = S, 
has the canonical form (2.3.2.1), where B (a) = \ea (a) dais an 
analytic function, and xz is the operator of right-effective statistics. 
This proves that in the one-dimensional case the existence of right- 


effective estimation requires that the density operators S (a, a) be 
canonical. This condition is formulated in Theorem 2.3.2.2. For the 


real case, x* = x, this fact is proved in Theorem 2.3.2.1. 
The multidimensional generalization can be carried out if for 


xz — 9 and h we take the sums (xi — §*) yn; and h,&*, where i 
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1,...,mand &,k =1,...,n, are complex numbers. If we allow 


for the fact that here Tr [S (x — 0) h*] = 1; (00*/da*) E*, then from 
(2.3.2.25) at &* = (HD+) n, we arrive at the inequality 


Ry, > Tris (xi 0°) (x 6*)* 1:1) > (DH-D*)* nin, 


valid for an arbitrary x’ for which Tr (Sx*) = 0*. Putting z* = 
\ xia (dx), where \ (dx) = I, x €C™, is the decomposition of 


unity describing the estimator 6‘ = x’, and applying inequality 
(2.3.2.28) with « = zn, and 0 =- 0‘7;, we obtain for the matrix R 


of covariances of 6/ the first inequality in (2.3.2.29), which in view 
of the arbitrariness of 4; yields (2.3.1.17). 
Inequality (2.3.2.29) transforms into an equality at a €O only 


when 2z'M(dx) = x‘M (dx) and dS/da* = i,,S (xt — 8°), where 
Nin = (R“D);,, whence, if we allow for the regularity conditions 
Ning We arrive at (2.3.2.1). 


2.3.3 Optimal and Covariant Estimation 
of the Parameters of Wave Patterns 


In this section we will consider the necessary and sufficient con- 
ditions for the optimality of measuring sound and visual patterns by the criter- 
ion of mean square error in parameter estimation and by the maximal intensity 
criterion. To avoid substantiation of the operator integrals involved in the dis- 
cussion (this is done in [2.32]), we interpret them as operator-valued Radon 
measures. The solution to the optimal measurement problem will be found for 
homogeneous families of wave patterns for which it coincides with optimal 
covariant measurements of the corresponding parameters of quantized fields, 
with the latter measurements introduced in [2.29]. 


2.3.3.1 Optimal |Measurements 


The problems of optimal estimation of continuous wave 
parameters constitute essentially multialternative problems with 
an infinite-dimensional solution space (or manifold) X. Without 
Joss of generality, we can assume that the information parameter 
space © coincides with X equipped with measure di. Let us assume 
that a wave signal, which in general is described by a density oper- 
ator S, depends in a continuous manner on real- or complex-valued 
random parameters 0 = (0,, ..., 0,),S = Sp», having a given a 
priori distribution P (dO). The deviation of the estimate x € X 
from 0 is penalized by an integrable cost function c, (6) of the form, 
say, (x — 8)*. On X we must find an optimal quasimeasurement that 
(a) is described by an operator-valued measure M (dz), (b) determines 
the decomposition of unity in the Hilbert space 5%, and (c) minimizes 


15* 
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the mean estimation cost 
(cy = |} po (dz) c, (8) P (d0) = | Tr RyM (dz), 


where Ug (dx) = Tr M (dx) So is the observed intensity distribution 
on X for a given 0, and Ry, = |e, (0) SeP (dO) is the operator of 
the mean cost x € X. We will now formulate the necessary and suf- 
ficient conditions for the optimality of solution W° to this extremal 


problem, which in [2.32] were introduced to estimate the parameters 
of quantum states. This will be done in a manner similar to that of 


Theorem 2.2.3.1: 
Theorem 2.3.3.1 The lower bound 


inf {J (R,, M (dz)) j M (dx) =1} (2.3.3.1) 


is attained on measure M° if and only if for almost all x € X there 
exists a minorant operator A° < R,, such that 


(R,— A°)M° (dz) =0 VWrEX. (2.3.3.2) 
The operator A°® is a trace class operator, or Tr A®° = (A®, 1l)< «ow, 
that determines the solution to the duality problem 

sup {<A, I) | A<R,, rE xX} (2.3.3.3) 

A 


for which conditions (2.3.3.2) are also necessary and sufficient (if we 
allow for the fact that M° >0 and \ re (dz) = E). 
Proof. For the proof of this theorem as well as for the existence 


conditions for a solution see [2.32]. 

Allowing for the fact that the operators MW (dz) can be decomposed 
into operators of the form | y,) (xy, | dA (x), where the y, are the 
generalized elements of space <#, we find that the problem of optimal 
estimation of wave parameters will be solved if and only if we can 
find a family of reference waves, {y,} satisfying the completeness 


condition 


\ | xx) (ae | OA (a) =I (2.3.3.4) 


and a Hermitian operator A for which 
R,—ADSO, (Ry —A) Xx = 0, TEX. (2.3.3.5) 


Note that, in contrast to problems of signal discrimination, in 
problems of parameter estimation the commutative case R,R, = 
R, R,, which can be reduced to the classical case, is of no practical 
interest and will not be discussed here. 
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The solution of problem (2.3.3.5) poses no fundamental difficulties 
in the case of a single unknown real-valued parameter 0 (y = 2’) 
and a quadratic penalty function 


C, (0) = (x — 9)’. 
The mean estimation cost operator 


Faw \ (x — 0)2 Sp P (dé) 


in the case of (2.3.3.5) can be represented, via three Hermitian 
operators 


RY = | 0'S,P(d0), k=0, 4, 2, (2.3.3.6) 
in the form 

R= RO — 27 RO + RO 

=(x—2) R(x —x) + R@— xROz, 

where x is an operator satisfying the equation 

rRO + ROx — 2ROD, (2.3.3.7) 
If we now put 

A= RO—xROx 
and for y, take the complete orthogonal system of generalized eigen- 
vectors determining the spectral decomposition of the Hermitian 


operator Zz, 


(o— a) ¥2=0, t=) 2] 4X0) (tel ae, 


the conditions (2.3.3.5) are satisfied in an obvious manner: 


(x—2) RO (x—x)>0, (x—2x) R(x—z) ¥,=0. 


Thus, the solution of the parameter estimation problem by criterion 


(2.3.3.9) is reduced to measuring operator x satisfying Eq. (2.3.3.7). 
The result of such a measurement, x, leads to the minimal error 
(c) = Tr A® equal to the a posteriori variance 


o? = Tr(RO—2xROz), 


As an example, let us consider the estimation of the amplitude 
of a coherent signal of known shape received against a background 
of Gaussian noise. The density operator of the corresponding mode 
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has the Gaussian form 
S (0) = \ | a) (a | n-texp 4 — Jer mid Read Ima, 
rv 
(2.3.3.8) 


where 0 is the amplitude, which assumes real values, @ € Rk’. We 
assume that amplitude 0 has a Gaussian a priori density 


p (0) = (2ms)-1/2 exp { — 62/2s}, 


where s is the a priori variance, (02) = s. It is then easy to find, 
via the formulas of Gaussian integration, the operators (2.3.3.6), 
which define the mean decision cost operator 


2s 25 2s (n-+ 1/2) 
R,= on eae eee ee ee ee ee ee —— 
(2 2s+n-+1/2 Q) - (x 2stn+1/2 @) T 2s-+n+1/2 


Here Q = \Re a|a)(a|n+dReadtIma is the operator of the 
“coordinate” of the harmonic oscillator representing this mode, and 


y= \ | a) (a | ((2s-++ n) n)-4/2 exp { Oe nb - omer! mid Read Ima 


2s-n n 


is the density operator, with \ Sep (8) dd = R®. Hence, optimal 


estimation of the amplitude of a Gaussian signal is reduced to mea- 
suring the coordinate operator Q, whose result ¢g determines the optimal 
estimate 


x = 2Qsq/(2s + n 4- 1/2) 
with a minimal mean square error 
2 — 25 (n + 1/2) (25 +n + 1/2). 
2.30002 The Optimal Estimation Problem in the 
Multidimensional Case 
In this case (n >1) even for the quadratic quality 
criterion 


Cx(0)= 2 (23-0, 


the general solution to problem (2. 3. 3.0) is unknown. Only in the 


particular case where the operators x = = {r;} obeying Eq. (2.3.3.7), 
with 


Ri = Rj = | 0"Syp(0)d0,...d0,, k=O, 4, 2, 
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commute with each other (r;x; = 2;r;), optimal estimation is 
reduced, obviously, to joint measurement of these operators. 
In general, a good estimate of parameters 0; can be obtained by 


an indirect measurement of noncommutative operators fr, } (see 
Section 2.3.2.2). However, this estimate is not necessarily optimal, 
even if the indirect measurement is ideal. 

For an example let us take the complex-valued one-dimensional 
case (X = C('), which can also be interpreted as the real-valued two- 
dimensional: 


C, (0) = | c—0 |? = (Re (x— 6)? + (Im (x—8))?. 


An exact solution to the problem of optimal estimation of a single 
parameter 0 has been obtained in [2.11] for this case of a quadratic 
penalty function, a Gaussian state Sg) of the form (2.3.3.8), with 
6 €C', and a Gaussian a priori probability density 


p(8)=s-texp {— | 0 |2/s}, s=(| 6 ]%). (2.3.3.9) 
The density p(8) is normalized with respect to 
di, (0) = m7!d Re 0d Im 0. 


In this case, by the standard formulas of Gaussian integration, we 
can easily find the mean decision cost operator 


R, = (2*—— 8 — a) § (x——8 a) 4 Set) 
~ (2 n-+s+1 (« n+s+4 A) 1 stn+1 5; 
where A = a |a) (a | du (a) is the quantum annihilation oper- 
ator, and 
_ 1 _ |o |? 
S= | | a) (@ | == exp{ ate \di.(a) 


is the density operator S — \ Sep (9) dA(0). Assuming that 
= s (n+ 1) ee n+ 
A eae Ds Xeeae tes —— ) 2), 
where |@), @ = (1 + (n + 1)/s) x, are coherent vectors, and c = 


si(is +n +1) is a coefficient that can be found from condition 
(2.3.3.4) if we allow for the completeness of coherent states 


| 1a) (@|da(a)=7 
and allowing for the equation A |a) = a@|«a), we find that con- 
ditions (2.3.3.5) are met: 
(z* —cA*) S(x—cA)>0, (2*—cA*) S(x—~cA)|c1z) =0. 
(2.3.3.10) 
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Thus, optimal estimation in the one-dimensional complex-valued 
quadratic-Gaussian case is reduced to a coherent measurement de- 
scribing an ideal proper indirect measurement of the annihilation 
operator A whose result a determines the estimate 

s 
= — & 
st-n-+l 
with a minimal error 


AG free: 


9 s(n+-4) 
OSS SS 
stn+1 

This error is equal to the error of the appropriate classical problem of 
estimation in a Gaussian linear channel with a noise intensity of 
n-- 1. The quantity n (the mean number of the noise quanta) is 
determined by the noise proper in the wave channel, while the unity 
corresponds to the “effective noise” thanks to the inaccuracy in the 
ideal indirect measurement. The measurement noise of unit in- 
tensity can be interpreted as the noise produced by an ideal wave 
amplifier or as the noise produced by an ideal optical heterodyne. 
2.3.3.3 Optimal Measurement of Wave States 

Let X be a set of hypotheses concerning the states of 
a wave field, and iftx, 3 x € X} the respective decomposable family 
of density operators R, — _ RY in the Hilbert space # = © SEO), 


Then the set of measurements described by operator-valued eaniaue es 
Moon X (M (-) > 0, \M (dx) = I) of the decomposable form 
M (dx) = ® M dz is sufficient. The optimal strategy is described 


by the family of operator-valued measures MW on X (M/™) (-) SO, 
\ M@ (dz) = I) defined independently in 5) for every n by 


the conditions 
(RY? — AC) MC) (dz) = QO, RP=< AM VrEex (2.3.3.11) 


(the maximum intensity criterion). Here A“) are Hermitian trace 
class operators in 5“) that are nonnegative (for R& > 0) and can 
be represented in the form 


Mx | ROM (dx) R&, 


Problem (2.3.3.11) is incomparably simpler than the general prob- 
lem of optimal discrimination of a (indecomposable) family {R,} 
and for every n has a finite-dimension of space 54“) if the signal 
space Z& is finite-dimensional. In what follows, the index n will be 
dropped. 
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Let WU, = R,5 be the range of values of operators R, in ie let 
aL (dr) be their algebraic sum for all x € dz, and Jet @ = \ 2 (dx) 


be the sum of all the subspaces UW, < KH. Each nonnegative perator 

R,. can be represented in the form R,. == psx, where yp, is the 

operator from QL, into WU. The following} conjectures are multidimen- 

sional] generalizations of the appropriate assertions of Theorem 
2.2.2.2 (for a discrete set X). 

Theorem 2.3.3.2 (1) Subspace 1/ is sufficient for solving problem 
(2.3.3.11). Every operator A satisfying conditions A> R,VrEex 
for R, >O0 has an inverse A~' in U. 

(2) The solution to problem (2.3.3.11) in the sufficient space VU has the 


form 
L/2 


M (dz) =- A“tp,u (dx) YEA7!, where A =- ({ Patt (dx) yf ) 
(2.3.3.12) 


and ww is a measure on X whose values w (dx) are nonnegative operators 
in UW, defined by the conditions 


(WAP. — 1.) e(de)=0, PRAM <I, WeEX 
(2.3.3.13) 
(1, is the identity element in U,,_). 
(3) If the subspace VJ (dx) does not intersect with the sum QL. (dz) of 


all the remaining subspaces U,, y & dz, the operator u (dz) is strictly 
positive in UW, and is defined by the condition wpeA yp, = 1y, EX. 


2.3.3.4 Fields with Group Symmetry 


Equations (2.3.3.13) are considerably simpler than 
Eqs. (2.3.3.11) since the dimensionality of each operator equation 
in (2.3.3.13) is equal to rank r (A,,). For the case where r (R,.) = 1 
the solution has been found [2.4] under the condition that the square 
root of the correlation matrix [pyp,] has equal diagonal elements. 
An analog of this condition in the general case where r (f,,) > 1 is 
the condition of group (say, cyclic in [2.5]) symmetry of the family 
Phot: 
oe X be a homogeneous set with respect to a group G, that is, 
group G acts on X transitively, and let U (g), g €G, be a unitary 
representation of G in o#. The family {R,, x € X} is said to be G- 
homogeneous (or G- enter: if X is a homogeneous set with respect 
to group G and U (g) RzU* (g) = Rx. 

Let G be a finite compact or locally compact group, dg be the left 
Haar measure on G, the family {A,} be homogeneous and continuous 
in U (g). The following conjectures are true: 

Theorem 2.3.3.3 (1) The sufficient space L is a subspace in s€ 
cyclically generated by the family {U (g), g €G} over Uy = Ry, #, 
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where xt, is any element belonging to X. The operators R, in U can be 
represented in the form 


R, = U (g) pptU* (g) Veee, 
where U (g) is a subrepresentation induced in U <— cH, p an operator 
from U, into U, and G,, the left coset G, = {g: gy) = x} over the 
stationary subgroup Gp) = Gx, of element Xo. 
(2) The optimal strategy (2.3.3.12) has the covariant form 
M (dz)= | U(g) A-tbuptA7U* (g) dg, (2.3.3.14) 


G(dx) 
where A = ( \ U (g) pup? U* (g) dg | "is the G-invariant, G (dx) = 


L) G, the union of the G, over all x € dz, and wt a non-negative 
XE dx 
operator in UW, satisfying the conditions 


(pt Ap—Du=0, ptAp<l. (2.3.3.15) 

(3) Jf the representation U (g) in U is topologically irreducible, 

then operator A is a multiple of the identity element I of space Wy: 

A = iI and operator uw is proportional to the proper projector . of 

operator R = pth corresponding to its maximal eigenvalue X: u = us, 
(R— A)n =O. 


The proportionality factor can be made equal to unity by appropriately 
renormalizing dg. For the particular case where G is finite and its action on 
is effective this result was obtained earlier in [2.24]. If Gis an Abelian group, the 
case is trivial and can be of no interest. 


(4) Let Uy (g), w €&, be the field of nonequivalent irreducible 
representations U,, (g) in space 3€,, and dw the Plancherel measure. 
Then (2.3.3.15) can be represented in the form 


| Trsg, (Row)? do =p, | Tr50, (Roh)? Re do<, 
Q Q 


(2.3,3.16) 
where Ry, = \r (g) U, (g) dg is the Fourier transform of the operator 


correlation function r (g) = p'U* (g)p. If the family {U, (-)} is 
discrete and dw is the dimensionality of representations U., (g) (formally, 
if 3, ts infinite-dimensional), then conditions (2.3.3.16) assume the 
form 
Tryp, (Row)2do=p, Tryp (Row)? Ry do<l. 
(2.3.3.17) 
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If ZY, is one-dimensional, (2.3.3.16) and (2.3.3.17) lead us to the following 


solutions: 
1/2 


/ “ 2 A 
u= (| Trse, Ril do ) : w= (Di Tre, Rifle do ) ; 
Q Q2 


which were found in [2.25] (that is, the case of group symmetry for pure states 


is “equidiagonal”). The rank of operators Rw determines the multiplicity of 
representations U, (g) in the representation U (g) in @. 


(5) Suppose that the multiplicity of representations U, (g) in the 
representation U (g) is unity. Then the operators R, are one-dimension- 
al, Ry = Ws @ ,, and Eqs. (2.3.3.16) and (2.3.3.17) assume the form 


( | S., dw/c,—) u=0, (> S., dinl¢o— Ie) w= 0, 


where Sg= Tryp, Ra, and Co = [Try , (S,u)}t/*.. | 
In particular, if all S, are commutative, then operator w is a 
multiple of the proper projector 1 of operators S,,, which corresponds 


to the eigenvalues 4,, with maximal w= ( | Noe dw) (or uU = 
(> nal? do) *| _— us, ao ho) t= 0. | 


2.3.3.0 Application to Fields with Indeterminate Phase 
and Group Symmetry 


To apply the above results to the case of a decomposable 
G-lhomogeneous family of density operators S, = ® RY it is 


(2 

sufficient to supply all the spaces and operators in (2.3.3.11)- 
(2.3.3.16) with an index nm and then sum over n. In particular, if the 
representations U\ (g) in 34) are nth tensor powers of the represent- 
ation of U (g) in £, then the solution of the problem of optimal 
recognition of audio and optical fields is reduced to finding the ir- 
reducible representations U, (g) contained in U™) (g). The oper- 
ators RG determining (2.3.3.16) and (2.3.3.17) are 


RY = \ r) (g) Ug (g) dg 
where 
1) (g) — YT (grt) yl”, 


For example, if the states S, are Gaussian, the family of signals 
{P,, £ € X} is G-homogeneous: U (g) Qg, = Py, and the correlation 
noise operator ZL (or NV) is G-invariant: U (g) LU* (g) = L, then the 
iamily of the A“ operators is also G-homogeneous with respect 
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to the appropriate tensor powers U) (g) of the representation CL’ (g) 
in the subspace 1 generated by vector @ -= Gx, for a certain xr € X. 
In this manner we can find the exact solution to the following prob- 
lems: resolution of several nonorthogonal partially coherent signals 
or fields that form a homogeneous family of permutations with  re- 
spect to a certain group (symmetry gtoups S (r) and their subgroups), 
estimation of the time lag of pulsed signals and the carrier frequency 
in quasiperiodic signals (cyclic Z groups), joint measurement of the 
duration and the frequency of a wave packet (the symplectic group), 
separate or joint measurement of momenta and position of quantum 
systems (and ensembles of such systems) with r degrees of freedom 
(the Z (r) groups), detection of photon polarization and electron 
spin (the SU (2) group), detection of complex signals and _ fields 
with equal intensities of rank r against a thermal background (the 


SU (r) groups and their subgroups), and the like. 
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> Mathematical Models 
in Computer-component Technology: 
Asymptotic Methods of Solution 


V.G. Danilov, V.P. Maslov and K.A. Volosov 


3.0 A Brief Survey 


The most important electrophysical parameters of modern 
microelectronics devices and the quality, reliability, and effective- 
ness of the technology for designing such devices depend to a great 
extent on how extensively and intelligently the results of the model- 
ing of the various stages in the technological processes are employed. 
There exists a vast literature devoted to this subject (e.g. see [3.1]). 

Active employment of modeling techniques results in the follow- 
ing: 
(a) designing of microelectronics devices takes less time; 

(b) designing errors are eliminated; 

(c) designing and manufacturing expenses are reduced. 

Modeling in the field considered here is a way of optimizing the 
separate manufacturing processes, such as lithography, etching, and 
precipitation, that has gained wide acceptance and proved its 
worth. It is convenient for study of the complex links between thie 
competitive physical mechanisms in successive multistage technol- 
ogical processes. 

In designing computer components, modeling is employed to 
calculate the modes of functioning of these components. Its success 
has called for development of more exact models, which in most 
cases prove to be nonlinear. 

The various stages of the production technology in microelectron- 
ics include the control of processes involved in the transfer of mom- 
entum, mass, electric charge, and energy. Although the physical 
processes manifesting themselves in these transfer mechanisms are 
highly diverse, they are described by equations of a special type, 
namely, the equations of momentum transfer (say, in the Navier- 
Stokes form) and quasilinear parabolic equations of diffusion, chem- 
ical kinetics, and energy of charge transfer. 

At present in the study of transfer processes with a view to obtain- 
ing results that give a more precise description of physical reality, 
the focus has shifted to nonlinear mathematical models. 

An important feature of computer-component production technol- 
ogy is that the equations constituting the mathematical models 
contain small parameters. This is due to the competition between 
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the various forces acting simultaneously in a model. Thus, a small 
parameter emerges when we apply the method of similarity and 
dimensional analysis [3.2] and is connected with scaling criteria. 

The presence of a small parameter enables the researcher to apply 
asymptotic methods, say, those discussed in [3.3]. This, in turn, 
makes it possible to considerably broaden the class of problems that 
allow for analytical solutions and to consider the effect of the in- 
homogeneity of the medium and nonlinearity of the process. Asymp- 
totic formulas make it possible to calculate the characteristics of 
a process in much less time and with considerably fewer other re- 
sources of a computer than by direct numerical integration. This 
aspect becomes especially important when flexible technological 
modules and complexes are introduced. 

All mathematical models of transfer processes can be divided 
into two large classes. The first covers models in which the transfer 
coefficient is constant, that is, does not depend on the transferred 
quantity uw. The second covers models in which the transfer coefficient 
K (u) is a function of the transferred quantity w. In the second class 
the models of special interest are those in which the function K (u) 
has a singularity at a certain value of the transferred quantity 
u = const, that is, a derivative of this function, 0%K/du%, a > 1, 
has a discontinuity or, in other words, experiences a jump. From 
the mathematical point of view this second class has localized so- 
lutions and is characterized by a finite speed of propagation of per- 
turbations. 

Lhe methods used in studying the second class have been discussed 
in detail in [3.3]. The present paper is restricted to examples of 
mathematical models that describe the diffusion of a light beam 
along an optical wave guide, the heat transfer in a superconductor, 
and the like. 

The first class of models has long been developed in the literature. 
There are more than one hundred papers on the subject, but very 
few mathematical studies have employed nontrivial asymptotic 
methods. The present paper fills this gap to some extent. We will 
discuss these methods using models of processes of precipitation, 
oxidation, diffusion, thermal conduction, and the like. 

The plan for the discussion follows. In Section 3.1 we explain 
the mathematical statements of the above-posed problems and 
provide examples of exact solutions. In these the solution of the 
initial problem is expressed in terms of solutions of certain non- 
linear ordinary differential equations known as standard equations. In 
the simplest cases the solutions prove to be self-similar (or invariant). 

In Section 3.2 we give the necessary data on the properties of, 
and methods used for studying, standard equations. 

In Section 3.3 and in the subsequent sections we solve the problems 
posed in 3.1. The models employed describe the respective processes 
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with sufficient accuracy. For this reason the mathematical problems 
are quite complicated, and it is usually impossible to construct 
exact solutions. However, the presence of a small parameter makes 
it possible to use asymptotic methods for constructing the solution. 
And it has been found that the asymptotic solutions can be construct- 
ed from the solutions of the standard equations. In Section 3.3 we 
consider a time-dependent model of silicon oxidation in dry oxygen.* 
In Section 3.4 we discuss a model for silicon oxidation in halogen- 
containing media. 

Section 3.5 is devoted to models of mass transfer. For one, we 
build an asymptotic solution of the precipitation problem. In Sec- 
tion 3.6 the topic is the diffusion of light in an active medium and 
the propagation of nonlinear thermal waves. Section 3.7 is devoted 
to models associated with Ginzburg-Landau equations. Finally, in 
Section 3.8 we give typical exact and asymptotically bounded as 
e +() solutions (which we term bounded synergets) of quasilinear 
and semilinear hyperbolic and parabolic equations that emerge in 
problems associated with microelectronics component-production 
technology. 


3.1 Models of Stages of Production 
and the Functioning of Computer Components 


3.1.1 Models of Stages of Production 
of Computer Components 


In this section we formulate the problems that lead to quasilinear 
and semilinear parabolic equations and systems of such equations. It has been 
demonstrated that in dimensionless variables these equations contain a small 
parameter. In accordance with the plan outlined in the brief survey, this section 
gives the mathematical models for all the physical and chemical processes 
considered in the paper. The solutions to the problems formulated are given in 
subsequent chapters. 


3.1.1.1 Processes of Silicon Oxidation 


In modern production technology of microelectronics 
components, the heterogeneous processes, that is, processes that 
proceed in the bulk or at an interface between two or more phases, 
are employed in obtaining various film coatings, in surface and bulk 
alloying of semiconductors, in epitaxial growth of single-crystal 
materials, and in gettering of various harmful impurities in micro- 
electronics components [3.4, 3.5]. 


1 The most complete physical model of this process can be found 
in the works of N. A. Kolobov [3.3-3.6]. 
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One of the most important basic processes in the production of 
microelectronics components is the high-temperature oxidation of 
silicon, which is widely used in manufacturing high-quality insu- 
lator-semiconductor systems (IS systems). Under thermal oxidation 
three phases participate in the formation of IS systems, namely, 
the gas (the oxidizer), the oxide film, and the surface region of the 
semiconductor substrate, and the oxidation reaction takes place at 
the interface between the two solid phases, which considerably com- 
plicates the picture of the processes occurring in the system and thus 


O 64t 18At t 


requires developing a detailed physical model, whose perfection 
determines entirely the range of applicability and the accuracy of 
the mathematical models suggested. 

The physical complexity of the oxidation process leads to an 
extremely complex general model [3.3]. The methods used to study 
this model can be applied to models of other heterogeneous processes. 

Generally the oxidation of semiconductors amounts to the inter- 
action of these semiconductors with oxidizing agents—oxygen, water, 
carbon and nitrogen oxides, and the like—leading to the formation 
of soluble, volatile, or stable oxides [3.4, 3.5]. 

The mathematical model of the oxidation process consists of an 
equation describing the diffusion of oxygen in silicon in the field 
of the space charge (Figure 3.1) and a Poisson equation describing 
the potential distribution. Curves / depict the distribution of oxygen 
concentration in silicon dioxide and curves 2, the distribution of 
potential. 


16—0105 
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In dimensionless form, the diffusion equation is 


a 1 dy, 1 86 ap \ | 
Pea oe oy (Par) = (3.4.4.4) 
where y, t, 2, to, Pe = a2/(tpD), p = eD/kT, and v = C (a, t)/Co 
are, respectively, the dimensionless coordinate, the dimensionless 
time, the characteristic size (thickness of the silicon dioxide film), 
the characteristic time, the Péclet number (with D the dilfusion 
coefficient), the dimensionless potential, and the dimensionless 
concentration. In the expression for the dimensionless potential, 
® (x, t) is the dimensional potential of the space charge at the in- 
terface between the silicon and silicon dioxide, & the Boltzmann con- 
stant, 7 the dimensional temperature, and e the electron charge. 
Finally, in the expression for the dimensionless concentration, C, is 
the dimensional concentration of oxygen at the gas-solid interface 
(the solid is the silicon dioxide film). 

The experimental data [3.4, 3.5] suggest that Pe< 1, which 
makes it possible to introduce a small parameter, « = Pe. The 
boundary conditions for the diffusion equation have the form 


v(O, ¢t, e) = 1, v (Y(t), t, &) = 0. (3.1.1.2) 


Here yy) = Yo (t) is the unknown dimensionless coordinate of the 
internal silicon-silicon dioxide interface; this will be found in the 
course of solving the problem. 

To calculate the potential distribution in the oxide we must solve 
the appropriate Poisson equation, which in the one-dimensional case 
assumes the form 


d*O (x, t) |e | Q(z, 2) , 
a (3.1.1.3) 
where Q (z, t) is the space charge in the oxide, and ¢€ and ¢€, are the 
dielectric constant of the oxide and the permittivity of empty space. 
The physical model of the process implies (see [3.3-3.5]) that at 
the internal interface between the silicon and the silicon dioxide 
there is a negative potential ®,, whose size is determined by the 
energy balance of the free energy liberated in oxidation. 
If the mobile charge carriers obey the Maxwell-Boltzmann statistics 
(and this agrees entirely with the case considered here), then 


Q(x, t)=|e|C(z)| exp ( UF") —exp (S") |, 


d*D 2ie|C(z) .. eM (z) 
dx? EE, sinh ( kT 


(3.1.1.4) 


Diffusion processes proceed at a considerably lower rate than 
electrodynamical processes. Hence, in the model considered the 
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electric potential at the silicon-silicon dioxide interface depends 
weakly on time. | | 

In dimensionless form, the equation for the potential has the 
form 


ap te \> oj 1.4 
Te =U (ys te) (Te) sinh g. bee) 
Let us assume that e9/2 = Lp/z,< 1, which agrees with the case 
considered, with LH = ee,kT/2 |e |? C, the square of the Debye 
shielding length. 

The boundary conditions have the form 


p(0,t,e)=0, (y(t), H=D, <0. (3.1.1.6) 


Remark 3.1.1.1. Generally speaking, the equation for potential © 
must be solved in the region 0 < x < oo with the boundary con- 
dition DM (—oo, t) = 0. We can assume that the potential is shielded 
by mobile charge carriers of both signs (negatively charged molecular 


ions of oxygen, O,, and oxygen vacancies of the oxide, Vj, may 
serve as such carriers). Then, estimating the potential via Gauss’s 
theorem, we can formulate the problem for @ on a finite interval. 
The boundary conditions then have the form of (3.1.1.6) and are 
approximate. Such an approach makes it possible to disregard the 
processes occurring outside the oxide film. 

Summing up, we arrive at the following system of equations: 


RO BOY eh. fi’) 
O 8t Oy? are Oy (v Oy } 0, 

92 (3.1.1.7) 
e3 — + — p(y, t) sinh 9g. 


Oy? 


The movement of the silicon-silicon dioxide interface is determined 
by the flux balance equation 


= —— 'y, Sree 
dt dy Oy TF ly=yo(t)’ 


where C* is a given constant [3.3-3.5]. 

Thus, Eqs. (3.1.1.7) and (3.1.1.8) together with the boundary 
conditions (3.1.1.2) and (3.1.1.6) constitute a complete mathematical 
model of the process of thermal oxidation of silicon when the kinetics 
of thermal oxidation is close to steady-state. 


(3.1.1.8) 


3.1.1.2 Distribution of Chlorine in Silicon Dioxide 


Let us examine the diffusion of chlorine in a silicon 
crystal. When gaseous chlorine comes into contact with a silicon 
plate, there occurs classical diffusion of chlorine in silicon. The 
distribution of the chlorine concentration in the neighborhood of 


16* 
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point x = O is shown in Figure 3.2. This distribution resembles a 
boundary layer distribution, and on the whole the chlorine is dis- 
solved poorly in silicon. The situation changes drastically when 
oxygen appears at the beginning of the solid-phase chemical reaction. 
This reaction leads to the emergence of an elastic stress field at the 
silicon-silicon dioxide interface, and the field promotes an anomal- 
ous distribution of chlorine as an impurity. Let us study more care- 
fully the physical reasons for this anomalous distribution of chlorine 


in the Si-SiO, system. 


N 


Fig. 3.2 


It has been established experimentally that at the Si-SiO, bound- 
ary, which moves at a rate vV,,iae, the distribution of the impurity 
has a pronounced maximum whose position is closely related to the 
transition region between the silicon and the silicon dioxide [3.4-3.6]. 
Formation of the transition region depends to a great extent on the 
change in the free volume of the unit cell of the crystal when the 
transition is made from the Si phase to the SiO, phase. 

We suggest the following mechanism of formation of anomalous 
distribution of impurities [3.3]. The impurity particles diffuse into 
the solid phase and simultaneously there occurs a solid-phase chemi- 
cal reaction, which leads to a local deformation at the Si-SiO, inter- 
face and, in turn, generates an elastic stress field (note that in an 
elastic stress field the rate of solid-phase reaction increases [3.7]). 
The products of the reaction of chlorine with the substances of the 
transition region are assumed to be stable only in the elastic stress 
field and disintegrate outside this region. 
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Figure 3.2 shows the experimental distribution ([3.4], and later 
[3.8]) of chlorine concentration in the Si-SiO, system. The maximal 
value of the concentration is taken for unity. In the same figure we 
depict the assumed distribution of the elastic stress field. In the bulk 
of SiO,, the high gradient of the chlorine concentration is in oppo- 
sition to the flux and is maintained owing to the elastic field stress. 

An elastic stress field appears not only in chemical reactions ac- 
companied by a significant change in the volume of the crystal lat- 
tice, as is the case in the above example, but may also be generated by 

(a) a gradient in the impurity concentration, 

(b) a temperature gradient produced in pulsed heating of the 
sample, 

(c) electro- and magneto-elastic eftects, 

(d) ultrasound waves. 

On the basis of these assumptions we offer in this section a phenom- 
enological mathematical model suggested by N.A. Kolobov together 
with the present authors that takes into account the chemical reac- 
tion and the dependence of the diffusion coefficient on the impurity 
concentration and its gradient [3.4]. 

The existence of solutions that can describe, say, the distribution 
of an admixture of chlorine was discovered in mathematical models 
of transfer processes [3.3]. 

Let C (x, t) be the concentration of chlorine in the solid, with zx 
and ¢ the coordinate and time, and let the diffusion coefficient have 
the form 


D 
D= a. Deel: 
1+ 8; | 0C/dz | (3 ) 
where $6, and D, are constants. This formula describes the decrease 
in the diffusion coefficient as the concentration gradient grows, with 
D, the diffusion coefficient at a given temperature. By virtue of 
formula (3.1.1.9), which is a generalization of Fick’s law, the diffusion 
flux is expressed thus: 
Ja—— Po 
1+-B,|o0C/dx| Ox * 
We introduce the function F, (C), which models the solid-phase 
chemical reaction proceeding in the medium: 


Fy (C)=C%G(C), G(a,)=0, G(a,)=0, G(a,)=0, 
G(0)=0, dG/OC \cia, <0, dG/dC |c29,<0, (3.1.1.10) 
G(C)>0 
with G(C)>0 for 0<C<a,, G(C)>0 for ag <C <a, and 
Cmax —= 43, q> 1. _ 
_ An example of function G(C) may be the following function: 
G (C) = AC (C — a,) (a, — C) (C — as) exp C, with A = const > 1- 
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The equation describing the diffusion of the impurity has the form 


OC 0 D 0C 
orien (stare s-)—Fo(C)=0. — (3-4.4.11) 


Now let us go over to dimensionless variables in this equation, as- 
suming that 


CG. 1) Crsce (0,1), Wiig; Tig ts Bylo Fe: 


with Cay, Lo, and ty the maximal concentration and the characteris- 
tic size and time, respectively, and putting a;/Cyay = @;. Substitut- 


1 0 —— 0 —===—O @ 
\ 
; \ 
Bl ee +~—— 
g, me 
\ 
\ 
° is 
a, Se >= 
x 
Fig. 3.3 


ing into the expression for the Péclet number the values of the quan- 
tities characterizing the given process, namely, 


Iy~3xX10%m, t,~ 10° s, D, ~ 107! m?/s, 
we obtain the estimate 
Pe ~ 10. 


Assuming that Pe’ is a small parameter, ¢ = Pe, we can rewrite 
Eq. (3.1.1.11) in the new variables thus: 


Ov 0 1 Ov { 
—————— ae oe ee. SE | mn -_—_—— rr ) 


with B, a positive constant and function F, (v) satisfying the follow- 
ing conditions: 
F,(v)=v'G(v), G(a;)=0, i=1, 2, G(1)=0, 
G(0)=0, odG/dv|._- <0, OdOG/dvU |\,-, <0, 


'tT=aQ, 


where G (v) is positive for v € (0, a,) and negative for v E€ (ay, ap). 
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The boundary conditions for Eq. (3.1.1.12) assume the form 
U eves =O; v [e+ 00 == Ay. 


We will study this equation in Section 3.4. 
The solution to Eq. (3.1.1.12) is depicted in Figure 3.3 and de- 
scribes a formed impurity front moving into the bulk of the crystal. 
The rate of motion of this front is bounded above: 


b<2Y = ( G (v) v4 


1+ Be | dv/dt | 
The authors of this paper developed, together with N.A. Kolobov, 
a general model for the process of anomalous diffusion of chlorine: 


du 1 o*u 
Ot Poy dat + V1! + ¥2 = 9, 


ov sl 0*v | 
Ot Pes 0x2 zs 
Ow 
—— — By — B.u— B30 + B,2 = Q, 
dp 1 dap 
Ot Pe, Ox? 
Oz 4 0 02 Oz 

(x (== zz) “+ pyV + pd 2 = O. 


Ot Pe, 0x 


U=A2 


6,0 + 5,0 tL 642 — Q, 


+lou+lv=0, 


Here u, v, w, 0, and z are the concentrations of, respectively, molec- 
ular oxygen, silicon, silicon dioxide, atomic oxygen, and the 
chlorine impurity (see Figure 3.2). The region where the given system 
is studied can roughly be divided into three zones: the silicon di- 
oxide zone (I), the transition region between the silicon and the silicon 
dioxide with an admixture of chlorine (the region is filled with 
Si,O,Cl, of unknown stoichiometry and is characterized by strong 
inner stresses caused by the difference in the lattice parameters) (II), 
and the silicon phase zone (II). By Pe; we denote the diffusion Péclet 
numbers Pe; = L?/(D;t,), i == 1, 2, 3, 4, where LZ and ty, are the 
characteristic thickness of the silicon dioxide layer and the character- 
istic time during which the process sets in (i.e. the time it takes for 
the law of growth of the silicon dioxide layer with time to become 
linear [3.3, 3.6]), D; are the diffusion coefficient: 


D;, in zone I, 
D; = <¢ D;,. in zone II, 
D;; in zone II, 


and ;, 6;, B;, 2; and p; are the reaction rates fixed for each zone. 
The coefficient of chlorine diffusion in the elastic stress field is 
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inversely proportional to the concentration gradient: 


ae 

dx} {4A} dz/dx |® ° 

The boundary conditions have the form 
Ule=o=1, Vixeo=9, Wlxeao=1, P Iran =9, 
Z|xmo= 0. Ulxso==9, Vixsro=1, Wixo=9, 
P|x+00 =O, 2 |x+oo =O. 


The constants uy, Ly, U3, 53, and B, change sign depending on the 
sign of 0z/dx, namely, they are all positive for 0z/dzx negative and 
negative for 0z/d0x positive. Further discussion of this model lies 
outside the scope of the present article. 

Hence, there exists a real possibility in a number of cases of select- 
ing a chemical reaction that will enable alloying various crystals 
with poorly soluble impurities. This, in turn, may lead to fabric- 
ation of new microelectronics elements with unique properties. 


3.1.1.3 Sorption, Adsorption, and Precipitation 


These processes occur in the gaseous and liquid phases. 
The physical bases of oxidation adsorption at the interface between 
the gas and, the hydroxylated surface of the oxide are discussed in 
great detail by N.A. Kolobov in the Appendix to [38.3] (see also 
(3.4, 3.5, 3.9]). The Appendix also contains the model of the process: 

Ou Ou 1 ow 0 Ou OW : 

Get we ES d ($), Satu w), (tts 
with w and m, constants, u the dimensionless concentration of the 
substance contained in the medium surrounding the surface, w the 
dimensionless concentration of the substance deposited on the sur- 
face, y the dimensionless coordinate in the direction normal to the 
surface, f the isotherm of the process, and e¢ = Dt,/L* the small 
parameter (here D is the diffusion coefficient, f) the characteristic 
time, and ZL the characteristic size). Similar models describe various 
modifications of the precipitation process, say, chemisorption. 

In the liquid phase the precipitation is sometimes accompanied 
by chemical reactions, with the result that the mathematical model 
assumes the form 


Ou Ou 1 ow 1 O Ou 
Ot ay Oy m, oat Pe dy (3) + Fu), 


é 
=f (u, Ww), (3.1.1.14) 


with pw and m, constants. The first equation describes mass transfer 
accompanied by chemical reactions, and the second (known as the 
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kinetic equation) describes the properties of the chemical process. 
(its kinetics). In (3.1.1.14) the functions u and w stand for the con- 
centration of the substance contained in the phase surrounding the 
surface and the concentration of the substance on the surface, 
v (x, t) is the rate of admission of the substance, F (uw) is a smooth 
function describing the variation in wu due to chemical reactions, 
f is the isotherm of the process, and Pe is the diffusion Péclet number, 
Pe = 1?/(Dt,), which is a small or large parameter. Methods for 
constructing asymptotic solutions to (3.1.1.14) are developed in 


[3.3]. 


3.1.1.4 Microwelding of Current Leads in Computer Components 


Microwelding is widely used in the manufacture of non- 
detachable contacts in assembling computer components and other 
electronic devices. To calculate the heat condition in this process. 
it is usually necessary to know the temperature field generated by 
a number of point heat sources combined in a certain conliguration. 
The results are then employed to select a configuration of the sources, 
a shape of heat pulses, and a design so that one of the following 
conditions is met: | 

(a) no complex phase transitions have time to occur in the micro- 
welding zone, or 

(b) the thermal effect must be such that only selected phase tran- 
sitions occur in the microwelding zone in the necessary direction. 

In the first case we must ensure that the temperature in the vi- 
cinity of the heat source drops off rapidly in time; in the second we 
must select the given temperature distribution. 

The process of heat transfer in microwelding is described by a 
heat equation, which in dimensionless form is 


o(u, z)C (u, x) Se (V,A(u, 2) Vuy+R(z, t) = 0, 
(3.1.1.105) 


where (,) stands for the scalar product, 0, c, and A are the density, 
specific heat, and heat conductivity and constitute dimensionless. 
positive functions (these piecewise linear functions are replaced in 
a mathematical model with smooth functions), R (zx, t) is the dimen- 
sionless source function describing the configuration of the heat 
sources (x € R*,t € R+), u = T/T, is the dimensionless temperature, 
and &° == Aot)/(OoC £2) is a parameter, with 05, Cy, Ao, L, and fo. 
the characteristic values of density, specific heat, thermal conduc- 
tivity, distance, and time, respectively. 

The problem involving only one electrode has been considered in 
[3.10]. If there are n electrodes, the function R (z, t), which models, 
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the distribution of the sources, has the form 
3 


Tr 
R(x, t)—> A; (a, t) exp {—aj! 2 (x—x;)?}, (3.1.1.16) 
i=1 = 
where the A, are finite smooth functions, z; the dimensionless coor- 
dinates of the electrodes, and a; constants that determine the 
fractional width of the heat pulses. 


3.1.1.5 Liquid Epitaxy 


This method is employed in the manufacture of micro- 
electronics elements so as to obtain high-quality-low-defect single- 
crystal semiconductor materials. The epitaxy method [3.11] consists 
of crystallizing a substance from its solution or melt (the solution 
of the melted components that we wish to crystallize in a low-melting 
solvent). The parameters and structure of the epitaxial layer are 
controlled on Earth by varying the temperature, the rate of growth 
of the layer, the cooling rate, container geometry, the placing of the 
substrate, etc. Jn outer space in conditions of low acceleration 
there is the possibility of varying the size of the vector of residual ac- 
celerations that directly influence the quality of the layer. 

The epitaxy process is described by asystem of Navier-Stokes equa- 
tions in the Boussinesq approximation of slow flow of a fluid [3.11]: 


OW dW dW 
SIN SO cay a OO ee 
o= Vr, Tae ee ay Vo + F, 
ac aC, OC _ WC 
ot Ox dy Se ’ 
_ oF oy 
et Ox ’ 
. aC ac. 
where F = (=— cos@+ 3 sin | Gr are the bulk forces, Gr= 


gBL°C,/v? the Grashof number, B=(00/0C), ,o'!, O<y<1, 
O<x<1. Here g, B, L, Cy, v, 9, u, and v the acceleration gener- 
ated by the mass force, the expansibility at constant pressure and 
temperature, the characteristic distance, the concentration calcu- 
lated from the composition-property diagram, the kinematic viscos- 
ity, the density, and the components of the velocity vector; Sc = 
v/D is the Schmidt number, and aw, wp, and C are the dimensionless 
hydrodynamic vortex and stream functions and the concentration. 
The direction of the acceleration caused by the mass force makes 
an angle @ with the y axis. 
The boundary conditions are 

C=Cp, u=—O0,0v=0,7=0,7 =1,0<cy< 1, 

oCloy =0,u =0,v=0,y =0,y=1,0<27<1, 
where Cp is a constant. 
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The Grashof number may be either greater or less than unity, 
which makes it possible to introduce a small parameter, e. The 
Schmidt number exceeds unity considerably, say, when GaAs lay- 
ers are grown. 

In the present model we assume that the temperature of the melt 
is constant and that only the flow of the liquid and the concentra- 
tion distribution of the crystallizing component in the low-melting 
solvent are considered. The liquid-solid phase transition is accom- 
panied by liberation of latent heat of fusion, and the temperature 
distribution also affects the process. 


3.1.1.6 A Mathematical Model for Phase Transitions 


In dimensionless variables this model has the form 
[3.12]: 

Ou 0 Ou 

Rae ee 

B ( a" }=[Ktu ine, U (Ly, t)=Upny, (3.1.1.17) 


dt xX=X1- 
lim ¢ (u"—uj{ (z, t))/dx=V0, n=1 or n=4, 


X—> +00 


— y(u"—u} (x, t)) =0, 


where y is a constant, uw, (x, t) a given function describing the tem- 
perature in the external medium, w,, the temperature of the phase 
transition (a known constant), ¢ = Pe < 1 is one small parameter, 
6 =o (AT?) < 1 is the second small parameter of the problem, and 
o, A, and 7, are the normalized Stefan-Boltzmann constant, which 
allows for the degree of blackness of the body, the characteristic 
value of thermal conductivity, and the temperature. The thermal 
flux in the phase transition is specified by the following relationship: 


0 n n 
K (u)— = (un —Uu ). 


Here we have assumed that heat transfer by radiation plays an im- 
portant role. 


3.1.1.7 Electron and Hole Transfer in Semiconductors 


The mathematical model of this process [3.13] consists 
of a system of parabolic and elliptic equations, which in dimension- 
less variables have the form 


V’9 = Q (n— p—f), 
SY, uy, (Vn —nVQ)) +8, (3.4.1.18) 


SP. — (Vv, LUn (Vp ic pV 9@)) — §; 
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where q is the electric potential, m and p are the electron and hole 
concentrations, n, and p, are the maximal values of these concent- 
rations, g, 4,, and p, are the charge of the particles and their mobil- 
ities, gis the recombination generation function, Q = qn,/(€:80fr)s 


u ( fi Te 1 
= min TU =e : 
1 (f/foi? J 141 Vo/Eu 1” 


g = (np — nity (2 + 23) + Tp (Pp + Py)], Mm is the intrinsic 
electron concentration in the semiconductor, ¢€, and &, are the di- 
electric constant of the medium and the permittivity of empty space, 
f (x, y, t) is a known smooth function describing the total density 
of impurities in the semiconductor (donors and acceptors), the vari- 
able Z assumes one of two values (n or p), the subscript i assumes 
two values (1 and 2), t, and t, are the lifetimes of holes and 
electrons prior to recombination, and @7, 4, Umax, Umin, Lor, fr, 
and A; are fixed constants. 


def 
The quantity « = Q (Q~ 10-°) is the small parameter in this 
model. For a concentration characteristic of the problem discussed, 
a second small parameter (the diffusion Péclet number) can be con- 
structed using the characteristic values of mobility wo,, the charac- 
teristic time interval (say, T,), and the characteristic distance. 


31.2 Models of Functioning of Computer Components 


In this section we describe models for heat transfer in a supercon- 
ducting matrix, the diffusion of a light beam in an optical fiber, and the forma- 
tion of stable spin waves in ferromagnetic liquid. 


3.1.2.1 Heat Conduction in a Superconducting Matrix 


In view of the recent discovery of a new type of supercon- 
ducting materials with a transition temperature of about 90-100 Kk 
and higher, the use of such materials in technology and computer 
components becomes ever more important. The design of a supercon- 
ductor resistance matrix presupposes good heat conduction and a 
good thermal! contact of the superconducting material with the nit- 
rogen thermostat. Superconducting materials with a high critical 
field (type II] superconductors) usually have a low mean free path of 
electrons and, hence, a lower thermal conductivity, which potential- 
ly makes them unstable [3.14, 3.15]. The copper layers, which form 
the framework of the matrix, are insulators (compared with the su- 
perconductor) and possess high thermal conductivity. 

Let us consider a superconducting resistance matrix immersed in 
a nitrogen thermostat with a temperature 7, [3.15, 3.16]. In the 
destruction of the superconducting state (the phase transition from 
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the superconducting state to the normal conducting state), the tem- 
perature of the superconductor changes from 7) to the critical tem- 
perature 7’, above which the superconducting state is destroyed. There 
exists a distinct boundary between the superconducting state and 
the normal metal state(Figure 3.%). Three zones can be specified on 
the diagram: w,, or the region of normal conductivity, w., or the 


T 
Tc 
—_—— ——___— een - 
| | 
| | 
Ws g| Wo» , (0, 
| ne eee 
oe 0 x 
Fig. 3.4 


narrow transition region (which is natural for type II superconduc- 
tors), and ws, or the region of the superconducting state. The bound- 
ary between ow, and w, can move in either direction. Since the 
phase transition occurs fairly rapidly, we must retain the second 
time derivative in the heat equation [3.14-3.17]. 

Heat conduction in a composite superconductor consisting oi the 
resistance matrix and the superconducting layers is described in a 
uniform magnetic field by the following equation [3.16-3.17]: 


Ou 02u 0 Ou 
pC (u) (-S-+ ty “E) as ( K (u) * } 
+. F (u, x, t) =0, (3.4.2.1) 


where 0 is the dimensionless density of the medium, K (wu) is a posi- 
tive function describing the thermal conductivity coefficient of the 
medium, u = 7/T,, F =|[— JiR +a(u —1)),, wp = const, 

Ge 3 Pyi(L. — To), J = J —Jm (1 — BIBn — « (u — 4)), 

1 — B/B, —a(u—1) >0, with J the current flowing in the re- 
sistor matrix, /,, and B,, are the upper values of the critical cur- 
rent and of the magnetic field induction for a given superconductor, 
7, is the temperature maintained in the nitrogen thermostat, R = 
a, --a.B is the resistance of the composite semiconductor, 
C = a,u® is the volume specific heat of the superconductor, a; = 
const >0, i = 1, 2,3, F (u, z, t) is the source-sink distribution 
funclion (the rate of heat release), and e* = 0 ,CyL27/(Apty) is the 
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small parameter of the problem, with the quantities supplied with 
the “O” subscript being the characteristic values of the density, spe- 
cific heat, thermal conductivity, and time, and L being the char- 
acteristic distance in the problem. 


3.1.2.2 Diffusion of a Light Beam in an Optical Fiber 
and in an Optically Active Medium 


Let us consider the problem of light diifusion in a medi- 
um with small transparent reflecting particles. At a certain moment 
in time the medium is illuminated by light from a source. The source 
is then switched off. Obviously, the intensity of the beam at the wave 
guide exit will become equal to zero, since the beam undergoes mul- 
tiple reflection in the medium, that is, the beam must travel a very 
long path before it arrives at the exit. Employing probabilistic ideas 
to the motion of a particle and calculating the reflection and absorp- 
tion probabilities of the particle, the authors of [3.18] arrive at the 
following hyperbolic equation: 

07u 1 d*u 2v Ou 


Ax2—Oe?s cz at ’ 


wiiere c and v are the speed of light in the medium and the frequency. 

When light passes through an active medium, we must add, start- 
ing from acertain value of light intensity, a certain number of par- 
ticles to the intensity of the flux. The flux intensity reaches its max- 
imum and then decreases as the population inversion of the upper 
energy levels decreases due to the presence of excited particles. In 
this case the intensity is described by the equation 

Vv Ou 1 ou 0 Ou 

F (ao) = 0, F (a;) = 0, dF/du | uja, #O,i = 0,1. In dimension- 
less variables, Eq. (3.1.2.2) has in one of the approximations the 
form 


u a ». uy  ~™ 
i a ee lent, (3.4.2.3) 
Ot ot? Ox? 


where the variables marked with a tilde placed over them are dimen- 
sionless. 


3.1.2.3 Formation of Stable Spin Waves in a Ferromagnetic 
Substance 


This process can be used in the memories of modern com- 
puters and in the biological computers of the future [3.19, 3.20]. 
The basic trend in the development of modern memory devices is 
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still an increase in the storage density and storage space. We be- 
lieve that this trend will continue. 

For certain values of the parameters there appears in a ferromag- 
netic film a steady-state (stable) modulation in the form of a quasi- 
periodic “focusing.” This is reflected in the distribution of the maxi- 
ma and minima of the magnetization vector. As the magnitude olf 
the “supercriticality” increases as the system goes through a series. 
of stages of “development,” against the background of large modula- 
tions there appear modulations on a smaller scale. The generation 
of capillary waves on the surface of a liquid may serve as an analog 
of this physical process and is easily observed in experiments 
[3.21-3.24]. The mathematical models of these phenomena are ex- 
tremely close. 

The same phenomenon is observed in the generation of Langmuir 
waves in a plasma and the generation of waves on the surface of a 
liquid insulator in an electric field or of a liquid ferromagnetic sub- 
stance placed in a variable magnetic field. The generation of steady- 
state waves was also observed on the surtace of melted metal heated 
by modulated ionic beams [3.23]. 

All the phenomena mentioned above are described by a single 
mathematical model. 

To study the dynamics of the wave tield we can employ averaged 
equations. The deviation of the level of the surface, ¢ (x, y, ¢), can 
be represented in the form of a sum of four terms [3.23]: 


— 5 [aye* + a_e—ihe + betY + b_e-**9] e- tot 4 6.¢., 


where c.c. stands for the complex conjugate of the first term, / 
is the wave number, and w the frequency. 

The common method of deriving the truncated equations is to 
employ the results of the Hamiltonian description of the nonlinear 
interaction of gravitation-capillary waves [3.24]. When going over 
to the wave packet approximation, we must retain four packets cor- 
responding to two pairs of counterrunning waves. 

The system of equations for the envelopes has the form [3.24] 


= 1 (H +- Fb,0_) a} + ias [T | as |? 4+ S| az |? 


R b 2 b_ 2 ) 
+R(]d, [2+ 1b |?) (3.1.2.4) 


ww es ee —_—_—_—SEEEES Oe ae 


+ pbs = 1 (H + Fa,a_) b} + ibs [T | bs |?+ S| bz |? 
+R (| ay |*+ | a |?)], 
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where 7, S, R, F, and H are constants, y is the damping constant, 
and vg is the group velocity. This model will be analyzed in 


Section 3.7. 


3.1.3 Examples of Simple Mathematical Models 


In this section we discuss simple models referring to equilibrium 
precipitation dynamics and a model of modulation of steady-state spin waves in 
a ferromagnetic substance. We also build new solutions to the Ginzburg-Landau 
equation. Some of the mathematical models discussed in Sections 3.1.1 and 
3.1.2 allow exact solution in particular cases; for others no exact solutions 
are known. We will give the exact solutions in cases where they are known and 
thereby demonstrate a class of solutions that constitute bounded (as e¢ — OQ) 
synergets. These will be discussed in Sections 3.5 and 3.7. 


31.3.1 The Exact Solution to the Model of Equilibrium 
Precipitation Dynamics 


When the influx of the precipitated substance to the sur- 
lace is constant, the mathematical model of the dynamics of the 
molecular process is [3.9] 


Ov OV € day 0*v b is 

SCOR eA oe = 

ot Oe ay ' om @ét DF, t= 72 

Vi ys-c > 1, dv/dY |y+-c > 0, v [yer == (b/a)", 
—oomy<cCt. 


(Here C is an unknown constant that must be found, and a and b 
are constants that satisfy the condition a — b = 1.) Assuming that 
v = v(t), @ = @ (t), andt = (y — Ct)/e (in this example we assume 
that « = 1, so that t = y — Ct), we arrive at an ordinary differ- 
ential equation for the function v (t): 


du dv C ad dv 
rae ~U —— — —~ ~~ (a— biv*!*) = D di ° (3.1.3.1) 
The boundary conditions for v(t) are 
dv % ‘ 
v (— 00) == 1, = (— 00) =0, v(0) =(b/a)*, (3.1.3.2) 
Integrating (3.1.3.1), we get a first-order equation: 
C r av : 
(lg) Pte ee E , (5.1.3.3) 
Assuming that v = 1 and dvidt = 0 as t > — oo and allowing for 


the condition a — b = 1, we find that C = um/(m + 1). A parti- 
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cular solution to Eq. (3.1.3.3) has the form 
m+14 ri dv m-+i1 ( yil® dy 
‘— De oo YAFDIN gyilhp * 


v—@ 
(b/a)* (b/a)* 
(3.1.3.4) 


The denominator of the integrand vanishes atv = 1,sincea — b = 
1. If we denote expression on the left-hand side of (3.1.3.4) by 
I, (v), we get t = I, (v). 


— 


Fig. 3.5 


Generally speaking, the improper integral in J, (v) is divergent at 
v= 1_, that is, T> — wo as v—1_, but the inverse function 
v = Vv (Tt) exists because the conditions of the theorem on inverse 
functions are met. 


Let us restrict our discussion to the case where ’ = 1. We have 
Vv 
m+ 1 v dv 
Iv) =D” | 32 
= ptt | In | vp?—av-+ b |1/2 


se ele eset 
m+i y 
Uu 


Dv 


b/a 


In | | v*—av +b | 


u— 


a/(1- eye 17) 
b/a- 


(3.1.3.5) 


17—0105 
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The solution t (v) is depicted in Figure 3.5, and the curve 


a—b/vi® if v>(b/a), 
e(t) | 0 if v<(b/a)* 


is depicted in Figure 3.6. 


WM lls Vda 


b/a ‘ U 


Fig. 3.6 


The case involving a variable flow velocity u (y, t) and other 
cases of models of precipitation will be discussed in greater detail in 


Section 3.0. 


3.1.3.2 Spin Waves in a Ferromagnetic Substance 


Let us take the simple example of the modulation of 
steady-state spin waves ina ferromagnetic substance (the statement 
of problems of this class has been carried out in Section 3.1.2). 
This phenomenon can easily be elucidated if we employ the model 


of capillary waves on the surface of a liquid. 
Let us examine the nonlinear interaction of two wave packets. 


If in Eqs. (3.1.2.4) we put a = a (y, t) and bs = O for the amplitude 
of the envelope, we obtain the following equation: 


St te SF 4 vg = iHat+ ia(T +S] | a|?+ ia, 
(3.1.3.6) 


where H = Gk/(4w), G=const, JT = 0.0625 wk?, S = 0.6250k?, 
y = 2vk is the damping constant, and B = const. 

In this situation the authors of [3.23] observed a series of grooves 
on silicon (Figure 3.7) at the following values of the constants: 
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density 9 = 0.9 x 10° kg/m*, surlace tension a = 23 < 10-* N/m, 
kinematic viscosity v =. 4 < 10°§ m?/s, wavelength A = 3.2 x 
10-3 m, wo = 2n X TO rad/s, and the characteristic size of the re- 
gion studied was 0.2 m. At these values of the physical parameters 
the “deep water’ approximation is valid. 


Fig. 3.7 


The typical modulation period is equal to mA, with m varying 
between 2 and 4. The characteristic ratios in this case are y/o = 
0.07 and vg/y* = 3.4. 

These values of the parameters suggest that Eq. (3.1.3.6) can be 
made dimensionless and that there is a small parameter, 0 < ¢ < 1 
in the model. 

Suppose that y = y/(Am), t = ty, u = al(S + T)/y]}/2, 6 = B/y, 
h = Hiy, and e? = v,y/(2kA*yom?) <1, where ¢ is the small pa- 
rameter. Then Eq. (3.1.3.6) assumes the form 


Ou ..9 O*u ae thu®* + iu | u |*—iou. (3.1.3.7) 


OT an? 
The value h = 1 is said to be the threshold value, and the first 
stable “quasiperiodic focusing” mode is observed at h = 1 + eho, 


where eh, is the small supercriticality term. 
We will seek the solution to Eq. (3.1.3.7) in the form 


u(t, 9, &€) = U (yn, &) + eW (t, 0, é) + O (e?). 


Then for the functions U and W we arrive at the following equations: 
07U 


— is? an? + iU | U |?—iWo + iU*—U - 0, (3.1,3,8) 
a — ie? aut + W = ihU*+iw |U |? 
+21] UW | W—iow. (3.1.3.9) 


i7* 


260 V.G. Danilov, V. P. Maslov, and K.A. Volosov 


If we put 
U — Ny, +- IRs, 


we get the following system of equations: 


e? FF + (— 1 +0) n,m —n, (nj +n}) =0, 
ie — (3.1.3.10) 
—e? St (1—a)n,—n, +m (ni + n}) = 0. 


on? 
Near the threshold of parametric wave excitation [3.23], it is 
necessary that n, = n,.C =n, where the constant C in view of 


CO + 
xX 


Fig. 3.8 


(3.1.3.10), identically unity, C = 1 (see also [3.21, 3.22]). Then from 
system (3.1.3.10) we obtain the equation 


7a 4on—2n3=0, (3.1.3.44) 


whose exact solution has the form 2 
n==(0/2)!20(y V ole), ws—=-+ V 2/cosht, E= Vole. 


Equation (3.1.3.11) has two steady-state stable solutions: w = 1 
and w = —1. The function | w_ | is exponentially close to unity 
at a sufficient distance from point 7 = O, namely, the following esti- 
mates hold true: 


eN+to(eN) if N>1 and n>—WNelne/Vo=6, 
a eNto(eN) if n< Nelne/ Vo. 


— ¢- 


(3.1.3.12) 
Similar estimates hold true for w+. 


2 The fact that parameter ¢ is small will be employed below to 
construct the asymptotic solution (3.1.3.17). The exact solution is well-known 
and can be obtained in a trivial manner. 
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The function m_(&) can be matched with the steady-state solu- 
tions via the so-called decomposition-of-unity procedure. We de- 


note this new function by o_ (E), with € = nV o/e. 


Let 

if n<6, 

E.@)= | , if n>d+6,, 6, >0, 
(3.1.3.13) 

F {i if yo—s, 

2 (6) = 1 if nx—6—6, 

be two smooth, infinitely differentiable functions. Then 
~ [w_(€)(1—#,(€))] if &>0, 
O_ (§) = .1.3.14} 
) te pres if E<0. enieaeny 


tt 


| 


Fig. 3.9 


| Let us describe how the function o- can be used to construct a 
single groove (Figures 3.8 and 3.9). Note that Eq. (3.1.3.41) and 
the functions w_ are invariant with respect to the translation group, 
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The functions /; are also shifted by a quantity n: 
rn (uns ) =| 0 if nt+m<6, 
: g 1 if n+, >8+6, 5>0, 
n+n1 ) =| of atnS—*, 
if nen <—h—&. 


(3.1.3.15) 


r,| 


In a manner similar to that employed in (3.1.3.14), we can set up 


the function o_ (&): 


@_(E+&) 

wi [jo (E+%&) (1A, (E+8)) if E+8&>0, 

~~ Ufo (E+8,) 4+ 2£,(6+8)) if §€+8<0. 

€, =const > 6. (3.1.3.16) 


Then functions (3.1.3.14) and (3.1.3.16) can be employed to construct 
a single groove (the asymptotic solution to Eq. (3.1.3.7)): 


u = (1+ i) (0/2)? w_ (2) +0 (e). (3.4.3.17) 


A more detailed study of problems of this kind will be carried 
out in Section 3.7. In the two-dimensional case the similar solu- 


2 2 
02) <-) —o+0=0 has the form 


tion to the equation e* (> On? Ir at? 


o = V 2 /cosh (aE n+ erat 


3.2 Properties of Standard Equations 

Here we list the properties of ordinary differential equations that 
will be needed in our future discourse. 
3.2.1 Semilinear Differential Equations 


In this section we discuss the basic properties of semilinear stan- 
dard equations. 


The exact solution to the model of diffusion of a light beam in an 
optical fiber (the model constructed in Section 3.1.2) has the form 


u(x, t, a) =%( a ; 
where the function y(t) satisfies the standard differential equation 


bE — © ( (u(y) — 6%) $4) — R(x) =0. (3.2.1.4) 
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This equation belongs to the class of ordinary differential equations 
of the type 


k 7 (K (y) 2) — R(x) =0, (3.2.4.2) 


which represents all the standard equations encountered in this paper. 
At K (y) = 1 such equations are known as semilinear: 


aQ d?0 2 
b= — gee — A(9) = 0. (3.2.1.3) 

The properties of monotone semilinear solutions to Eq. (3.2.1.3) 
for an R (QO) #0 that has only two roots on the closed interval 
[O, 1] have been investigated in two situations [3.25-3.29]: 


Rec1((0,1]), R(0O)=0, R(1)=0, | 
Ec1((0, 1)} (O) (1) (3.2.4.4) 


dR dR 
Flexo * d@ lon 9° 

REC*(|0 1]), R(0)=0, R(4)=0, 

- ( = = (3.2.4.5) 
a 128 lent <O —! 


Equation (3.2.1.3) in which the function R (Q) satisfies conditions 
(3.2.1.4) is known as a Kolmogorov-Petrovskii-Piskunov (KPP) 
equation after the mathematicians who obtained these equations 
and studied them in the now classical work [3.26] and who arrived at 
nontrivial results. It is now well-known that when conditions 
(3.2.1.4) are met, Eq. (3.2.1.3) possesses smooth monotone solutions 


0< O(E)<1 only if b> 2V | dR/dO | oo |, with 
© (%) ~ 1— exp (— 1,8) as E> ow, 
O (E) ~ exp (JE) as E ->— 0, b> 2Y | dR/dO |o~ |, 
0 (&) ~ c, exp (1E)-+ c, Eexp (lE) as § > — on, 
b=2V | dR/dO |e» |, (3.2.1.6) 


when dR/d® | go >0. WhendR/dO | 6) < 0, one should simply 
substitute 1 — © for ©. See [3.43] and the Remark on p. 320. 

Equation (3.2.1.3) in which the function R (O) satisfies conditions 
(3.2.1.5) is known as the Zeldovich equation [3.3, 3.28] and differs 
in principle from the KPP equation. First, the solution to the Zeldo- 
vich equation that satisfies the conditions © (E) > 1 as — + oo and 
@ (€) > 0 as E > — oo exists only for a single value of parameter 
6 and behaves, as | & | — oo, in the same manner as (3.2.1.6). Sec- 
ond, a reversal of sign of R (0) in the Zeldovich equation leads to 
an equation with entirely different properties. 
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3.2.1.1 Kolmogorov-Petrovskii-Piskunov Equations 
A particular case of Eq. (3.2.1.3) is the equation 
dQ d2Q 
bE — ga — 8 (1 —9) = 0. (3.2.1.7) 


This equation has an infinitude of solutions of the traveling-wave 
type, that is, functions that satisfy the conditions 


0<O< 1, O(—co) =0, O(+oco) = 1, 
dO/d&€-~0 for TE(— oo, o), (3.2.1.8) 


with b> 6,,, = 2. The following theorem (see [3.26] and also 
[3.25]) holds true: 

Theorem 3.2.1.1 For every b> 2 there exists a solution to kq. 
(3.2.1.7) satisfying conditions (3.2.1.8). 

The results of this theorem are generalized in [3.3] to incorporate 
equations of the (3.2.1.2) type in which the function © (1 — 9) is 
replaced with an R (0) that is smooth for 0< O< 1 and satisfies the 
following conditions: 


R(®)>0 for O<O@<1, R(0)=R(1)=0, 


dR aR <0. 


(3.2.1.9) 
a ea ae ie 


As is well known, solutions of the traveling-wave type (i.e. solu- 
tions satisfying (3.2.1.8)) exist in this case if 


b>bain =2V | dR/dO |e |- (3.2.1.10) 


Let us calculate the constants / and J, in (3.2.1.6). After we differen- 
tiate Eq. (3.2.1.3) with respect to —€ and apply L’Hospital’s rule, we 
find that, as E> — ow, 


b=1+|dR/dO |exo |/I. (3.2.4.11) 


This function is depicted in Figure 3.10. Obviously, if b >O,,, 
(a given constant), then 


O0< |l| <0, l= b/2—Y b?/4 — dR/dO |gxo . 
Let us calculate the constant /,. Following the same line of reasoning 
as in deriving (3.2.1.11), we find that , as E> ow, 


7 | 2R/d® |g_,I det 2@/d&? 
rr a a 2 
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This function is depicted in Figure 3.11. Since 0 — 1 as E — oo and 
the value of b (2) is finite (nonzero), we obtain 


d2Q/dE2 7] 
dim | ~Fejae— | =! 
l,= —b/2 + V 02/4+ |dR/dO|9_1|. 
Whence the following relationships: 


@ = 1—exp(—|J|&)+o0(exp(— ||), §— o, 
dO/dE = | ly | exp(—|] ly | £) + 0 (exp (—| Jy | §)) 

= —|l,|(14—exp(— | Jo | €)) + | ly | 

+0 (exp(—| J, | §)) 

= —|%o| 9+ | ly] +0 (exp (— | Up | §)) 

=| l)| (1—©)+ 0 (exp(—| 51 &)), § > o. 


The above reasoning proves the validity of Theorem 3.2.1.1. 


Fig. 3.10 Fig. 3.14 


In applications an important equation is the one involving the 
sink function: 


d8 d?@ 
b- —~“ge +R (8) 0, R(O)>0 for O€(0, 4). 


This is combined with conditions (3.2.1.4) and the conditions 
O free 1,. Olean = 0. 
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The velocity of a simple wave in this problem is negative, 


1 +00 


= —({ 0048) (fF (a) 


and the following estimates hold true: 
O ~ exp (lE), 1=6/2-+ V B7/4 -+ dR/dO |e—1. > 0, 
E + — oo, 
@ ~ 1—exp(—L 6), 1,= —b/2+ 02/4 — |dR/d@ | o_1], 
E> +00, 
so that the wave travels with the velocity 


b<bmin = —2 V | dR/dO |o= |. 


Finally, here is an example that illustrates how important it is 
that the derivative of the source-sink function, dR/dO, for © € [0, 1] 
in Eq. (3.2.1.3) be continuous. In the papers [3.26, 3.27] this condi- 
tion is ignored. 

Let us consider the function 

exp(—1/E) if E>>0, 
Q(E) = | ee 
0 if E< 0, 
which is smooth for & € R! and satisfies the simple wave equation 
for equations of the KPP type [3.26] 


b+ 0 In? @[b— In 0(2+1n @)]=0, O€[0, 1]. 
(3.2.1.14) 


(3.2.4.13) 


In this case the function R in Eq. (3.2.1.3) has the form 
R=0O0ln?O0[b—-InO9(2 + 1n9)] 


and has an unbounded first derivative at point 0 = 0. This results 
in the localization of solution (3.2.1.13) to Eq. (3.2.1.14). 


3.2.1.2 Zeldovich Equations 


A particular case olf Eq. (3.2.1.3) in which the function 
R (©) satisfies the conditions (3.2.1.5) is the following one: 


d®@ d*0 
The exact monotone solution to this equation has the form 


@(§) = (3.2.1.16) 


1 
1-+exp(—t/ V2) ° 
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The constant b,, known as the Zeldovich constant, is in the present 
case equal to 1/Y 2. As |&|— oo, we obtain the following esti- 
mates: 

‘ | O (exp (b§)) as § +— 00, 

~ (1 —exp (—2,€) + 0 (exp (—2§)) as > + 00. 


These results can be generalized to incorporate equations oi the 
(3.2.1.3) type in which the function ©? (1 — ©) is replaced with a 
smooth function R (©) satisfying conditions (3.2.1.5). As is known 
(see [3.3]), in this case the traveling-wave solution (i.e. satisfying 
condition (3.2.1.8)) exists only for a single value of constant 6 and, 
as | E |— co, we arrive at estimates of the (3.2.1.6) type, with 
l = Lin 

The Zeldovich equations have been studied in [3.30] in connection 
with problems of the theory of combustion. The physics of these 
problems implies that the function R (©) must be nonnegative. How- 
ever, a study of localized solutions to nonlinear equations (see 
Section 3.8 and the book [3.3]) leads to the need to study equations 
of simple waves for the Zeldovich equations with a nonpositive 
R (0). 

A particular case of the Zeldovich equation with a nonpositive 
R (9) is 

d® d?0 

Let us prove that the solution to this equation satisfying the 

conditions 


aB/dE-0, Ole.-1o > 0, Oles4n —> 1, (3.2.1.18) 
has no exponential asymptotic as — — —oo. The existence of such 
a solution is proved below. 


Let us assume that the contrary is true, that is, that there are 
positive constants 1, <0 and J, > O such that 


| 1 — exp (1,) +0 (exp (1,8) as E> +00, 
O (exp (1,&)) as §€ —-— oo. 
Then, as |&| — oo, (3.2.1.17) yields 
—obl,4+1l;+1=0, b1,—l=0. 
Real solutions 1, exist only if b>> 2. The second equation implies 


that 6 = 1,. Note that the following equalities are valid: 


b j (4) a= os j ero de=— 


— 0O 


lence, b and J, are negative, which contradicts the initial assumption. 
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It can easily be verified that the solution to Eq. (3.2.1.17) satis- 
fying the conditions (3.2.1.18) has the following asymptotic behav- 


ior: 
0 (€) =O (1/|§|) as § >— oo, 
© (&) = 1— exp (1,8) +0 (exp (4) as E> +00, (3.2.4.19) 
l,=b/2 — Vb/4—1. 


The condition b> 2 is the necessary condition for the existence of a 


solution. 
Suppose that the function R(Q) in Eq. (3.2.1.3) is differentiable 
on the closed interval [0, 1] and satisfies the conditions 


R(9)<0 for Oc 0 <1, R(O)=R(1)=—0, 
dR dR 
d@ leno = 9) 6 fom?” 

Then the following assertion is true: 


Lemma 3.2.1.1 If conditions (3.2.1.20) are met, then there exists 
a solution to Eq. (3.2.1.3) satisfying conditions (3.2.1.18). 


(3.2.1.20) 


Fig. 3.12 


Proof. The proof follows from an analysis of the phase portrait 
of the first-order ordinary differential equation 
dp _ bp—R (8) 
aQ cies a ae ) b < Q, 
to which Eq. (3.2.1.3) can be reduced (see Figure 3.12, where the 


curve ACB corresponds to the function p = R (Q)/b and the “minus” 
sign singles out the region where the derivative dp/d®@ is negative). 
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The singular point A is a complicated singular point of the saddle- 
node type with a single distinct direction (direction / in Figure O12), 
The singular point B is a node for | 60 | >2V dR/d@|e-1 (a 
confluent node for | b | = 2V dR/dO |e=1). The eigenvalues and 
eigenvectors of the linearized equation have the form 


1, =b/2-+ V4 —dRidOlen, v.=(h, 1), 
Vi = (A, 1). 


The integral curve ADB, which corresponds to the solution to Eq. 
(3.2.1.17) that satisfies conditions (3.2.1.18), enters the singular 
point B along the direction of the eigenvector v_. The proof of Lem- 
ma 3.2.1.1 is complete. 

There exists a natural generalization of Lemma 3.2.1.1, namely, 

Lemma 3.2.1.2 Suppose that the function R (©) in Eq. (3.2.1.3) 
satisfies conditions (3.2.1.20) and point © = 0 is an algebraic branch 
point of this function, R (Q)~ ©O8, B > 1. Then the solution © (&) 
satisfying conditions (3.2.1.18) has the following asymptotic behavior: 


@(&)=O(|E| 7°") as E>— 0, 
@ (E) = 1 — exp (1) +0 (exp (1€)) as E ++ 00, 
1=b/2—Y b?/4 — dR/dO |e_, <0. 


Proof. The proof can be obtained in the same manner as was done 
with Lemma 3.2.1.1 and is not discussed here. 


delee Nonlinear Standard Equations 


In this section we consider a method for studying nonlinear stan- 
dard equations. The method is based on the reduction of the standard equation 
to known equations for simple waves for the KPP equation [3.26] of the Zel- 
dovich equations [3.30]. The properties of the solutions to these equations are 
given below. The main results concerning the properties of localized solutions of 
standard equations are contained in Theorems 3.2.2.1 and 3.2.2.2. 


Let us take an ordinary differential equation with constant coeffi- 
cients, 


SL © (K(x) *) —F( =0, (3.2.2.1) 


where K (xy) and Ff (x) are positive for y € (0, 1), K (0) = 0, K (1) > 


O, and K (y)~ y®-"! as y~>0,k >1. By ©(E) we denote the 
smooth monotone solution to 


d9 d29 ay34 
b= — ar — (8) =0, (3.2.2.2) 


where dR(Q@)/dO is a continuous function of O€[0, 1]. 
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Theorem 3.2.2.1 The transformation 


d d® 
K (x) 3p = gap (F() (3.2.2.3) 
reduces Eq. (3.2.2.2) to Hq. (3.2.2.1), where F (y) = R (x)/K (X)- 

Remark 3.2.2.1. The inverse of function y (t), or T (y), exists be- 
cause of the assumption that ©(&) is monotone. Indeed, Eq. 
(3.2.2.3) and the monotonicity of O(&) imply the monotonicity of y (tT). 

Remark. 3.2.2.1' We get the same results using 
0 = exp[(b+ VY b?—b*xin) 1/2], t——0oo (see p. 320). 

Proof. Transformation (3.2.2.3) leads to the following: 


ay 1 ~=—dO(t(x)) 

dt K (x) d& : 

d dy d?@ 1 dy 

dt (K (x) ) —~ “de® d@(t(y))/de dt 

en: { 14 dO(t(x) — 1 4@e 
—— d&* dO (t (x))/d& K (xX) dé K(X) dd? 


Using these relationships to express the derivatives of © and sub- 
stituting the result into (3.2.2.1), we arrive at (3.2.2.2). The proof 
of the theorem is complete. 

The left-hand side in (3.2.2.3) contains an expression that has the 
physical meaning of the flux of the transferred quantity. The trans- 
formation (3.2.2.3) is known as the localization transformation and 
has been introduced in [3.3]. 

Remark 3.2.2.2 If the function R (y)/K (y) has a singularity at 
x — O, then instead of Eq. (3.2.2.1) we should consider the equation 


K (x) [bE (Ky) £) ]4 Ry) =0. 


Examples involving the construction of some exact solutions to 
equations of the (3.2.2.2) type and the respective partial differential 
equations are discussed in [3.3] (see also Section 3.8). 

Let us now turn to Eq. (3.2.2.1) and assume that the source-sink 
function F in this equation is the ratio R (y)/K (y), with R satis- 
fying conditions (3.2.1.9). Then the solution to Eq. (8.2.2.1) can 
be expressed in terms of the solution to the equation of simple waves 
for the KPP equation by the method discussed in Theorem 3.2.2.1. 
Let us illustrate this pictorially. Let © (&) be the solution to the 
simple-wave equation 


d® d?Q 
ae wid 7 +R(@)=—0. (3.2.2.4) 
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Curve / in Figure 3.13 represents the function © (6&), the solution to 
Eq. (3.2.2.4). In the same figure curve 2 represents the derivative 
d@/dE. The graph of the function f (0) = (d0/d&) (O* (@)), with 


©,dO/AE 


Fig. 3.13 


©-! (©) the inverse of © = 0 (€), is shownin Figure 3.14. Both Fig- 
ure 3.14 and Theorem 3.2.2.1 imply that Eq. (3.2.2.1) with F (x) 
equal to R (x)/K (y) has a solution y (t) with a semi-bounded sup- 
port (this solution is shown in Figure 3.15). 


f 


Fig. 3.14 


Let us study the behavior of the function y as y ~0O and y — 1. 
Without loss of generality, we can consider the case where the front 
of the weak discontinuity lies at point tT = 0. As t— 0, we have 


X(t) = t% (py + 0 (4), (3.2.2.0) 


where y, = y, (@) is a certain constant. Indeed, in view of (3.2.2.3), 
it is sufficient to prove that the function depicted in Figure 3.14 
satishes the condition df/d@|g.») 0. To establish the validity of 
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(3.2.2.9), we calculate the derivative 


leno - = (“= - (®))) 7 


_ @@/d§2 | def 7 
i d@/dé t—-co ; 
The estimate (3.2.2.5) then follows from (3.2.2.3) and the estimate 
(3.2.1.6) as §& — —oo. 

Let us consider the behavior of y as y > 1. For the function 
© (&) the asymptotic behavior as § — +o is specified in (3.2.1.6). 


x(t) 


Fig. 3.15 


This together with (3.2.2.3) implies that y has the following asympto- 
tic behavior as tT -— oo: 


y= temp (— pt) + o(exp (—Yptt)). 


The estimates for y when R (Q) satisfies conditions (3.2.1.5) or 
(3.2.1.20) can be established in a similar manner. 

Summing up the above statements we arrive at an important theo- 
rem concerning the solutions to Eq. (3.2.2.1): 

Theorem 3.2.2.2 Let the functions F (y) and K (y) in Eq. (3.2.2.1) 
have the form F (y) = ¥9G (yxy), @>0, k>1, and K (yx) = 
ko (x) x*-1, with the functions o (x) and G (y) being continuously 
differentiable for y>0, G(y) #0 for y €10,1), G(1) = 0, and 
dF/dy, | y=, +0. Then there exists a monotone continuous nonnegative 
solution to Eq. (3.2.2.1) that has a semi-bounded support (y (t) =0 
for t <0). satisfies the condition dy"/dt | y=) = 0, and is such that 
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(a) if k + q >2, g>>1, and G(y) >0 for x €10, 1), then 


y(t) =O(tI/A-1) as t > O, 
[gt 


u(t) =1— exp (— sche) +9 (exp (—saje)) astm: 
|, = — 12+ V B14 — ARI [ona 


where b = b, is the Zeldovich constant in Zeldovich equation 


de a?@ 


(b) if k+q=2, q<i1 and G(x) >0 for xE[0, 1), then 
y(t) =O (tHCY) = O(t1/4-D) as t > 0, 
y (t) = 1— exp(— /,t) + 0(exp(—l,T)) as tT > oo, 
where 
1s = (—b/2-+ V P74 | dRIGO [on1|)/ (ko (4)), 
b>2 V dR/d® | @=0; 


(c) if k + q >2,q<1, and G(y) <0 for y € 10, 1), then 
y(t) =O(tH-D)) as t > 0, 
x(t) = 1— exp( —1,t) +0(exp(—1,T)) as tT > oo, 
l, = (b/2 —V 82/4 — dR/dO |e, )/ (kp (1)) <9, 
b< —2 VdR/dO Jo, 
where R (9) = kp (QO) O**71G (9), 0(0) > 0. 
Proof. The proof of the theorem follows from Eq. (3.2.2.3) and 
the properties of the solution to Eq. (3.2.1.3) (see also iq. (3.2.2.2)) 


discussed in Section 3.2.1. 
Let us consider the ordinary differential equation 


DN (x) Fe — Fe (KW) -E) —F ) =0. (3.2.2.6) 


where K (vy) and WN (y) are positive functions, Ff (y) >O for y € 
(0, 1), K (0) =0, K (1) >0, and K (x) = kp (y) yt. By 9 (§) 
we denote the smooth’monotone solution to the equation 


4 d®@ d?® 
DN (©) 4 —-Ga- — R(0) =0, (3.2.2.7) 


where dR (9)/dO is continuous in 9 € [0, 1]. There is a theorem that 
is similar to Theorem 3.2.2.1: 


18-0105 


274 V. G. Danilov, V. P. Maslov, and K. A. Volosov 


Theorem 3.2.2.3 The transformation 


9 
K (x) FE = (4 (W)) (3.2.2.8) 
reduces Eq. (3.2.2.7) to Aq. (3.2.2.6) with F (x) = = (y)/K (7). 
Proof. The proof is similar to that for Theorem 3.2.2. 
The properties of the solutions to Eq. ((3.2.2.7) are coat by the 


following 
Lemma 3.2.2.1 Let the function R (©) in Eq. (3.2.2.7) have - 


properties specified by one of the conditions (3.2.1.4), (3.2.1.9), 
(3.2.1.20). Then there exists a monotone nonnegative solution to nom 
(3.2.2.7) with © € [0, 1] such that 
(a) if R (O) satisfies (3.2.1.9), then 
© (E) ~ exp (é), 1=bN (0), as E +— 0, 
@ (8) ~ 1 exp (— lb) as § > 00, 


|= —bN (1)/2-+ V BN? (1)/4-+| RIO lot |: 
(b) if R(O) satisfies (3.2.1.4), then 
O ~ exp (l&) as E +~—oo, 
On 1—exp(—,E) as § >-+ 0, 
~ BN (0)/2—V &2N2(0)/4—dR/d® |exo , 
lp == —bN (4)/2-+ V B2N2(4)/4-+ | dR/d® lox |, 


where b>2N-1(0) V dR/dO lo—o} 
(c) if R ig satisfies (3.2.1.20) and has an algebraic branch point at 
O=V0, or R(O)~ 08, B 1, then 


O(E) w O(, Ey ”) as E +— oo, 
© (8) © 1—exp (U8) as E + +00, 


1, = BN (4)/2— V BN? (1)/4—dR/d® lo, <0, 


where b<—2N~71 (1) VY dR/dO |g-1. 

Proof. To prove this lemma, one can employ the line of reasoning 
used in Section 3.2.1. 

Summing up the aforesaid, we arrive at the following theorem on 
the properties of the solution to Eq. (3.2.2.6). 

Theorem 3.2.2.4 Let the functions F (y) and K (x) in Eq. (3.2.2.6) 
have the form F (x) = ¥{G (xy), g>0, k>1, dF/dy|ya1 ~ 0, 
and K (x) = ko (x) x*7, ea let the functions o (y), G(x), and 
N (x) be continuously differentiable for y>O0, G(y) #0 for 
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y €[0,1), and G (1) = 0. Then there exists a continuous monotone 
nonnegative solution to Eq. (3.2.2.6) that has a semi-bounded support 
(y (t) =0 for t <0), satisfies the conditions dy*/dt | y=9 = 0, and 
is such that 

(a) ifk + q >2, q >1, and G (y) >0 for x €[0, 1], then 


y(t) & O (tA) ast > 0, 
y(t) ~ 1—exp(—J,t/kp (1)) as tT ~-+ 00; 

(b) if k--q==2, q<1, and G(x) >0 for yE[0, 1), then 
y(t) OTA) = O(t/U-D) as t > 0,7 
y(t) & 1—exp(—Jgt), 13 =15/ (kp (1), a8 t>+ 00 

(here b->2N-1(0) V dR/dO lox); 

(c) if k-+g>2, ¢<1, and G(x) <0 for x€{0, 1), then 

y(t) e~ O(tH/A-D) as tT > 0, 


X(T) & 1—exp(—1,1) as T —>-+ oo, 
1, = Tal (kp (1)), b< —2N-* (1) V RIA Jom 


where R (®) = kop (0) OF *2G (0), (0) > 0. 
Proof. The proof of this theorem is similar to that of Theorem 
ees 


3.0 A Time-dependent Model of Thermal Oxidation 
of Silicon 


In this section we consider a time-dependent model of thermal 
oxidation of silicon for the case where the effective Debye shielding length de- 
pends on the coordinate in the region occupied by a growing oxide layer.® 


A model of thermal! oxidation of silicon has been described in Sec- 
tion 3.4. It consisted of the equation for diffusion of oxygen in a 
solid and of a Poisson equation describing the potential generated 
by the space charge formed in the Si-SiO, interface. The mathemati- 
cal statement of the problem is 


Ov 0*v 0 oy 
3 pe ee ye 3.0. 
ea 8 a +-& iy (v ay QO, (3.3.0.1) 
0*p e 
Es 5y3 =v(y, t, &)sinh@. 


3 See also [3.3-3.6]. 
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The movement of the Si-SiO, interface is specified by the equation 


ayo __ * (<0 +) | 3.3.0.2 
dt ls Oy 7 dy | |\y=yo(t)’ ( 


where C* is a given constant. The boundary conditions have the 
form 


v(0,t,¢)=1, v(yo(t), t, &)=9, 
3.9.0.3 
p(0, t,e)=0, (Y(t), t, &) = Py <0. \ 


Equations (3.3.0.1) and (3.3.0.2) together with the boundary con- 
ditions (3.3.0.3) constitute a complete mathematical model oi the 
process of thermal oxidation of silicon in the case where the kinetics 
of the thermal oxidation is close to steady-state. 

We will seek the asymptotic solution of the problem formulated 
above in the form 


v(y, t, &) =[eW ly, t, t)+eW, (y, t, T) 
+0 (€*) r=sy, t, &)/e> (3.3.0.4) 
Y (y; t, &) — [Fo (T) ae ef, (Y; l, T) ae O (€*) easy, t, &)/E9 


where S (y, t, &) = So CE t) aT ES) (y, t, E), with, So (y, t) on 
B (t) Yo (t) — y), B (@é), and S, (y,¢t, ©) being smooth functions. 
Here is a theorem that describes the structure of the asymptotic 
solution and provides a method for solution. 
Theorem 3.3.0.1. Problem (3.3.0.1)-(3.3.0.3) has an asymptotic 
solution of the form (3.3.0.4). The function W, (t) is then determined 


thus: 
tT 


W(t) = (yo(t))*[exp (Fo (x))]\ exp(—Fy(v')dv’, (3.3.0.5) 


0 


with Wy (t)~ Ct as t> +oo, and the function Fy (t) is the solu- 
tion to the boundary value problem 
Tv 


d*F = (exp F,) (sinh F,) ( | exp (— Fy (t’)) dx’ 


dt2 


0 
Fy | c=0 —— D,, F, ede a QO. 


The function S has the form S (x, t) = (y (t) — y) + eS, (2, ft). 
Lhe movement of the boundary of the region (the interface) is specified 
by a parabolic law, that is, 


yo(t) = V 2C*t+y,(0). (3.3.0.6) 


Proof. We substitute solution (3.3.0.4) in (Eq. (3.3.0.1) and nulli- 
fy the coefficient of the same powers of e. We arrive at a system of 
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equations of the type 
— re (GR) + ae (oat) (Gt) =o. 
(3.3.0.7) 


gl: 


OF, [ OSo\2 wr os ap. 
aa ( 5} = W, sinh F,; 


e*: —2 


AW, OS, OS,  aW, (280 )? 
av? ay dy at ay 


g OF, \ OS, aS; 
+2 5 (We —— dy dy 


0 OF ) a OF y ASy \2 
+1 (We [Ot Ties (W, AT ) | dy ) 
aw, zi roe (7 yr. _2Fo_\ Se 
~ “Oy OT Oy 0 At Oy ’ 


5 OF ~ 5g O°Fy (3 )’ 
~  @T2 OT? Oy 


—W,F,cosh F,+W, sinh'F). 
The boundary conditions for system (3.3.0.7) are 


(3.3.0.8) 


W,, |exo. = 0, Wel eee 
0 ls 0 0 lx (3.3.0.9) 
Fy |<=0 =D <9, Fy |x+0 = 0. 
Let us consider system (3.3.0.7). In view of the first condition in 
(3.3.0.9) and the fact that S | yay 2) = 0 we get 
T 
W(t) =C exp (Fy (1) \ exp (—F (1')) dt’, (3.3.0.10) 
0 


where C = C (y, t) is an unknown function. Susbtituting this ex pres- 
sion for function (3.3.0.10) into the second equation in (3.3.0.7), 
we arrive at an equation for finding fF): 


T 
= Fat = (sinh Fy) exp (Fo(1)) | exp (— Fy (v’)) de’, 
0 
(3.3.0.11) 
Fy Ic=0 = 0, <0, Fo [e+ = 0. 
Let us study the behavior of (3.3.0.10) as t + oo. Obviously, 
Wy ~ Ct =CB(t) (yo(t) - y) +0 (e). (3.3.0.12) 


Note that at y = y, (t) the function S (y, t, ¢ )/e grows without lim- 
it as e—O. For this reason the boundary conditions of the initial 
problem correspond at y = y, (t) to the boundary conditions as 
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tT» oo belonging to the system of equations (3.3.0.7), (3.3.0.8). 
Thus, (3.3.0.9) yields 


CBy (t)= 1. 


Hence, C = C (t). Without loss of generality we can put ~* = C, 
since in the problem studied here, in view of (3.3.0.11), a change in 


U 


Gas SiO>s \? ia iP 
_ | | 30 : 30 : 30 
— | | | 
— : ) | 
— (17) | | si 
| 
Y2 gs eh T® 
| 
\ | 
| 
JN \ 
Yo(! )= of Up(7) = 10h Yo(17)=12h 


Fig. 3.16 


B leads to the renormalization of S and has no effect on the final re- 
sult (see [3.3]). The final result is 


C= (y(t), B(t) = (yo(t)) *”. 
Now, from the flux balance equation (3.3.0.2) we can find y, (t¢), 
which determines the movement of the Si-SiO, interface. Indeed, 
in view of (3.3.0.2), we have, as tT > o, 


Fe = O* (C+ BMS) , 


0 OT 


but the last term decreases exponentially as tT —> oo, whence 
dy jdt =C*/yg(t), Yo(t)= V 2C*t+ Yy (9). 


As a result of a number of manipulations, system (3.3.0.8) can be re- 
duced to the following system of equations for functions W’, 
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and F,: 


OW, , 8 fa, OF; oF | 
«Or? ++ (Wo at + W; Ot 


=2 2M 1 _2 8 (w ro ) 981 | (3.3.0.13) 


~ Ot2 Oy Ov 0 At dy ’ 
ae 62— W,F, cosh F, —W, sinh Fy = —2 =e B o 
The boundary conditions are 
i Fn (3.3.0.14) 


Fy lc=0 = 9, Fy |1+0 = 0. 


Refining the solution, that is, the solution to higher-order equations, 
does not lead to qualitatively new results, and we will not under- 
take it here. 

In conclusion we note that the above result (the law of motion of 
the Si-SiO, interface) is in good agreement with the entire body olf 
experimental data and with the existing empirical models. In 
Figure 3.16 we have collected the results of numerical calculations 
of problem (3.3.0.1)-(3.3.0.3) (see also Figure 3.1), where the dotted 
curves correspond to the principal terms W, and Ff, in the asymptot- 
ic solution specified in Theorem 3.3.0.1. All constants are listed in 
Table 3.3.1. 


Table 3.3.1 
Po At h c* Pe Figure 
— 20  .02 0.025 1 10-2 cs 
— 30 0.02 0.025 1 4()-4 3.16 
3.4 Oxidation of Silicon 


in a Halogen-c ontaining Medium 


In this section we discuss a simple phenomenological model of 
the diffusion of chlorine in silicon. When gaseous chlorine is brought into con- 
tact with a silicon crystal, classical diffusion of chlorine into silicon occurs 
(on the whole, chlorine is poorly dissolved in silicon). The situation changes 
drastically when oxygen is admitted and the solid-phase chemical reaction starts. 
A pronounced maximum in the chlorine concentration is formed as a result of 
this process and it is localized at the Si-SiO, interface and moves in space. This 
section is devoted to the study of this process. 
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3.4.1 The Model Problem 


In this section we define a localized asymptotic solution and build 
such a solution for a nonlinear equation with constant coefficients. 


In the phenomenological model of silicon oxidation in a halogen- 
containing medium, the diffusion coefficient depends on the concen- 
tration gradient (see Section 3.1.1.2). Such a model has been studied 
in [3.34]. 

Asymptotic solutions with a compact support for quasilinear para- 
bolic equations have been built in [3.3]. In the one-dimensional case 
the left and right fronts of the weak discontinuity move in oppo- 
sition to each other at the same speed, so that the solution support 


U 
1. 
pe a a gee ge 
8, 85 
A 
x 
Fig. 3.17 


spreads or contracts with respect to a fixed point (the “center’). 
Multidimensional localized asymptotic solutions with a compact sup- 
port have a similar property. In this section we build one-sided lo- 
calized asymptotic solutions for a quasilinear parabolic equation; 
the maxima of these solutions propagate in space (see Figure 3.17). 
Such solutions are similar to solitary waves (solitons) in the theory 
of wave processes, but have not been previously mentioned in the 
literature. 

Biologists [3.25] and specialists in the field of technology [3.4] 
have long known of the effect of self-motion of structures, that is, 
motion not associated with that of the external active medium. The 
solutions set up in this section describe the self-motion of a dissipa- 
tivestructure and may be used for mathematical modeling of pro- 
cesses observed in experiments. We will call such solutions solitary 
syner gets. 
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Let us consider the quasilinear parabolic equation 


. Ou O d(x, t) Ou __ 
Lu=t—- —& DE eres set | — 77 (2, t) F (u)=0, 
(3.4.1.4) 


xe Ri, tE[0, 7], 


in which the function F (wu) has four roots, u, = 0, ug = a, >U, 
Us = a, > 0, uy = 1, a, << a, <1, and satisfies the following con- 
ditions: 
dF/du|\y=9 >>0, @F/du |yaa,<.0, AF /du | ya, > 9; 
(3.4.1.2) 


dF/du \ya1 <.0, F(u)~ul(q>>1) as u > 0. 


Definition 3.4.1.4 An asymptotic solution to Eq. (3.4.1.1) 
of the solitary synerget type is a continuous function uw (2, f¢, &) 
bounded below by a positive (and independent of e€) constant on a 
set with positive measure and such that 

(a) Lu = Q (a, t, €), where Q is a bounded function (as ¢ > UV) 
for which the following estimates (or bounds) are valid: 


g5t+KE 
at° axl 
p, O€ 24, 64+ p[t+ 1/(k- 1)] 


(here [A] stands for the integral part of number A); 
(b) the transferred-quantity flux is continuous: 


p Ox |-o, 7 4+6 | du/dz | Ax |\x|+00 : 


(c) (du/dt)/(Ou/dx) >O as | Vu | — max. 
Let us study Eq. (3.4.1.1) with constant coefficients: 


a ie = 
Lu=e 3 —e = ( SIR ~~) —F(u)=0, (3.4.1.3) 
eh, t€[0, 7], usd, 
where F (u) = WG (u), gq 1. 

The function F (u) vanishes four times on the segment u € [0, 1] 
and satisfies conditions (3.4.1.2). The asymptotic solution of the 
solitary synerget type to Eq. (3.4.1.3) satisfies the following bounda- 
ry conditions: 

U|x+r—co — 0, UWlestoo > 4, OU/O2 |x. —> 0. 


(3.4.1.4) 


The part of the solution of the solitary-synerget type corresponding 
to the nonzero boundary condition is constructed by employing the 
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solution of the simple-wave type [3.26-3.28] (see Figure 3.3), and 
the part corresponding to the boundary condition as x— + oo in 
(3.4.1.4) is constructed on the basis of a simple wave (see [3] and 
Chapter 6). 

When the coefficients are constant, the solution of the solitary- 
synerget type to Eq. (3.4.1.1) can be constructed by employing the 
invariant solutions to Eq. (3.4.1.3). These are determined by the 
solutions y (t) of the ordinary differential equation 

dy d 4 dy 
bt — (aaa SE\)—F(y)=0. (3.4.1.5) 


The following lemma holds true: 
Lemma 3.4.1.1 Let 


dF /dy |y-0>>0, dF/dy |ya1<.0, dF/dy |y-0, <0, 


7Rlaw~ | 4 
b<2Y AFIAy Timo» b> para (1AF/Ax la P— 1), 
a} 


F (x) dy>0, i= 4, 2. (3.4.1.6) 


For one thing, b,>2V dk’/dy |y=o if g = 1 or b = by are the constants 
of the Zeldovich type in the equation 


dX d 1 dy _ 
yee | 1+ | dy/dt | SL) — F(x) =0, q> 1. 


Then there exisis a monotone solution y, to 


aX d 4 ayy - 
4 dt ara 1+ B |dx;/dt| dt ) —F (x1) = 0 


satisfying the conditions D<y,<1, 
xa(t) = O(exp (It)), 1 =b,/2+ V 63/4 —dF/dy |y=0, 
as T—>— oo, 
{1 (t) = 1 —exp (1,t) +0 (exp (11), 
l= —b,/2—VB74—dFldxlei, a8 t->+00 
and a monotone solution \. (t) to 


dY¥o d 1 aXe mean 
bt — = | 1— 8 (d¥_/daT) Fe) —F (x2) = 0 


satisfying the conditions a,<y,(t)<cl, 
Xo (t) = 1— exp (J,t)-+ o(exp(l,t)) as T >~— oo. 
Xo (tT) = a, + exp (— /,T) + 0 (exp( —,T)) as T +-+ 00, 
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with _ 
1-05) 2 + Vb /4 =) OF) dy lye |i 


Theorem 3.4.1.1. The asymptotic solution of the local-solitary-syn- 
erget type to problem (3.4.1.1), (3.4.1.2), (3.4.1.4) has the form 


us(2, te) =[ 4, (22) (1-8, (E44 —m,)) 

+H, (——" —m, ) | Es se 

x (1—£, (25 —m,)) +B. (Ae —m) |, 
6444) 


where m; = const, m; > 0, and the E; (&) are smooth nonnegative 
functions:4 


is QO if §<0, 
O=| 1 if co); > 0, Loa Ls Zs 


This solution satisfies Eq. (3.4.1.1) to within O(€%), where the estimate 
O is uniform in variables x and t, and N is any positive number. 

Proof. The proof follows from Lemma 3.4.1.1. 

In variables z and ¢ the function y, constitutes a wave moving to 
the left, while the function y, describes the “tail” of solution (3.4.1.7), 
which tail in variables x and t is a wave moving also to the left 
(see Figure 3.3). 

Proof of Lemma 3.4.1.1. Westart by studying the first-order ordin- 
ary differential equation 


P= [bp—F (x) (1+B | PI)*/P, (3.4.1.8) 


which is obtained from Eq. (3.4.1.5) by substituting p(y) for 
dy'dt. In the p, y plane, Eq. (3.4.1.8) has four singular points (Fig- 
ure 3.18), namely, 


A (0, 0), B (1, O), C (a,, 0) D (ag, O). 
The point A (0, 0) is a nonstable node [3.32] at gq = 1. Indeed, the 


eigenvalues of the linearized system of ordinary differential equa- 
tions corresponding to (3.4.1.8) are 


Ayo = b/2 4 V 07/4 — dF (y)/dy | y= . 
By liypothesis, 
b>>2Y dF/dy | ~=0 ’ 


(3.4.1.7') 


4 These functions are used to match y, and xy. with unity. 
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which implies that the eigenvalues A, . are real and of the same sign. 
The corresponding eigenvectors have the form 


yy = (Ax, 1), Vo = (Ao, 1). 


The pattern of integral curves in the neighborhood of point A lor 
qg>> 1 is depicted in Figure 3.18. On curve 7 we have p = F (x) and 


«b 


Fig. 3.18 


dp/dy = V0. For g >1 point A is a saddle-node [3.33], and the direc- 
tions at which the integral curves emerge from this point coincide. 
Point C (a,, 0) is a saddle, since the eigenvalues have different 


signs: 

hy g =d/2+ VW/4 + [dF/dy|,-.,] - 
The corresponding eigenvectors are 

V; — (Ay; 1), Vy == (hss 1), ho =. Q. 


The integral curve 2 must pass in the neighborhood of point C as 
shown in Figure 3.18 and majorize curve 7, on which p = 
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[dF /dy | y=a, ] (a, — %) + 0 (a4, — x). Thus, 
Net <dF/dy |yaa1s 


from which it follows that 


b> |dF/dy |yay \7* (AF / AX by=a, ? — 1)- 


At point D (a,, 0), which is an unstable focus [3.33], the eigenval- 
ues and eigenvectors are 

4, p= b/2 + VRE — dFldy lym 5 

Vy = (Ay, LT), Vyg= (Ags 1). 
By the hypothesis of Lemma 3.4.1.1, 


b< 2Y dFidy lxy=az 


tive. 


and, hence, the eigenvalues are complex-valued, with ReA,., posi- 
The point B (1,0) is a saddle point. 


To study the behavior of the integral curves at infinity, we extend 
the Euclidean plane II to the RP? projective plane referred to homo- 


geneous coordinates X, Y, Z. We will restrict our discussion to the 
case F~ voy?, go> 4, as Y > ~w, with v, = const < 0. 
Equation (3.4.1.8) in the X, Y, Z coordinates has the form [3.33] 
dX dY aZ 
X Y Z 
pe Q* OQ 


where P* = YZ°-! and 


=(Q, 


(3.4.1.9) 
= YZI-* — vo X!4. 
Equation (3.4.1.9) has the form 


—ZQ*dX + ZP*dY + (XQ* — YP*) dZ = 0. (3.4.1.10) 


If we nullify the expressions that are the cofactors of dX, dY, and 
x0, 2 4; 


dZ, we will find the coordinates of the singular point @ at infinity: 
Z= 0. 


At the singular point © we must go over to the coordinates 
x= X/IY, z=Z/Y. 


Putting Y = 1,dY¥ =O, X =z, and Z = z in (3.4.1.10), we arrive 
at the following system of equations 


ie == 210 — Vo2Zx", 
dx 
in xb 


ee Vocttt ae zq-i : 
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In the neighborhood of point z = 0, z = O we have dzdz = 2/z, 
that is, point M is a saddle-node point. We can calculate the first 
term in the power expansion of z (which specifies the direction of 
entrance into the singular point): 


— [ . 2v9 VIM 1) ga ayyequs 
z=(——7* ] xa, 

The curve ANB in Figure 3.18 corresponds to solution y, to Eq. 
(3.4.1.5). This completes the proof of Lemma 3.4.1.1. The solutions 
vy, and y. are then used to build the solution discussed in Theorem 
3.4.1.1. 

Remark 3.4.1.1. A prioriitisnot known whether or not there exists 
a constant 0 that satisfies all the conditions of Lemma 3.4.1.1. 
When g = 1, the conditions in the neighborhood of singular points 
assume the form of inequalities and there exists a certain arbitrari- 
ness in thechoice of constant b for each case. Numerical integration 
of Eq. (3.4.1.5) has corroborated the possibility of choosing a con- 
stant b for which all the conditions of the lemma are met. 

For g > 1, the transformation (3.2.2.3) can be used to reduce Eq. 
(3.4.1.5) to an equation of the (3.2.2.2) type, whose properties at 
© ~ O are close to those of the Zeldovich equation (see Section 
3.2.1). It is then natural to expect that some of the conditions for 
6 in Lemma 3.4.1.1 will be of the equation type, with the result 
that there is no guarantee that the emerging equations will be com- 
patible. If, nevertheless, for g >>1 there exists a solution y, (tT) to 
iq. (3.4.1.5) that satisfies the required conditions, we can use this 
solution to build a solution to Eq. (3.4.1.1) of the local-solitary- 
synerget type. 


34.2 Local Solitary Synergets in a Nonhomogeneous Medium 


In this section we describe a method for building asymptotic solu- 
tions of the local-solitary-synerget type to equations with variable coefficients. 
The existence of such solutions means that the asymptotic solutions of the local- 
solitary-synerget type are stable under slow perturbations of the external medium. 


Let us study the following quasilinear parabolic equation with a 
small parameter acting as coefficients of the derivatives: 


Lue — 8 [ (M0) coaeap) ae | 


— (x, t)G(u)ut==0, (3.4.2.4) 


where c€ RY,t€10, Tl,u€l0,1], O<e<i,g>1. 

The function w’G (uw) satisfies conditions (3.4.1.2) formulated in 
Section 3.4.1, and A (z, ¢) and y (z, ¢) are smooth positive functions. 
We start our discussion by giving an algorithm for building the 
asymptotic solution u = u (2, t, €) to Eq. (3.4.2.1) that satisfies the 
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following conditions: 
U|ee—c > 0, OUu/OX \x+-co — O, 
Uu een — 4, (3.4.2.2) 


A solution that satisfies conditions (3.4.2.2) is similar to the solu- 
tion 
x-+t- byt 
U(x, t, E) =X (=-") 


to Eq. (3.4.1.1). The following theorem holds true: 

Theorem 3.4.2.1 Suppose; that conditions of the hypothesis of 
Lemma 3.4.1.1 are met. Then the asymptotic solution to Eq. (3.4.2.1) 
satisfying conditions (3.4.2.2) exists and has the form 


Uy (x, L, &) =[% (tT) a EW, (t, T)]} | x=8,/e 
Y, (1—E, ( Ba a 2) —m) ] 


+£,(EE SH) _m,) (3.4.2.3) 


where §& = const >1 andm,x< max _ (f}/(e6,f,,)). 
t€{0,T] 
The function S, (2, t, ©) has the form 
S,(x, t, €) = By (t) (+ @, (4)) + Bu (2) (+ gy (¢))? 
+ e849 (2, t), 
with the functions B, (t) and @, (t) determined by the system of equations 


B2A (—@ ’ t) ae t 
ee 1, Bat H=v(— Op Ha, (3.4.2.4) 


and the function B,,(t) defined thus: 
= an dpi 1 
Bu = > | Bi x=— : dt Ba 
0 
+h] | Br] L2A(— oy, A) L(22—B)F*. (3.4.2.5) 
The function E, (&) is defined in Eq. (3.4.1.7"), and x, (t) is the solution 
to kq. (3.4.1.5). The function S,, is determined by solving the equa-~ 
tion 


x=—Qy 


+20(—q4 t) B, 22 


“+ 2Bi,A (— Gy, ft) = 
Finally, the function W, is defined in 


OS 19 
7 Ot 1+ Bp, —— _. 


x= —P1 
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Lemma 3.4.2.1. The function W, (t, t) has the form 


1 aX 
Win. a+ aca at 


«F(R LS pn (14 0B) Bae] er. 


at 
os (3.4.2.6) 


where 


V =exp {0 | (148 Ti)" al, 
i = | By (t— So) rs 


+ 28,4 (— 9q,, t) {=P (tS 9) + me Sy 


0 4 dy, 
x Fe 14+ B (dyi/dt) dt 
d 0s d d —S§ 
_ ae — 10 +( 28, va +f) T ' 0 | 
EAe T—S 10 2Bi14(— Qi, #) @X1 
Ge x=-@1 fi Aad 1+B (dx1/dt) dt © 


The following estimates hold true: 
W,™O[tvexp (2/t) + exp (I[t)] as tT ~— 0. 5 40.6) 
W,~O(t exp (l,t)) as tT ++ 00. acai 


Let us now prove the above-stated assertions. 
Proof. We construct the monotone solution wu (z, t, 8) that satis- 
fies the conditions 


Uu leczees ye 1, Uu ieee > 0. 
In view of the monotonicity of u (z, t, ©) we must put | du/dzx | = 


du/dx in Eq. (3.4.2.1). Let us substitute u (z, t, €) = W, (S/e) + 
eW, (S/e, t) into Eq. (3.4.2.1). The result is 


Lu = {B.-7 oe — BY (— » oe [TER eWaeT 
—¥(—-®, DBD A ae (pp eWaTAT oe) Flew 
x (TS yq) — 28, (“BE (1 =) A(— op 2) 
2 (cpg rca +82. ‘) 
xlappewaeer a (a ae) 
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4 B2 OW, /dt AW O'Wy { Wy 
(1B (dW,/ot))2? Ot Or? 1+, (0W,/dt) at? 


B(oW,/at) aw dj, Wy dF at We 
7 TER OWe/a7) ae} +B dt av ¥(— Oy 4) ay Ws 


— 0 0 
PO cs eM ie LL 


—_— SE 


By OT Ox 


+7 Sw F(W 
x=— 1 By ( 0) 
, OWo ma 2Ba1 me 


Ter Ot 41+ (dW,/dT) M(— Pry t) 


=} 4+ O(e). (3.4.2.7) 


Here we have allowed for the following relations: 


2 . dp dQ; \ &(tT—S140) 
1 =p, eh 1 +(4 3.4 2B, <1 7 10 


-|- E et 4. O ((ET )*) lc=S/e> 


2 
ot = By +H e (tS) + eS +O ((£1)) lemsyr 
(3.4.2.8) 
= 5 
(a+ py) = =F" +0 ((£0)) |osye: 
2 
S = = 2Bi, +O (€T) |r=syes 
‘4 ] mae 
Ma )=[A(—o, )+3|_ Se 
+0 ((te)?) ||. 
| a = 
v(t )=[9(—en D+] _ | “Se 
+O((te)*) ||. 
Since the function W,=y,(t) is a solution to 
dy d 1 ay 
ae a (TpR aaa ar) —V(—% ae 


%1 |t+-c > Q, %1 |t+4+0 —> 1, 


and the functions f, (¢) and q, (t) satisly system (3.4.2.4), for the 
relationship Lu = O (e’) to be valid it is sufficient that 


dq, sid 8 0 | OW, OW, 
B, dt + ByA as Y1> t) foes: (OW,/dt))? OT ( = Ot 
4 B2 si oa OW 0*W _ 1 0*W, 

(1-+B (OW,/dt))? 101 Ov? 1+ 6 (0W,/dt) dv 


(3.4.2.10) 
B(OW,/dt)  0?Wo —}- P “Wr 0) 
TB (Was) oe? SVE —Pu 1) ay 


19—0105 
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where 


a 1 AW, an 
f= = ( 1+ (OW,/dt) at Bi(t — S49) = 


+ 2B, (= (T—S4o) + . ~ 0) M(— @; t) = 
SC ( OW,/0t )— ( 2B a +) T—S1yp IWo 


x= — Py 


1+ B (@W,/dt) By Ot 
av T— S49 i OS 10 
Bar we-o, BE (Wo) _ OT ~ Ot 
2 a 
Bat yy (— — t) 0 


T THB OW a0) 


The function y,; (€) can be found by solving Eq. (3.4.2.9) and is there- 
fore a known function of its argument & The boundary conditions 
for Eq. (3.4.2.10) have the form 


W, eis — QO, W, eases — 0. (3.4.2.11) 
The general solution to Eq. (3.4.2.10) has the form 


t 
W V 
Wi = CW + C Witte | we 
_— — 
x ( | 2+ dr) ag, (3.4.2.12) 
+ oo 


where 
~w = poe OX. 4 -1 
tee | Resrcarce OT 1 1--B (0X1/07) 


T 
ay V 
Wyu=so Wie = Wy J Ww, at. 


The function V, or the Wronskian of Eq. (3.4.2.10), has the form 
dy, \2 
V exp {b, | (1+ 8-4) * ar}, 


and the function y, has the following asymptotic form as t — —oo: 
%, = exp (/t) + exp (2/t) + O (exp (3/t)). (3.4.2.13) 


In view of the estimates given in Lemma 3.4.1.1, as t — —oo, we 
get 


f, =O (exp (It)), V~O(exp(b,1)), (3.4.2.14) 


and the integrals in (3.4.2.12) are divergent for arbitrary functions 
By, and Syo. 
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Nullifying the sum of the coefficients of t exp (/t), T—> —ov, we 
arrive at the equation 


Bad B,l?-+ 44 (—qy, £) B4,l? 


Ox xX=—-Qy 


— (2p, 4 + Ft) 2+ 


+ 0. (3.4.2.15} 


x=—@1 Pr 
This leads to an equation for By: 
an , apy 1 
Bi = ~UPeae a EB 
2 - es 
ae 2 x=-1 Bi — | [ 42(— Pir Ss 1]. 


(3.4.2.16) 


Let us prove that the denominator in (3.4.2.16) does not vanish, 
Obviously, 


42?—21b, 0, 1=b,/2+ )V 0/4— dF/dy |,=0. 
By Lemma 3.4.1.1, 
V 03/4— dF/dy |, #0. 


We nullify the sum of coefficients of exp (/t) as t — —oo and arrive 
at the equation 


joo | 2n(—qy, #) PB, 


On! 
2 vei 
PS 48 or L 


=-91 
+ 2B yA — Gy, t) —4B 4,4 (— qy, 2) S iol” 
ite aVy de dBi | [S46 


as ae 


—p, = 


dt Bi 
cag S10 
ic 7, a 0. (3.4.2.17) 
Combining (3.4.2.16) and (3.4.2.17) results in an equation for S,,: 
— Se el 
+h(— Pi» t) i t+ Biya — x=—] 


+2, (— G,, 2) =0. 
We continue with the study of (3.4.2.12). Estimate (3.4.2.13) im. 


plies that if Eq. (3.4.2.15) is valid, function f, has the following be. 
havior as T—» — oo: 


fj, = O(texp(2I/t)). 
19% 
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Moreover, aS tT —> -- oo, we have 


f, 4 y-1 —O(rexp{(31—b,) ), 


- (3.4.2.17') 
v ( “Xs = O (exp {(b, — 21) T}). 


dt 


The inner integral in (3.4.2.12) converges as T—> —oo if 3b — |, 
is positive. In general, the following estimate holds true: 


3 

\ V-*7, 4 dy O exp {(31 ~ b) &}) as  +>— ow. 
Let us consider the behavior of the integrand in (3.4.2.12) as § > 
+ oo. By virtue of the estimate 

X,~ 1—exp(—1§), 

L,= —b,/2+V b/4-+ | dF/dy, |y.=1 | ; 


we have (as § ->-+ co) 


‘f Ms IV = O {vexp [(— 21, —,) tH}, 3.4.2.18 
(3.4.2.18) 
V | dX1 * —_ Ofexp [(6,+ 21,) t)}. 


dt 


By virtue of the estimates (3.4.2.18), the inner integral in (3.4.2.12) 
is convergent. We also have the estimate 


| 7,V-! G2 dr=0 {vexp [(31—b,) t}, 


tT 


and C, =0 in (3.4.2.12). Then (3.4.2.12) assumes the form given 
in Lemma 3.4.2.1. The above estimates imply that 


O(t?exp(—1,t)) as tT > oo, 


ea O (t exp (2/t)) as T —->— 00, 
We have thus constructed an asymptotic solution of problem 
(3.4.2.1), (3.4.2.2) to within O (e?). 

At this point it is important to note that for 0 < const < 8S, 
the function y, (&, (t, ¢, &)) | c=s,;e becomes exponentially close 
to unity as e > 0, by virtue of Lemma 3.4.1.1. This makes it possi- 
ble to setup a global asymptotic solution by matching y, to unity, 
just as was done in Section 3.4.1 and in [3.3]. This matching is per- 
formed by employing the functions £;. The definition (3.4.1.7) for 
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the function £, (&) implies that 


E, ( pee = my) = 


~ 


O if Bi(@7 Oy) —m,. 
(3.4.2.18’) 
4 if Bi (x+ 9) ees 
& bo 


where 
def 
m,—= max | Bi/ (ep) |- 
t€[0, T) 


The proofs of Theorem 3.4.2.1 and Lemma 3.4.2.1 are complete. 
To build an analog of the solution y, given in Lemma 3.4.1.1 
we must construct an asymptotic solution with the same properties 


as the exact solution y. (=) to Eq. (3.4.1.5). 


Here is an algorithm that can be used to construct the asymptot- 
ic solution u (z, t, ¢) to Eq. (3.4.2.1) satisfying the following con- 
ditions 


u(x, L, é) |x —c0 oa 1, x~—> — 00 ~~ 0, 
3.4.2. 
| du (3.4.2.19) 
U(x, t, &) |x+400 —> %, Oe less 0. 


A solution to Eq. (3.4.2.1) that satisfies conditions (3.4.2.19) 
is smooth. Hence, the algorithm of building an asymptotic solution 
to be discussed differs from the algorithm employed in Section 3.4.1. 
The main difference in the form of representation of the asymptotic 
solution lies in the choice of the representation for the “phase”, the 
function S (z, ft, &). 

The formula given in Theorem 3.4.2.1 is similar, on the one hand, 
to the formulas given in this and previous sections and, on the other, 
to the forumlas used in wave theory to build asymptotic solutions. 
Just as we did with (3.4.2.18’), let us introduce a continuously ditfer- 
entiable function /, that matches the solution to unity. Then we have 

Theorem 3.4.2.2 Assume that the conditions of Lemma 3.4.1.1 
are met. Then the solution to Eq. (3.4.2.1) satisfying conditions 
(3.4.2.19) exists and has the form 


u(x, t, 8) = (We (2) +ew, (=2, 4, e)) B, (f2'2+%) _ m,) 
—E, (ES _m,) +4, 


where m, ae 1B5/(€6,B.,)|, with 6;=const>>1. The function 
S,(x, t, 8) has the form 
So (x, t, &) =By (f) (& + Me ()) + Boas (2) (2+ Qe (4)? + ES 99 (2, 2), 
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the functions B, (t) and @, (t) are defined through the system of equations 


B3A(—., t) _ i en ae 4,2,.20 
y (9s, t) =1, Ba Gs ct mh 
and the function Bo, (t) is defined thus: 
On ap, ay = 
Ba = — (B.S ear a Bt Ge peepee 
x [2A(— @,, t) 1, (21, — be) I7!. (3.4.2.24) 
The function Sx. can be found by solving the equation 


ina [,+2A4(—@,, t)B. | = 5 20 i (Io— 1820) | 
+ Pa _— (1) — £4859) 
— (2f., Pe a a *) By (la 1820) 


x—=—D, U; — IS a) am 2B44 (— Do, t) I, = Q, 


where the integrals I, to I, are calculated by the formulas (3.4.2.30) 
given below. The function W, has the form 
T 
7 ft 4Xq 1 aXe dX. \~2 

i acer 3 2. (—Qe, t) dt’ \ v( ) 


— oO 


; 
( | fat Bldral A) nalde) gp) a 


x 
where 
V =exp {b, \ (1p ia )* dx}, 
On 
fe=|Bo(t—Sao) S| 
2Boa1 0s 
+ 28h (— ay t) {B® (t— Soo) + G2" } | 
0 1 dX> 
x ee a 
OT dy dt 
(% 
dy, [ os ap s 
ee ( 2B as a oer Ty | —| 
oy T—Soo 5 1A (—@o, #) aX 
Gr leno, Be) TB alae) ae 
The following estimates hold true 
yw O (texp(2/,t) + exp(l,t) as t— —oo, 
‘  O (+? exp (1,7) as t—> -+ 00. 
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Proof. We will set up an analog of the monotone solution xX» and, 
therefore, we will assume that | du,/ox | = — du/dx. We substi- 
tute the function u (z, t, e) = W, (S (z, t)/e) + eW, (x, t, S (2, t)/ 
e) into Eq. (3.4.2.1) and get 


dg, OW Y — ft OW 
Lu = {Bo ft Gt — BM (— om ) Sr Laopamaey ae | 


—V(—,, UF (W 9) 


a 4 OW, \ an 
+e8{— OT ( 1—B (0W,/0T) a Oz |x=- qs Ba (T— S20) 
2Bo1 Ss a 4 aw 
— “Ba (= (T— Seo) + h(— as #) ral 1—f (@W,/dt) =) 
2 - 0 OW, OW 
t BoA (— Pay #) | (1—B (aW,/dt))2 aT ( ra oy 


a B2 (OW ;/0T) OW 02W a 1 0*W, 
(1—B(OW,/dt))? Ot dt? 1—B(OW,/dt) dt? 


res Ravi a aa & 2 a = 2? t) aN aa 1 
| ( 2B., 2 | 2 | 20 0 . 20 F (W,) 


Lid 


+ Set TSB OW fa) 6 Pa»? 


Here we have employed (3.4.2.8), with the functions 6,, 6,,, S 


and S, replaced by Bo, Parr 5 29, and So, respectively. m 


Since the function W, = y,. (t) is a solution to 
OX 0 1 OXs 
ay aaa Cena ne =p) — V(—@ae, t) F(X.) =9, (8.4.2.23) 


X2|t+<00 = 1, XYolr+po = a, +0, 


and the functions B, (¢, ©) and @z, (¢, &) satisfy system (3.4.2.20) 
for Lu = O (s*) to be valid it is sufficient that the following equation 
be satisfied: 


dP» om! —Bp 0 {O0W, dW 
Pa at + Bah (— Pa» ){ (1—B (0W,/dt))? Ot (3) 
4B? (0W1/9t) _ 9Wo OW 1 ew, 

(1—B(OW,/dt))? Ot At? 1—B(OW,/dt) dt? 

B OW, aw 
+ Bamery ae eS 
dF (W 

—7(— ze, 2) Bu a W,=fe (3.4,.2.24) 
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0 1 OW On 
iF ~ “Ot. ( 1— B (OW, /dT) a Be (T — Soo) “Ox X=—-De 
+ 2By (BY (1 Sao) +S) (Oe 0 


.. 0 ( 1 a.) 
“At \ 1—B(AW,/dt) at 
— (28,,-4 a. 1 OP 2 OB» ) T—So9 OWo 
24 Ot 6B. OT 
1 OY T—So9 __ a OS 99 
3 Ox xX=— De By F(W>) Ot 


+ Bad (—e2, ) SP] (4 pie) 


The function y, (t) can be found by solving Eq. (3.4.3.23). 
The boundary conditions for Eq. (3.4.2.24) are 


Wi|e+0 > 9, Wiles > 0. (3.4,2.25) 
The general solution to Eq. (3.4.2.24) is 


W 
W, = CW + CW — pe 
tT Soo 
V foW1 
. - ( { oa dt) dE, (3.4.2.26 


where 


T 
dy V 


— 0O 


m4 1 
= Began” 
The function V, which is Wronskian of Eq. (3.4.2.24), has the 


form 
V = exp {by | (1—B xa" dt}. 


As t— — oo, the function y, behaves in the following manner: 
Xo ~ 1— exp (1,t) — exp (21,7). (3.4.2.27) 


By virtue of the estimates carried out in Lemma 3.4.1.1, ast > —~x, 
we get 


f,=O (exp (I,t)), V.~ O(exp(b,1)), 


and the integrals in (3.4.2.26) with arbitrary B,, and S,, are diver- 
gent. 
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If we nullify the sum of coefficients of t exp (/,t) on the right-hand 
side f. of Eq. (3.4.2.24). we arrive, as t—> — oo, at the equation 


0 2 
: é BJ, + 4A (— Qe, 2) B45 


OX x= — 


—(2 re We +. Ee hts 


From this follows the expression (3.4.2.21) for the function £,). 
The denominator in (3.4.2.21) does not vanish; this can be proved 
in the same manner as in Theorem 3.4.2.1. 
Let us continue our study of (3.4.2.26). From estimate (3.4.2.27) 


it follows that if (3.4.2.28) is valid, then to behaves, as T ~ —ov, 
in the following manner: 


f= O («exp (20) + exp (197). 
Moreover, as t—> — oo, we have 


fy 2 | V =O (wexp {(3lp— bq) t} + exp {(2lp —b,) t}), 


1 =0. (2.4.2.28) 


xXx=—-@Dse “Ba 


V (<E) = 0 (exp {(0, —21,) 9). 


The inner integral in (3.4.2.26) converges as t — — oo. The follow- 
ing is the necessary condition for W, to descrease as t — — oo: 


= j (7, ats (1 — pot \"\v-4tdr=0, (3.4.2.29) 


and C, = const = 0. From (3.4.2.17) follows an equation for detei- 
mining Sp: 


a8 as 
—% T3422 (— Qos t) By | 21,42 i (Lo— F129) | 
On | 
TBy 0 lx--9, (Lo— 14859) 
d d 1 
— (28, + Bs ge (2 1820) 
4 @ 
T By = xX=—s (Ls— LS oo) + 2Boi (— Qe, t) I, =9, 
where the integrals J, to J, are specified as follows: 
= C Of 4 fa 
fo= id Ov Cesc dt ) tdr, 
— 7 of. 1 aXe 
oa J . oe Gesxcnry dt ee) a 
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— c dX2 a ° aXe . ys 
| Pee \ Nv 42 dt, Iy= \ N “2 dr, (3.4.2.30) 


— 0O 


= 1 dY¥o 
i,= \ NV 1—B (dy¥2/dt) dt 


dt, 


Co 


— \ NF (y,)tdt, I5= { NF (xq) at, 


— OO 


with 


d d d 
N=(1-8 a)" 2 exp {—b, | (1p oa)" a ae 

The integral in (3.4.2.29) has the following properties: 

I =O (tv exp {(3l, —b,) t} + exp {(21,— b,) T}) as T>— -w, 

[=O (tv exp {(2l, —0,) t}) as T—>-+ 00, 
and the following estimates hold true: 

W,=O(texp(2l,t)- exp(/,t)) as T—-~—©o, 

W,=O(texp(l,t)) as t—>-+ 00 
(for the case where t-» -+oo we have used estimates of Y.; see 
Lemma 3.4.1.1). 

Thus, we have built an asymptotic solution to problem (3.4.2.1), 
(3.4.2.2) to within O (e?). We can then employ the unity decomposi- 
tion technique and match the solution with unity, as in Section 
3.4.1. The proof of the Theorem 3.4.2.2 is complete. The two asymptot- 
ic solutions, one built in Theorem 3.4.2.1 and the other in Theorem 
3.4.2.2, can be used to construct a new asymptotic solution, the 
solitary synerget 

u (x, t, €) = U, (2, t, &) Ug (2, ft, &) 
(see Figure 3.17). 

Remark 3.4.2.1 The algorithm developed in Theorems 3.4.1.1 
and 3.4.2.1 makes it possible to construct any number of terms in the 
asymptotics of the solution of the solitary-synerget type, that is, 
construct the solution to Lu = Qy (z, t, €) (see Definition 3.4.1.1), 
where Q, satisfies the following condition: 
o>+¥On 
6t°axh 


eZ O+ue| N+ Gz 


(here [a] stands for the integral part of the number a for all VN > 1). 


< Coe" 9" #, C6, — const, 
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3D Models of Mass Transfer 


In this section we discuss mathematical models of processes of 
precipitation and coprecipitation of ions. From the standpoint of the theory of 
differential equations these models represent boundary value problems for a 
system of quasilinear parabolic equations. In some cases (which are discussed 
in this section) the system consists of two equations: a quasilinear (or linear) para- 
bolic equation and an ordinary differential (or algebraic) nonlinear equation. 
The processes described by these models are used, for example, to extract, con- 
centrate, and separate radionuclides. Obtaining quantitative as well as qualita- 
tive estimates of the parameters of these processes has important scientific and 
practical significance. For one thing, a study of the laws governing the precipita- 
tion and coprecipitation of radionuclides is necessary for forecasting the distri- 
bution of the nuclides in the ecological chains, which is important in environ- 
mental protection and the health services. 

Dynamic precipitation and coprecipitation of ions occur during the filtration 
of electrolyte solutions through a dispersion medium. The parameters may vary 
in time and in space in the process owing to the action of acoustic waves, a tem- 
perature gradient, and other agents. 

In this section we build asymptotic solutions for the mathematical models 
of the physico-chemical processes of the heterogeneous and interphase distrib- 
ution of ions and analyze variants of the isotherm equation for the precipita- 
tion of a metal’s hydroxide both with and without aquohydrocomplex forma- 
tion and the isotherm equation for precipitation of salts of polybasic acids. 
The results of such studies can be used in calculating precipitation chroma- 
tography [3.9] and in other fields of physical chemistry and chemical 
technology. 


3.0.1 Time-dependent Models of Mass Transfer 


Let us consider the heterogeneous process of filtration of an elec- 
trolyte solution through a dispersion medium. The pumping of the substance 
through the medium can be carried out at a variable rate, with the variations 
in the rate caused by some external agent. The electrolyte solution contains 
the ions of the precipitating substance (cations) and the ions of the substance- 
precipitator (anions), and the two enter into a chemical reaction. The ions of the 
precipitating substance enter into the forming precipitate. The solution is fil- 
trated by the dispersion medium, on which a layer of the sorbent grows as a 
result. We will assume all along that diffusion of the precipitating substance 
also takes place. 


Here is an equation of mass conservation in dimensionless form: 


Ov Ov € 0p A Ov 
FYeELACE t) ay = Haez (Duy, t) a) 
¢= Pe!, m =const. (3.9.1.1) 


Here v is the dimensionless concentration of the sorbate in the so- 
lution (the mobile phase), g the dimensionless concentration of the 
same in the immobile phase, wu (y, t) is the linear dimensionless 
transier rate of the mobile phase, D (y, t) >0O the dimensionless 
quasidiffusion coefficient (which depends on the spatial coordinate 
and time in the case of slow perturbations of the medium), Pe the 
diffusion Péclet number, y the dimensionless spatial coordinate di- 
rected along the flow, and t the dimensionless temporal variable. 
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This equation is augmented by a simple relationship that de- 
scribes the sorption kinetics in dimensionless form:° 


A =f (v, 9). (3.5.1.2) 


When dynamical equilibrium sets in, the kinetic equation can be 
replaced by the isotherm equation 


p =f (v). (3.5.1.3) 


Then the given system of equations describes equilibrium sorption. 
The isotherm may have, say, the form g = a — b/v'/, with a, 
b, and A’ constants and a — b = 1 in all cases. In this form it is a 
corollary of the mass balance equations for a chemical reaction and 
of the law of mass action, with A a constant equal to the ratio of the 
stoichiometric coefficients of the reaction. A system of equations 
describing precipitation processes has been derived in [3.9] and dis- 
cussed in detail in [3.3]. 

An example of an exact solution with u = const in Eq. (3.5.1.1) 
was discussed inSection 3.1.3. But if uw = u (y,t), that is, ifthe rate 
of admission or extraction of the precipitating substance varies, 
the self-similar solution set up in Section 3.1 does not satisfy Eqs. 
(3.9.1.1) and (3.5.1.3). The shape of the solution, however, is pre- 
served (see Figures 3.5 and 3.6), which makes it possible to employ the 
methods developed in [3.3] to construct an approximate solution. 


3.0.2 An Asymptotic Solution to the Kinetic Equation 
for Equilibrium Adsorption (Desorption) 
in the Case of Soluble Precipitates 


_ In this section we construct an asymptotic solution to the system 
of parabolic equations describing the, precipitation process in the case of soluble 
precipitates. 


Let us assume that the rate function wu in Eq. (3.5.1.1) depends on 
(y, t),oru =—u(y, t) € C~, and D(y, t) € C~, that is, the properties 
of the medium (say, its temperature) vary slowly. Let us also as- 
sume that theconstantsaand bhavethe forma = e-'andb = e! — 1 
(which means that the chemical substances taking part in the reac- 
tion and their chemical compounds havea high solubility). We wish 
to calculate the function v = v (gq): 


peta) irae 
= 1+dA&(o— 1) + Ae?| (p— 1)? 
+o(p—1)[-+.... (3.5.2.4) 


> The boundary conditions for Eq. (3.5.1.1) depend on the type 
of kinetic equation and will be given below for each case separately. 


N—1 
2 
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Substituting this into Eq. (3.5.1.1), we get 
0 0 
c(i £) Et tentn, 03 (DU, 0-3) =—e 
oP 
9 ly=-¥i0=0; Pyro > 1-0, FE] >, 
—ooxy< —y(e). (3.9.2.2) 


Here » (t) is an unknown function yet to be defined, 


Las(2tud—e% (pmo 2), 
AW 


H(H=-5 ~(p—1)?-+ (9 — 1). 


Equation (3.5.2.2) is one with a small nonlinearity. The algorithm 
of its solution is based on the fact that due to the nonhomogeneity 
of the principal part of the equation with respect to the orders of the 
derivatives the nonlinearity generates no resonance terms and can be 
taken inte account by regular perturbation theory methods. 

We will seek the asymptotic solution to Eq. (3.9.2.2) in the form 


p(y, t, e)=[Woly, ft, ce) +eW, (y, t, T)] | casyes (3.9.2.3) 
where ®& 


WEB", i=0, 1, S(y, t)=B(t) (y+ v (t)) + By (4) (y + W(t). 


It can be easily verified that in this case ~@ must be equal to unity 
and the W; satisfy the following conditions: 


W(y, t, O)=0, lim Wy (y, t, t)=1, 
tT —00 


W,(y, t, 0)=0, lim W,(y, t, t)=0. (3.0.2.4) 
tT? —- 


The main result of this section is formulated in 


6 Here B® is the function space introduced in [3.3]. It is said that 
a function W (y, t, t) belongs to class B® if 
(i) W (y, #, tT) € C™ (R” X [0, TI X (RN {0})); 
(ii) for all (y, t) € R” X [0, 7] the function W (y, t, t) is continuous in Tt, 
W (y, t, t) > O for t > 0, and W (y, t, t) = 0 for t< 0; 
(iii) there are functions %p, (y, t) € C~ (R™ X [0, T]) and YW (y, t, t) € C™ 
x [R" x [0, T] X R4X{0})], with V (y, t, t) = O (t°) ast > O and w> 0, 
such that 
W (y, t, T) = ™ [Wo (y, t) + ¥ (y, t, tT)] as tT > O; 


(iv) lim Wy, t, t) = Vy, t), with V (y, t)€ C™® and the difference 
™T—>00 


W (y, t, t) — V (y, ¢) decreasing faster than any negative power of tas tT > ~»; 
(v) for every multi-index B € Z? and every v € Z+, the derivatives 
glBl+v 


raed (y, ¢, t) satisfy the conditions stated in assertions (i)-(iv). 
Ox" at 
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Theorem 3.5.2.1 Let the system of differential equations 


hod el ” t)— D(— w(t), t)B (t) =0. 


# + 2p, —p (4 =) ‘[B5- — 

+ 48, D(—(t), t)—u(— (2), t) ae 
Ou 

Oy yen? , 


? So 
Bx (—* (2): +83, oy _—— 
d 
— Ap (t) SP — ap (t)u(— (2), t) + ABD (— H(t), t) = 

have a smooth solution. Then there exists an asymptotic solution to 
problem (3.5.2.2) of the (3.5.2.3) type and 
1—expt if ™<0, 

if t> 0, 
G(exp2t—expt) if tT<0, 

if t>0, 


W = =W.() =}, 


W,=W,(t, N={5 

where 
G-=(A+1)(2D(—p(), )B2(t) [BY SP 
+ Bu (— p(t), t)—B*() D(—pt), )—A]. 


Proof. Substituting solution (3.5.2.3) into Eq. (8.5.2.2) and nul- 
lifying the ae of the like powers of €, we get 


e0- | ap AB Y 4. eee eh — + Au(—wp(t), t) p | dW 
—D (w(t), t) Ap2(2) Se = 
et: Se (n+) [E+ 28,2 | 
+ (A+ — )pe 


dt 
OW, [ Ou 2B, 
arr: En y=-vin B- - halle t) t+ u(— Wy, #)P 


02W, 0? =a aD 
—AD(—, t) Pet —ASa* | 4D(—y, B+ 3 - | __, tB | 
(3.5.2.5) 


9 


aW 
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, WW, OW 9 
i okt Ot —AD(—y¥, t) ‘OT 2B, 


= — She [ap SP + abu (—y, t) |[(A—1) (Wo—1) + 2Wo— 1] 


+ AB2D (— 1p, t) (5% [(A—1) (Wo— 1) +2Wo— 11 


dt* 


+ (2)" (a+4)). 
Here we have used the following relationships: 
y+ (t)= i? O ((te)*) |x=sye> 
= 34 (24.25.20) F +0((te)?)| o> 


=f + 2B, F +0 ((re))| 
The solution to Eq. (3.5.2.5) has the form W, = # + Bet, where 
& = const and 


(A + 1/m) TORESE TCE t) — 9 RP) 
, a AB (t) D — (2), t) ; (3.9.2.6) 


This formula and the definition of S, imply that we can assume that 
y = 1 without loss of generality (otherwise we can change the 
definition of 6 (¢)). The final result is that W, is the solution to 


dw ad2*w 
—— 24 “90, (3.5.2.7) 


dt? 
with 
(A+ 1/m) “2 + au (— p(t), t)—2D(— 1p (2), t) B(d) = 0 
(3.9.2.8) 
Equation (3.5.2.7) yields 
1—expt if t<0, 


Wo=| 0 if tm 0. (3.9.2.9) 
Nullifying the coefficient of ¢', we get the following equation 


LD(— wp, t)pSot—F2 ( (a44) py SE 4 au(— vt) B()) =F 
(3.5.2.10) 


304 V.G. Danilov, V. P. Maslov, and K. A. Volosov 


where 
f= rere [BS] 909 t) 
—(1+4,) (+28, 2) /p 


—u(— », 1) 2p,/B— > “Oy Lo 


+ et | 28.D(—w, +B 5-| ABP —ABu(— yp, 2) 
+ Ap2D(—y, t)] +A [ (BSP —pu(—y, 2) 
—PD(—y, t)—1) (4+1)]. (3.5.2.41) 


By virtue of (3.5.2.8), Eq. (3.5.2.10) can be rewritten thus: 


AD (—, t)B (Fat—“Ft) =f 


From this it follows that if the expressions inside the first two 


PV 


Yo(t = Yo(0)-. y(t) 
Fig. 3.19 
pairs of the square brackets in (3.5.2.11) vanish, that ” if 
oD 4 
Bay yay + ABD (— )—(1+—5) (5 e+ 2p ae )/B 
==); (3.9.2.12) 


y=-) 
Y, t)+ BD (— yp, t)—0, 


—u(—y, #) 2B/B—5* 


2B,.D(—y, )+B5-] BSP — Bu 


y=- 
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then the particular solution W, to Eq. (3.5.2.10) has the form 
W,=Gexp 2t, G=(2D(—y¥, t) B*)* (Bp 
+ Bu(—p, t)—B’D(—y, #)—1). 


The general solution to Eq. (3.5.2.10) satisfying the boundary con- 
ditions (3.5.2.4) has, therefore, the form 


W, = G exp 2t7 — G expt 


(note that G exp T appears as a solution to the homogeneous counter- 
part of Eq. (3.5.2.10)). The relationships in (3.5.2.12) can easily 
be transformed into those that are present in the theorem, and this 
completes the proof of the theorem. 

The graphs of concentrations @¢ (y, ¢t, €) and vu (y, t, €) are depicted 
in Figure 3.19, where y, (0) = const = — (0) specifies the initial 
position of the phase boundary. 


3.5.3 An Asymptotic Solution to the Kinetic Equation 

for Nonequilibrium Molecular Processes 

that Allows for External Diffusion Effects 

In this section we study a mathematical model of nonequilibrium 
precipitation, assuming that the solubility of the substances participating in 
the process is high: a = e-! and b= a—i1 = e-! — 1. 


Let us take the system of equations 


Ov Ov & OD 0 Ov 
OE oy +o sb—e5 (Dz) =0, 


ey | v— fame )"]. 


Here the boundary conditions for @ are the same as in Eq. (3.9.2.2), 
and the boundary conditions for v are 


(3.5.3.4) 


Vv | y+ -co —> 1, v ly=-» (t) — {—he—e* ss, 


Let us assume that uw, = eu, with w = const. This means that 
the rate of the internal diffusion of the substance to the sorbent par- 
ticles is fairly high. The solution to the system of equations (3.5.3.1) 
will be sought in the form 


p=(Woly, t, t) +eW,(y, f, T)x=s/es 
v=([Zo(y, t, t) +8Z,(y, t, T) (3.0.3.2) 
+ &*Ze (Y, L, t)] lt=S/e> 
where S (y, t) = B (¢) (y+ (t)) +8, Y +4 (t)), Z:, W; € B’, 


and, as t—> — o, W, =O (Z,) and Z, = O (Z,). The conditions 
20—0105 
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similar to (3.5.2.4) in this case are 


W(y, t, 0)=0, lim Wy(y, t, t)=1, 
T> —0o 


(3.9.3.3) 
W,(y, t, 0)=0, Ps W,(y, t, t)=9, 
Z,(y, t, O)== 1, lim Z, (y, t, t)=1, 
Z,(y, t, O)= —A, ‘lim 2, (y ,t, t)=0,i > 1. a 
Z,(y, t, O)=A(A—1)/2, 
and the conditions for the Z; at « = O follow from the expansion 


VD |¢—o9 = (b/a)* = 1—de- &7A (A— 1)/2 + O (2). 
The main result of this section is formulated in the following 
Theorem 3.5.3.1 Under the above assumptions, there exists an 
asymptotic solution to (3.5.3.1) satisfying conditions (3.5.3.3) and 
(3.9.3.4) if the system of equations (3.9.3.26) has smooth solutions and if 
(dyp/dt)—* (dyp/dt + u (— , t)) << —(Am)-1. Here Z, =1 and 


Ww (y;—a—Ad) (ya—a) \ [—— 
Oo; | (Vi @—_ g—a ae 
(’)- (2 + b ) (Bo | exp re 
AD a 1 
4 O 
(3.5.3.5) 
where 
— ck a ap\-! 
ia au (B 7} , b= (B | 
V1.0 = (a+d + V (a—d)?-+ 4cb)/2, 


c= <Y (mD(—y, t)§), 


d= (FP +u(—w, t)) (DBy*. 


The functions W, and Z, will be defined later in formulas (3.5.3.24), 
and the functions B, , and B, can be found by solving the system of 
equations (3.9.3.26). 

Proof. Substituting into (3.5.3.1) the expansion [b/(a — @)|* = 
1+ Ae (p — 1) + O (&*), we can rewrite system (3.5.3.1) as 
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follows: 
a ee 
e 28 — 4 yy (v—1)—pa(~—1) — e&[((4—1)/2) (p — 4 
+ @(~—1)] +90 (e?*). (3.5.3.6) 
The function S(y, t) has the form 
S(y, t)=B() (y+ ¥(4)) +B (1) (y+ p(y. 
It can easily be verified that 


a 8+ (+B) (FAR) 


B3 
+ 2 +0 (en))|, 


S = p-+2p, (FLEE) to(er))| 


Substituting into (3.0.3.5) and (3.5.3.6) the formulas for the so- 
lutions (3.0.3.2) given at the beginning of this section, nullifying 
the coefficients of the higher powers of ¢, and allowing for the esti- 
mates of the derivatives 0S/dt and 0S/dx, we get 


om: (GE+u(—y, )) G2—D(—v(), BSE =0, 
(3.5.3.6’) 


9 


=S$/e 


et: Z,—1=0. 


Obviously, the only solution to the last system of equations is the 
function 
Zy = 1. (3.5.3.7) 


Conditions (3.0.3.4) are also met. Substituting the solutions 
(3.5.3.2) into system (3.5.3.1) and nullifying the coefficients of the 
first and zero i " gE, we get 


a2 AZ ap aw 
en ae BP Ot Pu (—%p, t) B 3 ot 
—* typ? 5 — 0, (3.5.3.8) 
i 
e°: ; pS SP = WZ, — Ap (Wy— 1). 


The boundary conditions for this system of equations are as follows: 
W olr=0 — Q, lim W = {, 


Tt —0O 
Z,|x-0= —A, lim Z,=0. (3.5.3.9) 
tT? —0O 


20* 


308 V. G. Danilov, V. P. Maslov, and K..A. Volosov 


Integrating the first equation in (3.0.3.8), we get, in view of the 
boundary conditions as tT — —o, 


(pe +u(—¥, t)B) Z,— D,(—p, t)B° = _~ 
——£ VY (w,-1). (3.5.3.10) 


Thus, for determining W, and Z, we have the following system of 
ordinary differential ane 


OW 5 UW ro AL 
OT — Tawa 41+ Bapidty B (d1p/dt) -_— B (dip/dt) ’ 
ay avidtt+u y _ dvldt yw diy /dt (3.9.3.11) 
OT DB ~~ mDB 0 mDB ° 
a b 
We denote by A a matrix of the form (‘ | with 
t= ec : b= ae. See : 
B (dtp/dt) B (d1p/dt) (3.5.3.42) 
ae d-- (dip/dt + u)/(DB), 


~~ mDB ”’ 


and D = D (—1),t) and u = u(—, #). Then the general solu- 
tion to system (3.5.3.11) is 


W, _ ( — Mo! (Bap/dt) 
. =C;,|, exp y,t-+C,1, exp y,t+ A ( (dap/dt)/(DBm) 


(3.5.3.43) 


where C, and C, are arbitrary constants (i.e. functions of variable 
t), y, and vy. are the eigenvalues of matrix A, and lI, and I, are the 
corresponding eigenvectors of this matrix (we will shortly show that 
7, can be assumed unequal to y. without any loss of generality). 

For solution (3.5.3.13) to satisfy the boundary conditions, at least 
one of the eigenvalues must be positive. Obviously, the formula for 
the eigenvalues is 


z las dye AG 
ja ea (3.5.3.14) 
or, in greater aan 
es 4 dip/dt--u (—, ft) pA 
— DB ~ B(aip/dt) 


+ V [pAl(B dwp/dt) + (dap/dt-- u) DBP +4p/(m Dp) } . 
The product cb is equal to u/(mDB?) and, hence, y, ~ y, for uw > 0. 
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Let us assume that the eigenvalues of matrix A are positive. This 
condition is equivalent to the following inequalities: 


--d >0, ad — be >), 
or, allowing for (3.5.3.12), 
— Au/(dw/dt) < (dy/dt + u)/D, 
— (dvp/dt + u)/(dip/dt) > 1/mAa. 


The second condition implies that a solution that is bounded as 
tT— co exists only if 


a (a 
“at bs u)< 
(Note that this condition is met for the exact solution given in Sec- 
tion 3.1.3, where dip/dt = —C == —um/(m + 1).) 
The final necessary condition that a solution of (3.5.3.2) exists is 
formulated in the form of two inequalities: 


any ap 
ae mes <0, Go ru>d. 


In this case the solution that is bounded as t—>—oo has the form 


W ie a 
( ‘y= Vi-—@ | exp YyT+C,{ Y2—4 exp rat +( ). 
Ly 1 1 f 
(3.9.3.15) 
The boundary conditions yield the following system of equations: 
(t=O) f+0,+C,=—A, 
L+C,0/(y, —a)+C,b/(y,— a) -=0, (3.0.3.16) 
(t—>— oo) /=1, f=0. (3.5.3.17) 
Equations (3.5.3.12) yield 
C,= —A—C,, C,=(¥,—a—Ad) (y, —a)/d, (3.95.3.18) 


It can easily be verified that Eq. (3.5.3.17) is satisfied identically. 
Let us consider the system of equations for the next approxima- 
tion: 


dy ow eo een 1—1 
pot _ uz, + paw, +4(*t4w2—aw,+ 45") =, 
(3.5.3.19) 
0°Z 
a = fas 


me (BGetu(—y, )p)+2 22% _p(_y, ype S 


m OT 
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with 
_ OW _ 4B OW g ap 8 OW 5 
hy Ot dt ov © dt "1 ar ’? 
_ OZ, 1 dB — 2  ( OZ, ) 4A 
eo Ot B dt + 2 By ot] B 
Ou oe sel 1 
u(—vw, t) 2B,7 — > 
+ oy yer a 7 ) t) B 
1 OW, B ae ap om 
oars m ot sr m Ot Bs y=-—y OT 
=e (=ay.d ) Bis 2) 
0?Z, 7 OA 
D ( Y, t) 478, > .— “Oy |? eT ° 


‘The system of equations (3.5.3.19) can be solved in a manner similar 
to that used in solving Eq. (3.5.2.10). 

Let us transform the expressions for f, and f, using (3.9.3.6') 
and (3.0.3.7): 


f, == G, exp {y,T} + G, exp {y,1} + A,t exp {y,t} + Apt exp {7,7} 
+ Bo exp {(¥1 + Vo) TH+ B, exp {2y,t} + B, exp {2y,T}, (3.5.3.20) 
fe = —[N, (4) exp {yt} + Ny exp {p,T} + Dyt exp {7,7} 
+@,t exp {y,TH], 
where 


0 (Cyl; 
G;= aii iia, = ; 


K,;= — Cyl, De Fi + B,C; lis Vis 

B,= —A(A+1) Cilj,/2, t= 1, 2, 
By= —A(A+ 1) CC ek hie, 
N 


! “te (Cly.-+ +) 7 ( £ a bay 

jay 27 2D(—%, 2) Bila: | Cy} 
Ny= {4 (Cyl t+ Clam) + (221, 
BS | — t)Bilee) Cove} | 
®,= (3+ ea at 2 GB 


Fy lye Vet 2 (= Ys 8) BiB —4D (— ¥, 8) Biv 


eo nee. * 
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dD 2 1 0 
p lyn vi) Chi + C11 a ’ 
0 1d 
O, = (Fe++] By +23 ee =, Bive 
0 
to py t) Byv2/B 


0D 
—4D(—1, t)Byvi—B Z| v8) Calas 


{ OVe 
+ m Calo, ot 


y=- 


Here 
by ==O/ (yy —@), Tyg = 1, Lay = OY. —@), ag = 1, 


Cy = —A—(p,—a — Ad) (72 )/b, 
Cy = (1-4 — Ad) (2 — a/b. 


Integrating the second equation in (3.0.3.19) with respect to 
t from —oo to T, we reduce system (3.9.3.19) to a system of first- 
order equations: 


“ae Zant] (B Ge) + Wand] (B Ge) =f 
2 (ar u) Z_/(DB) 
Wis S| (mDB) = fas 
where f, is defined in (3.5.3. and 


(3.5.3.24) 


ox Ni 
fz == exp (VT) $5 2 exp (V2T) i + (1 — 1) exp (¥,7) 


pe (t — 1) exp we 


Note that in view of the above remark, y, ~ y.. Precisely, in view 
of (3.5.3.14) we have y, > y.,, which implies that, for —wo <1<0, 


exp (yt) + T* exp (Y,t) =O (exp (17). (3.9.3.22) 


‘This estimate shows that the terms in the solution to system 
(3.5.3.21) that have the form t” exp (y.t) do not “worsen” the gene- 
ral estimate of the solution in the presence of terms of the exp (y,T). 

Hence the solution to (3.5.3.21) that allows for the estimate 
O (exp (7,T)) exists if 


O,—0, K,—0, 


(Pra I) =0, (3.5.3.23) 
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where 1* is the eigenvector of matrix A* that corresponds to the ei- 
genvalue y,. The solution to system (3.5.3.21) has the form 


(”") = “a "| exp (y,t) +C, or ; 7 exp (Yt) 


ZL» 
en 4 ( dK, — bM,/7. 
ad — cb —cK,+a®,/y, 


d d 
+ By ( __ .) exp ((%1+ V2) tT) + By ( _ ") exp (2y;T) 


T eXp (YT) 


q 
+B,(_°) exp 2n0) 

Gy , 
+(y,f/—Ay! es exp (7,7). (3.9.3.24) 


G 
Note that vector (y,/— A)"! ? i is well-defined thanks to con- 
V4 


ditions (3.0.3.23) (to within the elements of the kernel of matrix 
I — A); we will select a fixed value for this vector. 
The boundary conditions for the functions W, and Z, have the form 


W |le=0 =9, Wy |x+-0 > 9, 
Z, |x=0 = 9, Ze |e+-0 > 0. 


Substituting solution (3.5.3.24) into (3.5.3.25), we get a system 
of equations for finding C, and C;,: 


C,b/(y, —a) + C,b/(y, — a) + Byd+ B,d+ Bd 
b Gy 
* (Yea— 4) (Yi — Ye) (hi, 1) i. | ED i= 0; 


C,+C,—B,c— ——_—_.—- 
| s+ C,— Be — Be + Gah (9 mt 8) =0 
Solving the system, we get (see p. 310) 


C= — Bet Bat Bah Bo drab de tbe) (aa) 
b (V1 — 


C3 = 0,4 (Bot Bet Bet By) C; 


(3.5.3.25) 


where 


b ok 
a d (Y2—4) (Y1—Ye2) (le, 1) fom! 1s) 


{ G, 
Ye * 
2 C (V1 — Ye) (le, 1*) ss ’ It) ; 


and I) is the eigenvector of A* corresponding to eigenvalue y.. 
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Equations (3.5.3.23) are the equations for finding the unknown. 
functions » (t), B (¢), and f, (¢). Let us rewrite these equations by 


employing the notations introduced -above : 


d dw 
a2 Ts Biy, = 9, 


Ou 
B dt Vier ar Pe ed t) Biv./B 
—4D(—, t) Biv; 
aD b 
er). kal —__—___. — 0) 
viP oy at m (Yi —4) 
a ee d 0D 
St LCCC (LE BS | 


| d d 
—2D(—%, ?) Balas | — C7144 — ae (Cyly4) — Clava uid = 0. 


(3.5.3.26) 


When the eigenvalues (3.5.3.14) of matrix A have different signs,. 
the solution to (3.5.3.11) that is bounded as t — —oo has the form 


(for yy >9) 


(7;)=(0)+(Z) av oe. 


Another necessary condition here is 


Y1 —a@— db = 0. (3.9.3.27) 


Other relationships linking w, B, and 6, that are similar to (3.5.3.26) 
can be obtained from the existence condition on ia} The right- 


hand sides of the system of equations (3.0.3.19) are determined by 
formulas (3.5.3.20), where we must put 


Pict, tated, Poa, Pook, 15858) 


A necessary condition for the existence of a solution to the system 
of equations (3.9.3.11) with an estimate O (exp (y,T)) as T—> — oo 
is (3.0.3.23) (where we have allowed for (3.5.3.28)). It can easily 
be verified that the system of equations (3.9.3.23) augmented with 
liq. (3.5.3.27) is overdetermined (four equations and three unknowns. 
p (¢), B (t), and B, (¢)). Therefore, when the eigenvalues of matrix 
A have different signs, the initial problem has no asymptotic solu- 
tion of the (3.5.3.2) type. 
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3.0.4 Equilibrium Precipitation (Coprecipitation) 
Accompanied by Other Intensive Chemical Reactions 


In this section we build an asymptotic solution for a system de- 
‘scribing precipitation in the case where the source-sink function has zeros. 


In this case Eq. (3.5.2.1) is replaced by 


Ov Ov &E Op 0*v 
tugts HF =DZ Fv, yb). (3.5.4.1) 


‘This equation is augmented with the isotherm equation of precipi- 
tation, @m = @ (v). | 

Let us consider the case where F (uv, y, t) satisfies the conditions 
usually imposed on the source-sink function in the KPP equation, 
which was extensively discussed in Sections 3.2 and 3.6. Thus, we 
have the problem 


Ov Ov g2 OQ 
(stu 5) +a ar 


_ 2 9 oy Fy yt) 
ay (Dy, t) a) ——=0, 


3.5.4.2 
=a—b/u'*, F(1)=0, F(A) =0, \ 


0O<c A<1,0<e<cl, 


where F can be equal, say, to d (y, t) (A (y, t) — v) v — 1), d >0 
with u, D, and A positive and continuously differentiable functions. 
The boundary conditions have the form 


Vv o=0 ous V(t), (p =i 
re (3.5.4.3) 


De apes 5 i gps cea 


We divide the differential equation in (3.5.4.2) by e€ and transform 
it to 

€°b Ov (A+1)/0 fF Ov Ov 

mn ot & ar + By 


es (D =) +etF(v, y, t)|=0. (3.5.4.4) 
We seek the solution v in the form 

vy, tye) =[Woly, t, 1) +28Wy(y, ty Teaser (3.5.4.5) 
with S (x, t, €) = B (t) (@ -- p) + Bi (@, t) (@ +H) + eS, (@, 2). 


‘The asymptotic solution to the given problem is given in the fol- 
lowing 
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Theorem 3.5.4.1 Let the system of ordinary differential equations 
p (2 +.u(—y, t)) =(1—A(—¥, 9) d(—¥, 0), 
D,(—», t)B?=(1—A(—y, t))d(—y, t), bp = const > 2, 


have smooth solutions B = 6 (t) and p =» (t). Then there exists an 
asymptotic solution to (3.5.4.4), (3.5.4.3) of the (3.5.4.5) type, with 


W,=Wilt, t)=1+-(A(—Y¥, )—1)X (7), 
where y(t) solves the problem 


d d? 


(3.0.4.6) 
X |r+-0 > 90, X |xs4to0—> 1. 
The function W, = W, (t, t) is defined for — wmt<0 through 
the formula 


T 
OW, ( | 
Se \ (exp (bot) 


— 0o 


W,=(A(—Y¥, t)— 1)" 


(8) 


LeWel00) ger) dy 
OT : 


exp (bot’) 


with b, the speed of the wave, the function B, will be defined below through 
formula (3.9.4.24), and S, is the solution to the boundary value problem 
for Eq. (3.9.4.23) (see below) satisfying the boundary condition 


—1 
Sy (2, t) |x=-p= Xx (qe) (3.9.4.7) 


with y~‘ the inverse of y(t). 
Proof. Substituting (3.5.4.5) into Eq. (3.5.4.4) and nullifying the 
coefficient of e°, we get 


OW » Oy OW 
OT p Ot Tu(— Hp, t) OT? 


—D(—y, 1) 2 PL F(W,, —H(t),t)=0. (3.5.4.8) 


Nullifying the coefficient of e4, we get 


bm 
mh, OT 


ov (N+4)/A f OWo (1 OB, , 2Bi OW 
B=-+W, : — le ae Bar) (TSW) 
+ pt + pu (—y, 1) 4 u(—y, 1) Be (_sy 


Ou OW > 
51) Oy |y=-p OT 


—D(—y, t) 54° 4B, (t—S,) 
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a2w aD t—S,\ 0?W, 
—D(—», t)) =F a 7 --s| B a 
0D OW Wo OF (Wo, Y, t) T—Sy 
Oy Jy=—p Ot aie ie 1) 5 OT 2B + dy y=-yp 8 
LW, OF ak Tame t) V4 W(a+4)/% {— ch 
0 T 
AW, OS, @W as 
+u(—, 1) {2 51-39 D(—y, #) 2B zt} =0. (3.5.4.9) 


In this equation we have used the following expressions for the de- 
rivatives of S (y, ft): 


as dp , (dB , 59 ab\ t—S; , _ OS, 
2 [pat (fay et) eG rm 
+0 ((e (t—S1))?) | | 
57 = [B+ Be am TEs 
= ee ote ae) 
+O((e(t—S)P |]. 
Sr = (2, + O(¢ (t —S,))] | r=s/e: 
y+ p= [e(t— S4)/B+0 ((e (t— S4)))] | ease. 
Let us study Eq. (3.5.4.8) in greater detail. If we put 
W(t, t)=14+[A(—¥, —11 x (0) (3.5.4.0) 


and assume that 


B(t) (Op/dt+-u(—p, t)) a, 
(A(—, t)—1)d(—, t) a Pe aenen 
(A (-—"p, t)—1)d(—Y, 2) 


then for the function y (t) we get a simple-wave equation of the 
KPP type (see Section 3.2.1): 


dy d*x _ , 
lees 7 —y(1—x)=0. (3.9.4.12) 


=S/e’ 
a 


+0 ((e(t—S,))*) | 


) | 


t=S/E : 


(3.5.4.11) 


We know that a solution y (t) satisfying the conditions 
Xx (+00) = 1, ¥(— 0) = 0 (3.5.4.13) 
exists if 


b > 2. (3.5.4.14) 
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Equations (3.5.4.11) must be considered as comprising a system of 
equations for finding the unknown functions f and »p. 

The second term W, in the expansion of the solution to Kq. 
(3.5.4.5) and B, are constructed in the same manner as in Section 
3.6.2 (see below). 

The function y has the following estimates: 


y ~ exp (lt) —C,exp(2lt) as T-~— o0. (3.0.4.19) 
We rewrite Eq. (3.9.4.9) in the form 


i _4 i _W, (1—2y) =a oT , (3.5.4.16) 
where 
ja — (Sg BSE Pe wearin Me (pr 4 af) oy 
+ St + Stu (wp, #) 28, F* + Se(r—S) | 
—D(—, t) 9 4B, (t—S)—F | B(r—S) Sa" 
—D(—y, #) 2 28,—p 7 _— 
—4(—p | Re W—1) 
— Bu. ep po (A (=F, t) —W,) (W,—1) 


_ OW, AS; 4 Wy OS, PW, aS, 
ge a ee ee Oy Ot? D(—'p, t) 2B} 


Note (see Section 3.2.1 and Eq. (3.5.4.10)) that the following esti- 
mates hold true: 


a -- O (exp (It)) as T>— -=w, 

W,—1=O(exp(lt)) as T>— ov. Pers 
The Wronskian of Eq. (3.5.4.16) has the form 

V = exp (b/t). (3.9.4.18) 


The general solution to Eq. (3.5.4.16) is specified by the formula 


v 4 
OW ,/Ot ( \ f OW,/dt” dv” V dv’ 


Ws Aap, p=1 v (War 
T 
AW, aw, ( Vat’ | 
+O, 5+. Se | peer ony 


-— 0d 
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The function f has the following estimate: 
f=O(tvexp(Ilt)) as t+>— oo. (3.4.0.20) 


Hence, just as in Section 3.4 (see also Section 3.6), for arbitrary 
B, and S, the integrals in (3.5.4.19) are divergent. 

If in the right-hand side of Eq. (3.5.4.16) we nullify the sum of 
terms with the asymptotic behavior exp (lit) as tT» —oo, we get 
the — equation: 


— p<? ¥ (A(—}, t)—1)l 


= (84 BBP) sa aH = 


ae CAL (ap, t) 2B,(A(—%, t)— 1) S,l/B 


_ Ou 
—F|W(A(— 1) 


+D(—, 1) PAS, (A(—p D—N+5° | BSP(A(—, 1) 
—B(A(—¥, 1-1)" | 1 —D(—, )(A(—W, t)—1) 2B. 
Khim, 2A) S, an t) — 1)/B 
+ Sno oo (A(—% )—1)(A(—v, YDB 

_s 1(A(—w, t)—1) +u(—y, St (A(—y, 1)! 
a. he SL (A(= 9, )—1)20 | (3.5.4.21) 


If we nullify in (3.5.4.16) the sum of terms with the asymptotic be- 
havior t (exp (/t)) as t—» —oo, we arrive at an equation for 6,: 


B-! (= +) L-+ 2B, lu(— vw», BISA | 


-~ 
— PW BE ay 7 yy 2 — ge | (A(— OB 
gin, He aa ,/B=0. (3.5.4.22) 


Combining (3.5.2.21) ol (3.0.2.22) results in the following equation 
for S,: 


2th Og 2? (AC —p, t)— 1) 1—B(A(— p, t) —1) 12 

—D(—¥, gata p, t)—1)4+-2 1(A(—y, t)—-1) 

+u(—y, )S21(A(—y, )—-1)—PD(—¥, 1) 28 4 =0. 
(3.5.4.23) 


oy y=—- 
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Solving (3.0.4. me we can find B, (by employing (3.5.4.11)). 


l Op oD 2 oe t) S,(A(—w%, t)—1) 
Bi=| 3 dt -s y=-p Oy a = 
—d(—y, 1) _ [BID —y, t)2l oo Al". (3.5.4.24) 


This implies that b > 2, just as in Section 3.2.1. 
Allowing for Eqs. (3.5.4.21) and (3.5.4.22) yields a new estimate 
for function f as tT — —oo: 


f=—O(vexp(2lt)), fV1—— =O(texp {(31— 8) t}), 


v/ (2) —O (exp {(b —2l) 2). 


Let us analyze the exponent in the last estimate. Equation (3.0.4.12) 
implies that 1 = (b — Vb? — 4)/2, so that b — 21 = VR2 —4>0. 
Hence the integrals in (3.5.4.19) exist and, by virtue of the boundary 
condition for W, at t = QO, 


0 


_ | ~1 IWo 7 
Cs =e \V f= dt, C,=0. 
By virtue of the boundary condition at y-= — y(@), 


Woy; t) |y=-poy— 1+[A(— Y, t)— 1] x (Si(— ¥, t)) = V(t). 


The last equation can be used to determine S, (—p, ¢), the bounda- 
ry condition (3.9.4.7) for Eq. (3.5.4.23). After carrying out the nec- 
essary substitutions and transformations we arrive at the final ex- 
pression for the function W, specified in the hypothesis of Theorem 
3.0.4.4, with W, = O (t exp (2/t)) as t-—> — co. The proof of the 
theorem is complete. 

Example 3.5.4.1. If d, u, A, and D are constant, that is, if the 
medium has not been excited, then 


vo(t)=(b/ay", (0) = [(b/a)" —1] (A— 1), 
t=y+t, p=bdt, B=1, b=(b,4+u)/[((A—1)d]. 
The function @ can be expressed in terms of v (see (3.5.4.2)). 
Thus, the rate at which the interphase is formed depends on the 


rate of Sdmmission u of the substance, the reaction rate, and the diffu- 
sion coefficient. Equation (3.5.4.14) yields 


b, = (1— A) bd—u, D=(1—A)d. 


_ The graphs of these solutions v and g are similar to those depicted 
in Figures 3.5. and 3.6. 
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3.6 Diffusion of Light in an Active Medium 


In this section we study the asymptotic sulutions for a semi-linear 
hyperbolic equation and compare them with similar solutions for semi-linear 
parabolic equations. For a discussed classe of perturbations in th 
medium there can be no asymptotic solution to a semi-linear parabolic equation 
(the KPP problem) at the minimal speed of propagation of the wave. 


3.6.1 Diffusion of Light in an Active Medium 


The hyperbolic diffusion equation (the heat equation or telegraph- 
er’s equation) emerges in the following problems: (a) diffusion of light in an act- 
ive medium, (b) propagation of thermal waves in continuous media, (c) turbu- 
lent diffusion, (d) the random walk of particles described by the Fokker-Planck 
equation (K. H. Cramer and S. Chandrasekhar), and in other problems (for a 
complete bibliography on the subject see [3.3, 3.34]). 

Generally speaking, a hyperbolic transport equation appears in problems 
in which we cannot assume the diffusion rate to be infinitely high and the mean 
free path of particles infinitely small and/or in which there are high gradients of 
temperature, concentration, and intensity (of the quantity transferred). 


_ In dimensionless form, for large values of time ¢ = tle, the prob- 
dem is formulated as follows: 
def 


0 0? , O 0 
Lu = & <-+2 re = (AC, t) K (u) ~~) —F (u) =Q, 


rER, tEe[O, 7], Oe<i, u>0, K(u)>0, (3.6.1.1) 
F (a;)=0, a;=const, i=0, 1, a,>a@, dF /du|,_, -~9. 


Here « is a small parameter, which appears naturally if we consider 


the solution to Eq. (3.6.1.1) for large ¢ = t/e (what interests specia- 
lists in all applications is whether the solution of a perturbation 
problem “reaches” the limiting wave, which propagates with the min- 
imal speed; see [3.25-3.29]); F is the source distribution function; 
the functions F (u), K (u), K (u) du/dx, and A (x, t) are infinitely 
differentiable and positive (the first three for u < a,); and the func- 
tion A (xz, t) > 6 = const >O0 characterizes the slowly varying 
properties of the medium. The boundary conditions are 


U|x+4+00 > Ay, Ulx+—co —> Ap. (3.6.4.2) 


The solution to the problem depends essentially on whether 
equation K (uw) = b has a root. 


Remark In what follows we consider all the cases. Variant (3.6.4.3) 
@an be reduced to the KPP equation (see p. 333) and corresponds to the 
case when the standard equation has an asymptotic solution of the 
{3.2.1.11) type. In some instances [3.43] when there is an asymptotic solution 
with the property 8 ~ t exp (bmin t/2), b5=bmin, T>— ©, the method given 
an Sec. 3.6.3 can be used. | 
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The following variants are possible: 


(1) K (vu) ~ 07, wu Ela, ay], (3.6.1.3) 
(2) K (ao) = 0%, or (3.6.1.4) 
(3) K (a,) = B, (3.6.1.5) 


where b is the speed of propagation of the wave. 

Moreover, the manner in which K (u) depends on wu also has a 
strong effect on the properties of the solution. 

For one dimension, variants (3.6.1.4) and (3.6.1.5) have been 
extensively treated in [3.3], while for many dimensions the solu- 
tion for these variants is constructed in Sections 3.6.4 and 3.6.5. 
In the present section we study the case of (3.6.1.3), where all the 
assertions remain valid for K = 1, too. 


Definition 3.6.1.1 A nonnegative continuous solution uw (2, t, 
e) to Eq. (3.6.1.1) is said to be a formed wave if 
Aju (zr, t, e)<a,; u(z, t, e)=a,+6,(e), cEQ,; 
u(x, t, &€)=a,—6,(e), LEQ; 8; (e€)=O(e”"), m>0, i=1, 2, 
where @; are regions in R. 


We will seek the asymptotic solution to problem (3.6.1.1), 
(3.6.1.2) in the form 


Uu (x, t, €) = X (T) +. ey’, (f, T) +0 (€7) | esx, t, e)/e (3.6.1.6) 


Theorem 3.6.1.1 Problem (3.6.1.1), (3.6.1.2) has an asymptotic 


solution of the (3.6.1.6) type, with function y (t) satisfying the simple- 
wave equation 


b sk o ((K (2) +) —F (y) =0, (3.6.1.7) 


y a eae = Ay + QO, Y esaves = a,— QO, K (y)— b? _> 0. 
The following inequalities hold true: 


AR/dyX|y—a,->0, adR/dy|yo0, <0, 


with R= F(x)(K (x) — b*)>0, XE(a, a), and b> Onin = 
2{[(dF/dy|y—a,) K (Q)] X [4 +4 (dF /dy|y—c,)\-}4/2, and the following 
estimates hold true (see the Remark on p 


x (T) ™m a) + XP EGF as t>—Ow, 
1 = (6— VP —Fhaay EOP Epa )/2 


. —1y1T 
X(T) ~ @y — EXP Ee as T > too, 


l= —b/2+ V b/4 4 dF/dy|,—c, (K (a,) —b") > 0. 
21—0105 
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The function S (x, t, &) has the form 
S(z, t, ¢)=B(4)(c+ (t)) +B, (2+ @ (4)? +85, (z, 2), 


where the functions B and @ can be found by solving the system of equa- 
tions 


6 (t) =(A(—@, 14)) 1/2, Bdg/dt =b=const>0. (3.6.1.8) 
The function B, (t) is specified by the following formula: 


d 
B, (t) = { — BS 
2 a Kae +P ie |» Kad F I 
x {=24(—o, 1) (b+ 20} enene 


The function S, can be found by solving the equation 


as 218 dy as d Y 

a ci K (ay) — b? i mee (BF pre “Ps (a) 
On LK 0 

+h] K (a) + 24(—9, 1) ee pS 0, 


The function W, has the form 


T Tv’ 
d 1 dX ( dy \-2/( f (dX/ , 
Wi= G+ Te vB ax | V (Fe) ( \ ij Geant ile 


x= — 


The functions f and V will be defined later (see (3.6.1.11’) and 
(3.6.1.13’)) and the following estimates hold true: 


b 
W,=0 ( exp tae) as t—->—Oo, 
3bmin V 1+4dF/dz |, 
V 8+ 36 dF/dy ae ’ 


z b—l 
W,=0O (1 exp sr) as tT—>— — DW, 


3 V 144 (dF/dy ly-a,) 
V 8+:36 (dF/dxz |,_,) 


2! 
W,=0O (texp eT) aS tT +~—OO, 


Omin SOX 


3 V1+4 (dF/dy |y—4,) 
V 8+:36 (dF/dx,_..,) 
and 
—] 
W,=0O (exp Ror) as T+ OO. 
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Proof. The main equations obtained after we substitute solutions 


(3.6.1.6) into Eq. (3.6.1.1) have the form 
dp ay dp \2 d*¥ 
pe ae t (Bar) ae 


— P2A(— g, t) = (K (x) =) —f (x) =0, 


(3.6.1.0) 
pat ts (pat) Se 
—BA(—@, t) fe (K(x) W)—-G2 wy =F, 
3.6.1.11 
where . | 
j= 2 (Bete 2) 2 He 
— Fe (2B Ge ae +20 —S0) St (Gr + 2B: SP) | 
— EI = (B-GE) +28: (4E) 7] 
FPF 5) oe (HUM ee) +B) Kw 


+ 2B,A(—@, t) K(x ) Sk “+. 48,4 (—9, t) (t —S,) — (K (x) $) 
+h(-O N= (K « ®) ( 2p =), (3.6.1.11’) 


Here we have used the following relationships: 


—S§ 
ape (Pov gf) Spee coe], 
es  d 


6t? ~~ dt (6 Se) +28, (GE) a wl 


S 
= p+24e(t—S, O((er)")| 
028 
Jar — 2By+O((er)) | _ 
L+O = se god us ee 
The function y solves the equation 
d d d 
b KH | (K(H—) 4 |-F(=0, (3.6.4.12) 


21* 
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and the functions f (¢) and @ (¢) satisfy system (3.6.1.8). Hence, for 
Lu = O (e?) to be valid it is sufficient that (3.6.1.11) be valid and 


that 
Wilr--0 =9, Wy|r+40= 0. 


The general solution to Eq. (3.6.1.11) has the form 


ms =C,% dt L +O, at L | v (se) ae 


T c” 
bo = \ v (24) (S Ae ay) ae. (3.6.1.3) 


The function V, or the Wronskian of Eq. (3.6.1.11), has the form 
T 

zs d ’ 

V =(K (x)—by%exp (6 \ Ra) (3.6.1.13’) 


Since, by the hypothesis of Theorem 3.6.1.1, K (a,) — 6? is posi- 
tive and in view of the results established in Section 3.2, the func- 
tion y has the following asymptotic behavior as t ~~ — oo: 


_ —_ _ l 
y~a,texpltt+texp2lt+..., b= ayer ; 


where 
f= = V 07/4 — (K (ay) — 6?) (dF /dx | y=a,) 
+ (b — wV 0? — b?— Din) > 0, 


b= 3 + 4 (dP/ dx |y=a,) 


(see Section 3.2). 
The minimal speed can be found from the condition that the dis- 


criminant be nonnegative: 


kK (2) (dF’/dyX|y~—a,) 
<P min = 98 VO TEA EPTAL Lyng, | 


The following estimates hold true: 
f=O(texp(Iit)) as t—> —oo, 
b 
V=O ( exp eect) as ™> — Ow, 


and the integrals in (3.6.1.13) are divergent for arbitrary 6, and 


S. 
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Nullifying the sum of coefficients of exp (It) as tT > — oo, we ar- 
rive at the following equation 


1a 8 (ar + Bae) | 


B 
Pine nas. (Bon) 
—1 a (8 “ar 7) + 2B: (Gp rai Bae = lenny K (0)? 


gk (a0) E+ 2B (—9, t) K (ay) 1— 4B, (— 9, t) S,K (a) P? 


+B | 
van a rp S21 — 0. (3.6.1.14) 


Nullifying the sum of coefficients of t exp (it) as tT» — ov, we get 


get ee, “H) 2B (Get Be) (3.6.1.15) 


+B | 


from which Eq. (3.6.1.9) follows. 
Combining (3.6.1.14) with (3.6.1.15) yields an equation for finding 


3h; -B 8s _[ 4 (p 48) +29, (22.)71 


+B S| K (ay) +22 (—@, 0) IK (ay) B-S* =0. (3.6.4.45") 


o ?K (Qo) -+ 4B,A (—@Q, 2) PK (ao) = 0, 


Let us investigate the denominator in rr (see also (3.6.1.19)). 
Allowing for Eq. (3.6.1.8), we get 
-= < B_4i (AP) 4-44 (—@, t)IK (aq) — (3.6.1.16) 
= 24(—@, t)[—b— 21b? + 21K (a,)] = —2A4(— 9, t) [b—21]<0. 
We see that the denominator can vanish. 
Let us -continue investigating (3.6.1.13). Equation (3.6.1.11) 


implies that if conditions (3.6.1.14) and (3.6.1.15) are met, the 
function f has an estimate 


f=O(texp2It) as te>— 00. (3.6.1.17) 


Moreover, as t—»—oo, the following estimates hold true: 
dX +7 . = b 
road 1__ Q (exp { (3! v} ) ; 


V() = (exe {(ze@gc —4) +}). 
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Let us examine the behavior of the exponent in the last expression 
as T—> — oo: 


b — 5b —21 
K (a) a8 — *! = Ka, 84) 
2 VB /4—(K (aq) — 0%) (AF Idx 1y—a,) 
_ ea s 0. (3.6.1.18) 


where we have employed an equation that follows from (3.6.1.12) and 
from the results obtained in Section 3.2.1, namely 


K (a))—b? dF 

esp ai, See Or es 

: : l dx -_ 
with 


f= him (gfe) >? 


Condition (3.6.1.18) implies that 
- b b 30 woo 
3l— Fame = (= a a LL VF —Binin) | (K (Q,) — 5?) > 0, 
with 
3bmin (1+ 4 (dF/dx |y 4.) 
V 8+36(aF/dy |,_,) 
Hence, the inner integral in (3.6.1.13) has the estimate 
TU 
_ ( fdx/dt)dt (31—b) t 
i= \ 7K (y) — 83) O (texp rane (3.6.1.19) 


a, 


Omin <b — 


and, aS Tt—>— oo, is convergent for 
3bmin V 1+4 (dF/dx |,_,,) 
V 8+36 F/dx |,_2,) 


and divergent for b>>(3/Y 8) Omin- 
The following estimate holds true: 


3bmin VY 1+4 (dF /dXx |,_, ) 
V 8+ 36 (dF/dy | cae) 


and, aS t—>— co, the following estimates hold true: 


i= Jv (8) * (1 ARES) a 


— CO +00 


_ (6—2l)T _ 
=0 (exp eo)» 21> 0, 


bmin <0 < 


1=0(?), b= (3.6.1.20) 
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82min 
V 8-36 (dFidX1,_,) 

(b —2l) t b 30minlt 
ol at SS = ee 5 
K (a5) —6 V 8+ 36 (dF /dx1—a,) 
| a 
V 8+ 36 (dF/dx|,_,,) 


04 = OS 
i,==0 G exp 
i,=0 (vexpz aaa) for b> 
Thus, C, = 0 in (3.6.1.13), which implies the validity of (3.6.1.10) 


and the following estimates (as t — — oo): 


_ aot) Onin <b << an 
W,=0 (expe Gj pF) + min < ~ V5FR GFE jaa) 


=O (exp TY *). pa __3Homin 

W,=0 (exp), Fi es (3.6.1.21) 
_ 21T 30min 

W,=0 (rexp Ka) = ) | V 8-36 (dF/dx 1,_,.) 


Let us study the asymptotic behavior of W, as tT—~ + oo. The 
estimate 


X(T) = a, —exp (— 1,7) + 0 (exp ( —1,t)) as T—>-+ Oo, 
1,=——2—, , y= —b0/2 4+. V P/4+4 (dFldy|,—.,) (K (a) —0) >0, 


_ | fdx/dt) dt —(214+b)t\ | 
i} V (K (xy) — 8?) O (exp —K (a) b= aS T—> 7 OO; 
+ 00 


v (+) “=o (exp Sane as T+ 00, 


and the integral J, converges as t > + oo. Then we have the fol- 
lowing estimate: 
—IT 
W,=0O (2 exp Sane e, as T>-+ oO. (3.6.1.22) 
We have, therefore, constructed an asymptotic solution to problem 
(3.0.1.1), (3.6.1.2), so that the proof of Theorem 3.6.1.1 is complete. 
The solution to problem (3.6.1.1), (3.6.1.2) is stable with respect 
to smooth perturbations and can be compared to the solution to a 
similar problem for the parabolic equation in Section 3.6.3 (see 
below). 
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3.6.2 Diffusion of Light in an Active Medium (Continued) 


In this section we consider another variant of the model used to 
describe the propagation of light in an active medium. 


Let us again take up problem (3.6.1.1), (3.6.1.2). Suppose that the 
algebraic equation (3.6.1.3) has no roots K (uw) # 6? for u E (ap, a) 
and that K (a,) — b* < 0, for the sake of deliniteness. The asymptot- 
ic solution to problem (3.6.1.1), (3.6.1.2) is of the (3.6.1.6) type. 
The following theorem is valid: 

Theorem 3.6.2.1 Problem (3.6.1.1), (3.6.1.2) has an asymptotic 
solution of the (3.6.1.6) type, with y (t) satisfying the simple-wave equa- 
tion 


ON te 2) 2X \ = 
b E+ (1K (041 GE) —F (x) = 0. er 
X%lt++00 = A, a cee K (x¥)— 0? < 0. 
The following inequalities hold true: 
R= F(x) (K(x)— 57) <0 


for ¥€(a, a,) and 


7 [dF /dx |g, | K (a1) 
nt ey V oes —T (3.6.2.2) 


7 —— : ax x=aQ 


and the following estimates hold true (see the Remark on p. 320): 
14? 
| K (a) — 6? | 
j= —b/2+-) b/4— |dF/dy |x=a, (K (a,)— 6°) | > 0; 


X~ a,— exp as T—>— oO, 
fw Oy + exp as T—-+ ©O,7 


ly = b/2+ V B/4+ (dF/dx|y—a,)|K (a) — 0? | >0. 
The function S(z, t, &) has the form 
S(z, t, &)=B (t) (4+ @ (t)) + By (4) (@ + @ (4)? + ES, (2, 2) 


(3.6.2.3) 
where the functions B and ~ can be found from the system of equations 
1 dq 
t —5b = . 
p(t) = a9 ae ers const <0, (3.6.2.3) 


the function B, is defined as follows: 


_ {g-1 28.9) 49 a8 ! 
By (t) = {4 at oar “at | K (aq) — 8? | 


an 1) K 7 ; 
+p & wwe Et em} P2(=9, t)(b—21,)|-!, 3.6.2.3”) 
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and the function S, can be determined by solving the equation 


Sea eta ca “ae “at + Cae (Bar) +28 a) 


ot | K (a) — 0? | 
Ll, K OS 
K (ap) + 2h(—, ) erp 


The function W, has the form 


T n 
Wa Cate |v (BY (| Hee) 


—Bar me 


x= — 


where f and V are defined in (3.6.1.11’) and (3.6.1.6) (see below). The 
following estimates hold true: 


—2l 
W,=0O (exp a as T—>-+oo, 
_ —(ly+))T _ 
W,—O (exp | K(a,) —8*] 77) as T—->— oo. 


Proof. The main equations, obtained by substituting solution 
(3.6.1.6) into Eq. (3.6.1.1), have the form (3.6.1.10), (8.6.1.11). 

The function y (t) is the solution to the ordinary differential equ- 
ation 


4 (| K(x) — | *) —F()=0, (3.6.2.4) 


% 12+ +00 = 4 %|1-»—co = Ay. 


Note that in this equation there is a “plus” in front of the second de- 
rivative. The functions £ (t) and @ (t) satisfy system (3.6.2.1), and 
for Lu = O (e*) to be valid it is sufficient that Eq. (3.6.1.11) be 
valid and that the boundary conditions 


W ilev-co== 0, Walartoo = 0 


be met. 
The general solution to Eq. (3.6.1.11) has the form 
Tv 
bea 
a a mee z \ v (+) dt (3.6.2.9) 
t n 
pg ae dx\~2 f (dx/dt) dt 
B?A(—@, 2) m | rie) ( \ Hk Oey) OM: 


The function V, or the Wronskian of Eq. (3.6.1.11), is 


V =(K (4) — By? exp (0| =). (3.6.2.6) 
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Equation (3.6.2.4), as shown in Section 3.2, is related to the equa- 
tion 


b+ = —R(0)—0, R=F(0)(K(0)—b) <0, 


with © € (a), a,), and has a monotone solution, d0/d& <0, that 
satisfies the conditions 


Oleg Oy Olen oO: 


This equation can be studied by the same methods as were applied 
in Section 3.2 (the Zeldovich equation with a nonpositive sink 
function). 

Here the constant b is negative (see Section 3.2) and the following 
estimates hold true: 


O ~ a,—exp(—1,&) as E>4+ 0, 

lj = —b/2+ Y W/4 + (dF (0)/dO|o=a,)|K (a,) —2?| > 0; 
O~a,+exp(l6) as E->— 0, 

ly = b/2 + V 87/4 + (dF (0)/dO|o=a,)|K (a9) — 2?| > 0. 


There exists an inequality that determines the maximal speed: 


= | dF (8)/dO |o_, | K (41)\ 1/2 
b> Omax = — 2 ( 4 |dF (8)/d® |e_, |—1 


In view of the results arrived at in Section 3.2, the function y has 
the asymptotic form, as tT > — ow, 


11T 214T 
%~ 4— CXP Te exp Ka) a iw (3.6.2.7) 


and the following estimate holds true: 


[ot 


% ~a,+exp ( eee ar ea +} +...astT>mt+o. 


The function y is monotone, dy/dt < 0. 
The following estimates hold true: 


[ot 
=O (tT exP ey aT | as T—-+ oo, 


— bt 
V =O (exp eae as T+ OO, 


and the integrals in (3.6.2.5) are divergent for arbitrary B, and S,. 
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Nullifying the sum of coefficients of exp : oe as t>-+ 00, 


0) — 5? | 
we get the following equation: 


eB (Boe) 

— eaten [28 SE GE 251 HE (Fe + 28s GF) | 
+[ gr (BE) +28: (SP) |B ae lene Te 
BS | K (a)— 28,2 (—@, OK (a) 

— 48,4 (— @, —— iad 


Nullifying the sum of coefficients of tTexp i Tia 


T 
TK a) 0)’ we get 


an equation for determining 6, (t): 


_, { 4B dp l | 
po (e+ 28.) —2 eet F aol 2p, SF) 
1,K (ap) loK (ao) 
+B, x=-@ | K (a y— ory + ABA (— » t) K (a) 0] 9: 
(3.6.2.9) 
From this follows formula (3.6.2.3’) for function B,. Combining 
Eqs. (3.6.2.8) and (3.6.2.9), we obtain an equation for determining 


1: 


0S, 2158 dp as dq dp \¢ 
“Ot a aa dt at + | (Br) + 2B, (ar) | 
an 1K ( 
Ox \x=-q K (a,) + 2A (—@, !) (a) oo BS oe == (). 
(3.6.2.10) 


Let us consider the denominator in (3.6.2.3”) (see also (3.6.1.19)). 
If we use (3.6.2.3°), we get 


dp I 1,K (a) 
“Be 4a (GE PT + 4h (— P> t) TK (an) By 


ae 9 toh? gg lo K (4) 
= 2A ( Q, t) |b Z | K (ay) — 8? | +2 | K (a)) — 6? ; 
= 2h —@, t) [0—21,] <0. 


We see that the denominator does not vanish. 
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Let us continue with the study of (3.6.2.5). Equation (3.6.1.11) 
implies that if Eqs. (3.6.2.8) and (3.6.2.9) are satisfied, the function 
f has the following estimate: 

; —215T 
f=O (exp [K@) 2 | 7 as T—>-+ 00. 


The following estimates also hold true: 


fV- (<4) =o (texp | as T—->-+ o, 


v (<4) “=o (expe) as T—>-1 oo. 


The inner integral in (3.6.2.5) has the estimate 


jV- (<*) dt =O ( Ae eet! A as T—> + oo 


T @xX 
: P TK (a) —8? | 


and is convergent, since b — 31, < 0. 
The outer integral in (3.6.2.5) has the estimate 


tm Vv (BY (| even) aw 


= re eee ee 
=O (texp ey 0) 
Thus, the following estimate holds true: 


— 21 oT 
W,=O (texp pa) as t+ +00. 


Let us study the behavior of W, as t ~ — oo. By virtue of esti- 
mate (3.6.2.7), we have 
- Lit __ 
f=O (texp [Ka@) 8] ) as T—— oo, 


and the following estimates hold true: 


/ (=) V#—O(texp prot) as T—>— 00, 
V (-E) = 0 (exp GS | aS T—>— 00. 


Since 6 + 2l, >0, the inner integral in (3.6.2.5) is convergent 


- 0O 


\ fV-} (=) dt =const, C,=0, 


+00 
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while for the outer integral we have the estimate 


—(b+21,)T 
I,=0 (exp aos) as T—~>- —®W. 


Thus, we have the following estimate 


W,=0 (exp Seth 


eX — as T= C 
P Fae 


since —b — 1, >O because b < 0. 

We have just constructed an asymptotic solution to problem 
(3.6.1.1), (3.6.1.2) for K (vy) — b? <0. The proof of Theorem 3.6.2.1 
is complete. 

The results of Theorems 3.6.1.1 and 3.6.2.1 suggest the following 

Remark 3.6.2.1. The following estimate holds true: 


W,/W, =o (1) as | t|—> o@ 
if C, = 0. 


3.6.3 KPP Waves in Nonhomogeneous Media 


In this section we give formulas describing the propagation of Kol- 
mogorov-Petrovskii-Piskunov (KPP) waves in nonhomogeneous media with 
slowly varying properties. It appears that in the class of smooth perturbations 
a wave with the minimal speed is unstable, contrary to the result obtained in 
Sections 3.6.1 and 3.6.2, 


3.6.3.1 An Asymptotic Solution to the Semi-linear Parabolic Equation 
with Constant Roots in the Equation F(u) = 0 


The wave solutions to the KPP equation (see Section 
3.2.1) have been studied in the classical work of Kolmogorov, Pet- 
rovskii, and Piskunov [3.26]. The equation is 
du 0*u 
Fp age — ft (u) = 9. (3.6.3.1) 
The invariant solutions to this equation are of the form wu (z, t) = 
© (x —- bt), where the function © = 0 (&) is the solution to the 


following boundary value problem (we assume that R (0) = 0, 
R (1) = 0, R (u) > 0 for u € (0, 1)): 


d @&0 
Oe ge (8) =9, _ 
lim @(f) =0, lim (0 (£)=1. (3.6.3.2) 
5+ —00 E+ -+00 


This boundary value problem has a solution if b>0b,,, = 
2 (dR/d © |exo)'/* (see Section 3.2.1, where we set forth the 
results of [3.25, 3.26]). An interesting property of the KPP equation 
is the tendency of the solution to the Cauchy problem to become, 
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as too, an invariant solution corresponding to 6 = byjy. In 
other words, the solution to the KPP equation, u (z, t), such that 
u (xz, 0) = a(x), with O <a (z) <1, a(x) =1,2> 1, a(x) =O, 
x < 0, and da/dr> 0, possesses the following estimate [3.25-3.30]? 


Uu (x, t) = 0 (x ae tO min) — 6 (x, t), 
| 6 (x, Zt) || oR!) > QO, as t> oo. 


In some papers this property is called the stability of a simple wave 
with the minimal speed. 

Let us consider the KPP equation with variable coefficients and a 
small parameter acting as a coefficient of the derivatives: 


5 F) 
Lu= et — & (A(z, t)<*) —¥ (2, t) R(u)=0, (3.6.3.3) 


ere eo Ee U|e+—o —> 0, 


where A (zx, ¢) and y (z, t) are smooth positive functions. Parameter 
e in the equation emerges, for instance, if the solution to the initial 


KPP equation (3.6.3.1) is considered for large times t~ tie and 


“large” x«~ zie. (Going over to variables x and ¢ in Eq. (3.6.3.1) 
and canceling out the wave, we arrive at Eq. (3.6.3.1) with A = 1 
and y = 1.) Below we construct asymptotic solutions to Eq. (3.6.3.1) 
of the form 


u (x, t) = O (S/e) — eW, (Size, ft, &), (3.6.3.4) 
where 


S (x, t) = B (4) (& + @) + Bi (4) (@ + @*) + ES; (Z, 2). 


Essentially these solutions are distorted simple waves, and the exist- 
ence of such waves means that the KPP waves are stable under slow 
variations of the properties of the external medium. 

It appears, however, that the solution to Eq. (3.6.3.1) of the form 
(3.6.3.4) exists only for 6 >b,,,, and, hence, the wave with the 
minimal speed proves to be unstable under such variations of the 
properties of the medium. 

On the other hand, if all the terms in the law of energy conserva- 
tion are taken into account, that is, if the term 07u/o?t? is retained, 
the result is a stable wave in relation to this class of medium pertur- 
bations. 

In Sections 3.6.1 and 3.6.2 we gave the result of the investigation 
of the complete equation (it can be assumed that K (u) = 1). Below 


“ Provided that a (&) isnot a solution to Eq. (3.6.2.2) for any value 
buyin. In [3.25] there are references to the works of R.A. Fisher, Y.A. Kanal. 
a McLeog, D.G. Aronson, H.F. Weinberger, and others (see also 
3.29]). 
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we employ this result in connection with Eq. (3.6.3.3). Let us give 
a formal solution to problem (3.6.3.3). We have 

Theorem 3.6.3.1 Let R (uw) >0, uw € (0,1). Then an asymptotic 
solution of the (3.6.3.4) type to problem (3.6.3.3) exists, and the func- 
tion © is a solution to problem (3.6.3.2) for b > byin. The functions 
6 (t) and @ (t) are defined through the system of equations 


B2A(—9, t)=y(—(2), t), B= 7(— (2), HO, (3.6.3.5) 


and the function B,(t) is defined thus: 


B()=[BF|_ PP ats] By 
x [2A(— 9, DLV RP —Bainl (3.6.3.6) 
where 
bain =2V dR/dOlo_o, 1=(b—V B— Bryin)/2. 


The function S, can be found by solving the equation 
OS, OS; On 

a ah =; t) Bl Ay eee Lg t Pid (— @> t) = 0. 
The function W, has the form 


dO 
WE, t)=C, 42 1 (—9, Op? 


9 Eft 


E Ss 
x \v ()~ (| fv du) dt’ (3.6.3.7) 


and the following estimates hold true (see the Remark on p. 320): 
W,=O (Eexp (21&)) as E> — co, b> 75 Pani 
W,=0 (Bexp ((b—1)8)) as E> — 00, B= Fa banin 
b—1L >; 


W =O (exp ((b—1)8)) a8 E> — 005 Bain <0 < Fo Prmin 
W, =O (® exp (—hf)) as E> ov. 


Remark 3.6.3.1 An asymptotic solution to problem (3.6.3.3) 
is generally described by formulas given in Theorem 3.6.3.1 only 
for the values of variables z and ¢ that obey the condition 
B (7 + o) + B, (a + 9)? ~ (x + g). Outside this region the solu- 
ey is continued by zero and unity, respectively, just as in Section 


336 V. G. Danilov, V. P. Maslov and K. A. Volosov 


Proof. Let us substitute the function (3.6.3.4) into Eq. (3.6.3.3). 
As in Section 3.4.1, we obtain 


Lu= {p22 2 —pr(—9, )Gr—r(— 9 YRO)} 
: R(@ 
+e {BF pa ? fen —y(—9, 1) ag” Wi} 
d2@ dQ ox 
+e[—{p=|__ &—Sy) _— ar leew 
29 
+ 28,A(—@, 1) S2+48,(—@, #) (ES) Ger 
ae dp , dB\§&—S, d® bad 56—S 
Ot. — (2B, at at ) B38 de x=—© =! R()} 
oe{8 Sn 9.0 AY OV, 663 


If B (é) and @g (t) are found by solving system (3.6.3.5) and © is 
the solution to problem (3.6.3.2), then Lu = O (e). For the condi- 
tion Lu = O (e) to be satisfied, it is sufficient that the following be 
valid: 


d sal 2W dR (9 
Ba Ge — BA (—9, 1) St —9(-9, 1) HO) Ww, = F(t, ®), 
(3.6.3.9) 


where f stands for the sum inside the square brackets in (3.6.3.8). 
The boundary conditions (3.6.3.3) imply the following boundary 
conditions for W,: 


Wilg--0=0, Wylgrto=0. 
The general solution to Eq. (3.6.3.9) has the form 
3 
' dO \-2 +, 
W,=C, oS oe a \ Vb dé 


§ 
rime, ope |v ($B) 


— 0 


-, dO 
fv-1 “ d&) db’, 


8 Cm rt 


(3.6.3.10) 
with V = V (&é) the Wronskian of Eq. (3.6.2.9), 
= exp (D&). 
As §-» — oo the following estimate holds true (see Section 3.2): 
© (€) ~ exp (J&) -+ C, exp (2/€)+ .. = (b—Y 6? — bhin)/2. 
(3.6.3.11) 
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Hence, as E—-~— oo, we have the estimates 


f =O (Eexp (1&)) + O (exp (J8)), 
V =O (exp (08)), 


and the inner integral in (3.6.3.10) is divergent as — —- — oo for 
arbitrary 6, and S,, since 22—b<0. 

Nullifying the sum of coefficients of exp (l&) as E> — oo, we 
get the equation 


OS ; 0S On On 
= ay + 2h (— gt) oda ag PS, + Bl — a 
+ 2B,4(—@, t)1—4B,A(—@, #4) 5,/° 
d@ dp 71S S, Oy _ 
+ | 28, b+ [ate | =O (3.6.3.12) 


Nullifying the sum of coefficients of € exp (J&) as E — — oo, we 
get the equation for B;: 


On dp , 4p l 
pl? |g + ABA(— 9 1) P—| 28, E+ Ge | 
+ Br! oy Pas: (3.6.3.13) 
Combining Eqs. (3.6.3.12) and (3.6.3.13) yields an equation for S,: 
as 051, 970A 
— 3 TA(—® t)2Bl aS + BPlar| 
+ 28,A(— gq, t)=0. (3.6.3.14) 


The solution to Eq. (3.6.3.13) has the form 


_ : On L dp _, OV 
B, (t) = —| PB ‘dz \x=-p f dt +P “he —_ 
x | 44(—@, 2) P— 2. aw (3.6.3.15) 


Let us calculate the denominator in (3.6.3.15). Substituting 
dg'dt and B from system (3.6.3.6) and the value of / from the hypothe- 
sis of Theorem 3.6.3.1, we obtain 


—4i(—@, t) P+ P= 2(—@, 1) lLVP—n > 0. 


Let us continue with the study of (3.6.3.10). If Eqs. (3.6.3.13) 
and (3.6.3.14) are valid, the function f has the estimate 


f=O (exp 2lé) as E> —oo. (3.6.3.16) 


22—0105 
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Moreover, a are the following estimates (as E— — ov): 


fV-*—_ =O € exp ((31 — 8) &)), 
i (3.6.3.17) 
y (28) = 0 (exp ((b—21) §)), 6—21>0. 
Let us analyze the exponents as T—> — oo: 
b— 2l =- 62 — bain > O, 
Ve — Bhai (3.6.3.18) 


3] —b = b/2 — (3/2) Vb? —binin > 0 
for Dyin <b6< (3/V 8) Omin- 
Thus, the following estimate holds true for the inner integral in 
(3.6.3.10): 


- © V-1 dt =O (texp ((31 — b) t)), 


and for 7 <b< (3/Y 8) min the integral is convergent as 
£ — — oo, while for b> (3/V 8) bain it is divergent as § > — oo. 
The following estimate holds true: 


T=0(8), b=(3/V 8) bin: 


As tT — — oo the following estimates hold true: 


: 4 
l= \ Vig (| Vg B) ® 
+00 
= O (exp ((6 — 21) &)), b— 21>0, 
Omin <0 < (3/V 8) bnin’ 
=O §exp (lf), > (3/V 8) bmn’ 
= 0 (Pexp ((b— 21)8), b= (3/V'8) bm. 
Thus, C, =O and (3.6.3.7) holds true as t-—» — oo. This implies 
that the following estimates hold true: 
W,=O (exp ((0—1) 8), Omn <0 < (3/V 8) mini 
W, =O P exp ((b—1) §), 6=(3/V 8) bmins O—1> 1; 
(3.6.3.19) 


— 0O 


W,=O0 (Eexp (218), b> 3/V 8) bin. 


Let us consider the behavior of the integrand in (3.6.3.7) as 
€—» oo. By virtue of the estimate (see Section 3.2) 


OQ ~ 1—exp(—I€), b= — /2+V /4+| dR/dO| e=i|> 0, 
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we lave (as €— oo) 
T 
\ 1V-* Se de =O Gexp ((2—) 8), 
is DA Ad (3.6.3.20) 
V(r) =O (exp © + 2h) 8). 
In view of the first estimate in (3.6.3.20), the outer integral in 
(3.6.3.7) is convergent as — — oo. This formula yields the estimate 


W,=O(Pexp(—1€)) as §—> oo. 


The proof of the theorem is complete. 

Let us investigate the condition b > 0, jn used in the proof of 
the theorem. If b = b,,, the denominator in (3.6.3.16) vanishes 
and, hence, the equation for finding £, (t) has no solution and the 
function fV-! (d0/d&) grows in direct proportion to | § |as§& — — o~. 
Thus, at b = by, the integral in (3.6.3.18) has no finite value for 
=’ <1 oo and, as can easily be seen, the equation for finding W, 
has no useful solution (i.e. a solution that decreases as | € | — oo). 
One could attempt to construct the next term in the asymptotic ex- 
pansion of the solution by employing the method of the “operator- 
valued symbol” [3.3], that is, by writing a partial differential equa- 
tion for W, (retaining the derivatives « (OW,/ot) and e (OW,/dz)), 
which is a linear equation with variable coefficients: 

OW 0 0 
eae Y lie bie esr) Witt. 
The operator-valued symbol A (0/0t, p) in this case proves to be 
nonhermitian (because of the presence of 0W,/dt), but a unitary 
transformation can be applied to reduce this operator to a hermitian 
nonpositive operator in the L, (R') space with a weight function 
exp ( — b&). However, the fact that the equation for B, (¢) has no 
solution at b = byi, means that the new right-hand side does not 
belong to L, (R*) with the weight function exp ( — D&). 

The propagation of a distorted KPP wave at 6 = by), is possible 
only if A = A(t), y = y (é), and A/y = const. Then Eq. (3.6.3.13) 
becomes an identity for every f, (t). Note that in this case Iq. 

t 


(3.6.3.3) in variables x and t= \ 2 (ade is an equation with 


0 
constant coefficients and possesses an exact invariant solution of the 


wave type. There are also other ways of constructing the second term 
in the asymptotic solution, but in Theorem 3.6.3.1 we have em- 
ployed the method in which the following estimates hold true: 
W,/W,=o(1) as E> —oo if C,=0, 
W ,/W,=o0(1) as €-> oo since W,=1—0. 


22% 
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3.6.3.2 An Asymptotic Solution to the Semi-linear 
Equation with a Variable Root of the Equation / = 0 


In this section we provide a solution to the problem of a parabolic 
equation of the (3.6.3.1) type with a variable root of the equation 
F (u, xz, t) = 0. The problem has the form 
0 
et — a2 (A (2, t) =— =) —v (2, t) u (uw (x) — wu) = 0 
(3.6.3.21) 
u(—oo, t)=0, u(~, t)h=u(zZ, 2b). 


The asymptotic solution to problem (3.6.3.21) will be sought in the 
form 


u (x, t, ©) = pw (x) [0 (S/e) + eW, (S/e, t)], = (3.6.3.22) 
where the function S has the form 

S (x,t, €) = B (tf) (cx + @ (¢)) + By () (@ + g (é))? 

i eS, (x, t). 


lf uw = p (a, t), the algorithm for constructing the solution is given 


in [3.3]. 
Theorem 3.6.3.2 Problem (3.6.3.21) has an asymptotic solution of 


the’ (3.6.3.22) type. The function © (&) is the solution to 
d® d*0 
b ET aE —O0(1--9)= 


@(—00)=0, O(c) =1. (3.6.3.23) 


The functions B and g can be found by solving the system of equations 


? = by(— 9, t)u(—9), A(—@, BB 


=y(—@, 4) p(— ). (3.6.3.24) 
The function B, has the form 
a. dB OL 
B= —| BP Z| (— 9) ae 
: oes. dp Ow 
+6 —-¢] 


c=-9 dt Ox 
x [2A(—@, te(— 9g) BI, 
B=1—VP—Bin, l= (D—V P— 4)/2, bin, = 2. (3.6.3.24') 
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The function S, (x, t) can be found by solving the equation 


‘ as 
St (—g)1—A(—@, Be (— 9) P2BS* 


On Ou 
ao a Gane sr ad Os Oo ae 
The function W, has the form 
dO e 2 dO 
WE, Daal or ea ‘(—@, t)B * (t) Ge 


x=—-@ 


£ 


: = 
x |v si \~" ( \ fV-+ du) aby, (3.6.3.25) 


dé" 


— Oo +00 
On d*@ dO On 
f= {Bar |g © 5) “ar TBE ee 
d@ d?@ 
+ 26,2 (—9, t) 2 + 48,.(—9, 1 E—S) SP 
dP dB \ §—S, dO , OV 6—Si 
(2p. B) | Er 
as dp \ dO a2 as 
+{(Se-4- Bs Ge) “Ge (—o 4) Ger Bf 
V = exp (08). 
Proof. The proof of this theorem is similar to the proof of [Theorem 
3.6.3.1. Obviously, for u =1 Eqs. (3.6.3.24) and (3.6.3.25) trans- 
form into the corresponding formulas in Theorem 3.6.3.1. At 


6 = Dyin the denominator in (3.6.3.24’) vanishes, that is, in this 
case there is no asymptotic solution of the type considered. 


with 


x—=—@ 


3.6.4 The Zeldovich and Semyonov Waves 
in Nonhomogeneous Media® 


In this section we study the asymptotic solutions to the Zeldovieh 
and Semyonov equations. We will demonstrate that, in contrast to the above 
solution to the KPP equation, these solutions are always stable in the class of 
smooth perturbations. 


3.6.4.1 The Zeldovich Equation 


The theory of propagation of the laminar front of flame 
(plasma-gas) widely employs a model first proposed by Ya. B. Zeldo- 


vich. In this section we briefly discuss an algorithm for constructing 


. 8 In the ps ee ow literature the Semyonov equation is 
sometimes called the Fitzhugh-Nagumo equation. 
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an asymptotic solution describing the diffusion-thermal structure 
of the flame front in a nonhomogeneous medium. Within the frame- 
work of the Zeldovich model, the propagation of a flame front is 
described by the following semi-linear equation: 


ge gr (2(2, t) =) —y(z, t) R(u) =0, 
cE€R,, tE[0, t’], t’>0. Eveeeny 
The function R (u) has two roots: R (0) = 0 and R (1) = O, with 
aR/du | yo = 0, dR/du | yw. >0, R >O for u € (0, 1). (8.6.4.2) 
Let us construct an asymptotic solution to Eq. (3.6.4.1) satisfying 
the boundary conditions 


Wich Wherageed. (3.6.4.3) 


An asymptotic solution to problem (3.6.4.1)-(3.6.4.3) can be con- 
structed by the method developed in Section 3.6.3 and has the form 
(3.6.3.4). For this reason we give only the result and comments on it. 
Theorem 3.6.4.1 Let the conditions (3.6.4.2) be met. Then problem 
(3.6.4.1)-(3.6.4.3) has an asymptotic solution of the form (3.6.3.4), 
with © the solution to 
d@ ae 
bo “de ~ de2 —R (O) = — 
Olean 0; Ole et. 
The function S (x, t, &) has the form 
S (x, t, &) = (Bb (é)+ eB, (t)) (e+ @ (2) 
+Bi(2) (e+ (1)? +28; (2), 


with by the Zeldovich constant (see Section 3.2). 
The functions B (t) and @ (t) can be found by solving the system of 
equations 


d sp ye 
B* (4) A(— q, th=y(— @(t), t), p=y(—9, t) do, (3.6.4.3') 
and the function B,(t) is defined thus: 
On ao by dB = 
Bi ()=—[B5>|_ eta ett | 
x [2A(—@, t) db 3]-!. (3.6.4.4) 
The functions S, and B, can be found by solving the equations 


= aioe 7 + 24(—@, t) Bop 


+l S| + 2BA(—o, =0, (3.6.4.5) 
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F exp (—dgg) { (8 a1 +B, 5" p) “de —2h(—@, t) BB Ses 


— an d20 an de® 
—| Ox x=—-@Q (S5— S4) “jag ae +B3> x= —- @ dé 
— (28, 2 +4) 44 E-Sy 
—pist| F(e)g- “sy dt —0. (3.6.4.6) 
The function ~~ has a form 
: z" 
_, de d@\-2/ — »,, dO ; 
W,= =C, 4} 1(—4@, t) p> | v (+) ( | fv dy) dé’, 


(3.6.4.7) 
and the following estimates hold true: ° 
W,—O (exp (20§)) as E> —oo, 
W,=0(@exp(—1§)) as § > o. (3.6.4.8) 
lp = —bol2+V b3/4+[dR/dO|o— |. 


Proof. Substituting (3.6.3.4) into Eq. (3.6.4.1), we get (3.6.3.8). 
The solution of the standard equation is obvious (see Theorem 
Dowel). 

Let us now analyze problem (3.6.3.9), following the pattern used 
in Section 3.6.3. Differences appear only in the solution of Eq. 
(3.6.3.13). 

Let us calculate the denominator in (3.6.3.15): 


4 (—q, t) P?— 2 = 2a(—@, t)1(21—,). 


In Section 3.2.1 it was found that b, = 1 for equations of the Zeldo- 
vich kind, whereby 


4 (—@, t) j2—_ ae = 2h (— 9, t) b, > 0. 
Hence, for equations of the Zeldovich kind the equation for finding 


6, always has a solution. Equation (3.6.4.6) follows from the ortho- 
gonality condition 


( fv-1 2 > d= 0. 


8 See Remark 3.6.3.1. 
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In view of the fact that conditions (3.6.4.4) and (3.6.4.5) are met, 
the integral in the orthogonality condition has a finite value. The 
proof of the theorem is complete. 


3.6.4.2 The Semyonov Equation 


In the mathematical model of autocatalytic chain chem- 
ical reactions proposed by N. N. Semyonov there emerges a semi- 
linear parabolic equation with a small parameter ¢« acting as a 
coefficient of the derivatives: 


A a Ou 
ete? 2 (A(z, 1) )—R(w)=0, (3.6.4.9) 
xe Ri, t € [0, I’). 


Here, in contrast to the equations considered earlier, the function 
R (uw) has three zeros on the segment [0, 1]: 


R(0)=0, R(a,)=0, R(1)=0, a,€(0, 1), 
dR/dO|e—»9 <9, AR/dO|e=a, > 9, aR/dO|e—1 <0. 
(3.6.4.10) 


Let us construct an asymptotic solution to Eq. (3.6.4.1) satisfying 

the following conditions: 
Wiewogeeay Wiese 0: (3.6.4.11) 

Actually an algorithm for solving problem (3.6.4.9)-(3.6.4.11) is 
given in Section 3.4, so that here we only formulate the result. 

Theorem 3.6.4.2 Suppose that conditions (3.6.4.10) are met. Then 
problem (3.6.4.9)-(3.6.4.11) has an asymptotic solution of the (3.6.3.4) 
type. The function S (x, t, &) has the form 


S (x, t, &) == (B (¢) + ef, (¢)) (2+ @ (4) 
+ By (t) (+ @ (4))* + €S; (2, t). 
The function © constitutes a solution to the problem *° 
be — FE R(O)=0, Olgs-o=0, Olgra=4, 
(3.6.4.12) 
where b<2V dR/d0e~.,; and the following estimates hold true 
OQ ~ 1—exp (JE) as E—> —oo, 
QO ~ O(exp(—1,&)) as E> o, 
1 = b/24+ V b/4+|dR/dO|o— |, 
ly = —b/2+ V P14] dRI@O lox: |. 


and 


(3.6.4.13) 


i 


(3.6.4.14) 


1” This problem has been studied extensively in Section 3.4.2, 
see also the Remark on p. 320 
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The functions B (t) and q (t) can be found by solving the system of 
equations ; 
B22(—9, th=v(—@, #), BSE =by(—9, 0), 


and B,(t) is defined thus: 
On 1 
B, (t) = —| p= cca’ ae A Be 3 
x [44(—@, t)lV 07/44] dR/dO|o—o II". 


The functions S, and B, can be found by solving the system of equations 
(3.6.4.5) and (3.6.4.6). The function W, is of the (3.0.4.7) type, and 
the following estimates hold true: 
W,=0 (Eexp (2/&)) as §—+> —o, 
W,=O(@exp(—1é)) as E> +o. 

Proof. The proof is similar to the one used for Theorem 3.6.3.1. 
We note only that in this case, as in equations of the Zeldovich kind, 
the denominator in formula (3.6.3.10) never vanishes. Indeed, suffice 
it to check the inequality 2/ — b > 0, which follows from formula 
(3.6.4.14) for 1. 


» aB 1, ay 


3.6.9 Propagation of Nonlinear Thermal Waves 


In this section we consider the problem of a formed thermal wave 
whose wavefront can release energy (e.g. see [3.34-3.36]). We assume that this 
energy release is caused by an intensive plasma-chemical reaction proceeding 
in a definite temperature interval and that the thermal conductivity coefficient 
decreases aS u grows. 


The process of propagation of a thermal wave is described by the 
following equation (in dimensionless form): 


Mu _ eV (4 (a, t) K (u) Vu) —F (u)=0, 3.6.5.1) 


Ou 9 
e> Te 


where 
xE€ R%, t€[0, T], O<e<l, usd, 
K (u) > 0, F(a;)=0, a;=const > 0, i=0, 1, a, >a. 


Here uw = T/T 9, x = z/zxy, € = Xoto/t, <1 is the small parameter 
in the problem, ¢ = t/(t,e), tj = x,/c, with z and ¢t the dimensional 
coordinate and time, 7’, is the characteristic unperturbed temperature 
of the medium at which heat liberation begins, x, is the mean free 
path of the radiation in the medium, c is the speed of the steady-state 
thermal wave, and x, is the thermal diffusivity of the medium. 

The functions F (u), K (u), K (wu) Vu, and A(z, t) are contin- 
uously differentiable (the first three, for u > 0), F (u) is the dimen- 
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sionless source function, K (u) is the dimensionless thermal con- 
ductivity of the medium, and A (x, t) > 6 = const > O characterizes 
the slowly varying properties of the medium. When the internal ener- 
gy of the gas is proportional to the temperature and the mean free 


ee eee Te OT" "CC On 


Fig. 3.20 


path of the radiation is a power function of the temperature, it is 
natural to assume that as u —a,_ we have 


K (u) =a,+ Ky (a,—u)/(K,—1), 1<K,=const <2. (3.6.5.2) 


The thermal wave is said to be formed if it is represented by a 
continuous nonnegative solution wu (z, t, &) to Eq. (3.6.5.1) such 
that for ay <u (az, t, €) <a, 


u(x, t, €)=a,+6(e), d(e) >), 
5 (¢)=O(e"), m>O0 for rEQ,, (3.6.5.3) 
u(x, t, s)=a, for rE Qs, 


where Q, and Q, are regions in R°. 

In the one-dimensional case, the solution constructed in this 
section is depicted in Figure 3.20. The problem of the propagation 
of a formed thermal wave in the one-dimensional case (x € R?) 
and with second-order time derivatives ignored has been considered 
in [3.35, 3.36], where the solution was constructed by matching the 
self-similar part describing the motion of the wavefront of the thermal 
wave with a certain constant describing the temperature in the inner 
region, and the graph of this solution resembles the one shown in 
Figure 3.20. On the whole, however, the constructed thermal wave 
does not satisfy the heat equation with constant coefficients discus- 
sed in [3.35, 3.36] due to the presence of discontinuous derivatives. 
The method of constructing the asymptotic solution described in 
the present paper is close to the one discussed in [3.3]. 

The main result of the present section can be formulated in the 
following 
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Theorem 3.6.5.1. The asymptotic solution to the problem of pro- 
pagation of a formed thermal wave is 


u(x, t, e)= W(x, t)+eW,(z, t) + 0 (8%) |ca9(x, ty/e (3.6.5.4) 
with W, = x (t), where the function x (t) is the solution to the boundary 


value problem for the ordinary differential equation 


dy dy d ay = 
oa ae — —— (K (x) SE) —F (x) =0, 


at? 


esos > Xle0> a4, 


(3.6.5.5) 


and the following estimates hold true: y = a, — O (t™%) as tT), 
a= 1/(1—q), a >O and y ~ ay + exp (lot) as T> ——& (Ly = 
const). The function S (x, t) has the form 


S (x, t) = b(t + p (@)) + Qi (Z) (¢ + (2))’, 
where b >2YVdR/dy\,-., and R = F (x) (K (y) — b?), and the 
function (x) satisfies the equation 
IV wp 2 = (BA (x, —rp (2))) 72. (3.6.5.6) 
The surface I (t) of weak discontinuity of the solution has the form 
T(t) = (a: p(t) = —2}, 
and the surface I (OQ) is considered fixed, 
Q,c {x: Y (7) < —t}, Q, Cc {x: p(z) > —F}. 
The necessary condition for the existence of a type (3.6.4.4) solution 


LS b = VK (a,).14 
[he function W, has the form 


w,= — | |v (4)~ | Ay | dt’, (3.6.5.7) 


— 0O 


where 


d’ d* d 
fa 2 5 A+ do, (2) t% 4 29, (x) 


dt* 


—b(Viv, Vi |1=-wix) K (x) % 


—K (4) Ed (2, —p(2)) (OVAp + 20,| VHP? + 2(V 9, Vy] 


11 This condition means that the speed of the thermal wave is 
— to the effective speed of sound inside the wave and was first propused on 
physical grounds by A.S. Kompaneyets. 
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On 0 ax 12 
a es aay ee (K () | b|Vyl 


--2 (2, — (2) Fe (KO) FE) 22 (CV, Vo) 


+ =e Vy? (3.6.5.8) 
and V, the Wronskian of the equation for finding W,, has the form 
= d 7 

V =(K (4) —byexp (2 \ KGa) | (3.6.5.9) 


The boundary conditions for W, have the form 
W | 14-0 = 9, Wi |.=0 = 0. 


The equation for finding @, (x) follows from the necessary condition 
of solvability, which for gq <1 and k -- q > 2 has the form 


0 4 5 
im [\ V (32) () eeepc) a’ | =0. 


— OO 


he function f is given by formula (3.6.5.8). 


If we put 
& x (dy/dt)? d 
Ip My (v’)( \ SRO ) ae, 
T — oO 


tc: 


0 Tv 
= | My(x')( | ey) at’, 


() v’ 
Par en (0 KO (dydt)2 at) 4, F 
I,= | M,(v) (\ SOO) av’, (3.6.5.10) 
i — CO 
0 ’ d ax \ aX 
oot (4 tae (KOG) ae), 
3 io’) { | ana | ck 
T — CO 
( Ct (dy/dt) (d2y/ar?) 
_ , t (dy/dt) (d*x/dt*) dt ; 


M,(t)=V (2), M(t) =V(K (y) 2%), 
then 


O;= se {= 1,440, + 20,—1,h (a, —p(x))2|Vul? 


<A (x, —4(2)) EVP Tes 
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x {BV ap, Vlas) Ps 
+(x, —ap(2)) (V+ 2°V, VP) J, 
> On | 
HID IVHP | La (2, — (a) 2(V 9, Vt |. 
(3.6.5.11) 


Proof. The main equation obtained as a result of substituting 
solution (3.6.5.4) into Eq. (3.6.5.1) has the form 


fe ig > as pace tay 


t= — 


at! ae) ot CN oe ae Noe 
Ww AW, aS, 
+2 We 4g We PR 4 O(8?) 
—e(Vi(x, t), VS) K (W,) “22 —en (x, t) K (Wy) “22 W2s 
@ ,\ OW a | | 
A(x, Ze {K (W,) 2 +e ZF (KW) W) +... +0(2)} 
—F(W,)—e ss W,=0. (3.6.5.12) 


dW, 
The function S(z, t, ¢) has the form 
S (x, t, &+)= (2) (t+ P ()) + O(2) (E+ (x))? 


(see [2.3]), with the following estimates holding true: 


- — E (x) a 201 Say + ? ((et)*) | 
a ET 29 ; 
VS =[ (2) V¥+ = (Vo+=™ Vy) +0 (ex) || 
(VS)? =| G2 |ViEz+ 2et (Vy, Ve) 
+ 4et [V pl? +0 ((et)?) | t=S/e ' 


VS = Vp + 2(VeQ, Vp) + 2g, (Vp)? + O (Et) [5 /e, 
07S 
op > 29, +O (TE) | c=5/c. 
Nullifying the sum of coefficients of ¢° and of e1 in (3.6.5.12), we 
arrive at the two following equations 
OW o*w 
57 P(t) + Zam (2) 
= \ o (Kiw.) 2”0) op 2 eee 
(t, —*p(2)) Ge (K (Wo) Ge) & (Vay —F (W,) =0, (3.6.5.3) 
OW 0*W 0? 
" a + << —A (x, —h (2)) => (A (Wo) W,) g? |Wp|? 


dF 2 
— ay Wis Tf, (3.6.5.14) 
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where 
2 a 02W OW 
ie — —* + 4qQ,T pea eee - 


Me 


— OV, VAli=-we)y) & ( Wi) 


—K (Wy) 2 a(x, —p(2)) [pV%p 
+2 Wo, Vp) + 29, (Vy)? 
4. (KW) ) [| (Vy) 


+ (a, —wp(2))2 ((Ve, Vy +E [Vyl) |. 


Assuming that b = o (x) and A (x, —* (z)) b? (Vy)? = 1, we find 
that the function W, = y (t) is the solution to problem (3.6.5.5). 
The change of variables carried out in Section 3.2 (see Eq. (3.2.2.3)) 
results in the following equation: 


d@ a0 
b— EO aE —R(9)= 


where 
R (0) = (K (a,— 9) —*) F(O), O>0, 
Olesc =A, Olesgun=a, aO/dE SO. 


This equation was used in Section 3.2 in connection with the case 


where 
dR (0)/dO |ex, = O 


(see also [3.3]). 
Introduction of V = a, — © yields the following equation: 


dV d*V ond 
be ae TRV) =9, 


Vi e-+-0o = @,—Ap, Vitsia=0, dV/dE<O, 
where the function V possesses the following estimates: 
Vw~i1/E as E> @w 
V ~ a,—a,— exp (lg) as E> —oo, 
where 
1, = 6/2 — V b2/4— dR/dO|exay- 
Function constitutes a solution to the problem 


IV |? = [070 (2, — wp (z))]7t. 
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At time ¢ the wavefront is described by the reference” 
T(t) = {a: p (z) = —t}, 
which separates the regions 
Q, < {x: p (x) > —t}, 2, — {x p (x) < —7F}. 
Employing (3.2.2.3), we can transform these estimates into 
y—a,—O(t%) as t> 0 (a=1/(1—4Q)), 
Y~a,texp (lt) as T—> — oo. 


Thus, there exists a one-sided localized solution to problem (3.6.0.5) 
related to a traveling wave. Let us rewrite the equation for finding 
W, in the form 


2W, dW, b—20K (W,)/at Ly, 62K (W,)/dt2-+ dF (W,)/dWo 
| 


6t2 sO K (W,) —? K (W,) —b? 
_ i 
= — 29D (3.6.5.15) 


Wilrs40=9, Wy|r+-0 = 9, 


where f is defined in (3.6.5.14). 

The Wronskian of the ordinary differential equation in variable t 
has the form (3.6.5.9). Equation (3.6.5.15) can be analyzed in the 
same manner asin [3.3]. The solution has the form (3.6.5.7). 

The function @, is found from the necessary condition of solvability 
of the problem and has the form (3.6.5.11). The integrals J;, i = 
1, 2, 3, 4 are found by formulas (3.6.5.10). 


3.6.6 Propagation of Nonlinear Thermal Waves (Continued) 


The algorithm for constructing an asymptotic solution changes 
little when the thermal conductivity coefficient increases with u. This modified 
algorithm is given below. 


Let us consider problem (3.6.5.1) for the case where K (u) has 
the form 


K (u) = a, — K, (a, — uF, (3.6.6.1) 


where a, and K, are positive constants. We will seek the asymptotic 
solution to problem (3.6.5.1), (3.6.6.1) in the form 


u(x, t, e)= W(x, t)+eW, (x, tT) +0 (87) |r—six, 2, eye (3.6.6.1”) 
The main assertion of this section is formulated in the following 
12 Here and in what follows it is assumed that on a surface I (0) 


the trajectories of the corresponding system of ordinary differential equations 
are projected in a unique manner on R32. 
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Theorem 3.6.6.1 Problem (3.6.9.1), (3.6.6.1) has an asymptotic 
solution of the form (3.6.6.1") with Wy = y(t), where the function x (t) 
is the solution to the boundary value problem 

d 5» a? d d 
bh 4 pe SX __@_ (K(x) *)—F(y)=0, (3.6.6.2) 


dt? 


%|c>-00 = Ap, | t-r00 = A, 
where 


b>2Y |dR/dO\o-a|, R=F (x) (K (x)—2), 
and the following estimates hold true: 

y~ a,—O(t%) as t>0 a=1/(kK—1), a>J, 

Y~ d)texp (lt) as T+ —oo. (3.6.6.3) 
The function S (x, t) has the form 

S (x, t) = @ (x) (x + (z)) + Qi (x) (@ + H (2))”, 
with rp (x) satisfying the equation 

| Vp = (0A (x, —p (2))). 


The surface T (t) of weak (removable) discontinuity of the solution has 
the form 


D(é)-={x: p(t) = —¢}, 
with T(Q) assumed given, 
Qc (2: p(e)<—H, Qc fz: H(z) > —9H. 


The necessary condition for the existence of a solution of the (3.6.5.4) 
type is b = VY K (a,). 

The function W, has the form (3.6.5.7). The function f is defined in 
(3.6.5.8), and the necessary condition for the solvability of the problem 
in the case (3.6.6.1) has the form 


0 
\ f(dy/dt) dt _ 
V (K (x) —b?) 


— Oo 


Function @, is defined in (3.6.5.11) with 


0 0 
t (dy /dt)? dt (dy /dt)? dt 
I, = \ - VW? I, — \ - wy? 


— OO — OO 


0 
— { Ky (ax/dt)" dt 
: M (3.6.6.4) 


— OO 
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d dx \ aX 
. tar (Kwa) ae 
lS ae 
0 
Fs | eA EAA ela bk | M=V(K(y)—D?). 


Proof. Equations (3.6.5.12)-(3.6.5.14) remain valid, W,) = y (tt). 


By substituting a, — © for y and applying (3.2.2.3) we can transform 
Eq. (3.6.6.2) into 


de d*® 
be — gee (9) = 9, ~R(O)=(K (0) —6*) F (0), 
Ole, w=, OBessn—a,, dO/dE< 0. 
This is the Zeldovich equation studied in Section 3.2 (see The- 
orem 3.2.2.2). Indeed, the substitution V = a, — © yields 


dV d2V ~ 
oa ae TR) =0, 


where R(V) <0 and VE[0, a,—a,], with 
Vi lt+400=4,—Q, Vies-.=0, adV/dE>0. 
The function V has the following estimates: 


V =a,—a,—exp(—1,§) as § > o, 


where 
l, = —b/24+ V B/4+4|dR/dV | ya, ~ao|; 
b>2V|[dR/dV | y=, 

and 
V =exp(l&) as E> — oo, 

where 


1 = b/2—Y B/4—|dR/dV | y—]. 


From this follow the estimates for y(t): 
X(t) ~a,—O(t*) as tO, a=1/(k—1), 
%(t) ~ a>t+exp(J,t) as t— —oo (l,=const). 
The remainder of the proof is the same as the proof of Theorem Pano 


The necessary solvability condition for g > 1 org <1 and K (u) < 
b* has the form ; 


0 
\ f(dx/dt)dt__ 
J V(K(x)—b?) 


— OO 


23—0105 
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The function q, is defined in (3.6.5.1) in which the /; are calculated 
via (3.6.6.4). As shown in Section 3.2, all these integrals exist. The 


proof of the theorem is complete. 
Let us give some examples of the solution of model problems in- 


volving Eq. (3.6.5.5). This equation is similar to the one that de- 


Fig. 3.21 


scribes diffusion of light in an active medium and the heat equation, 
for one thing, the heat transfer in a superconducting matrix (see 
(3.4.2.2) and (3.1.2.1)). 

Suppose that 


K(u)=1+ Vu—1, F(u)=2Vu—1(4Vu—1—3u+ 2). (3.6.6.5) 


In this case a) == 1 and a, = 2 are the roots of the equation F (u) = 
O, g = 1/2, k = 3/2, that is, 


K (u)~ (u— 1)F-* -+ 1, u> 1; F(u) ~ (u— 1), 


u—>i1-~0. (3.6.6.6) 
The equation 
Ou O7u 4) Ou 
es pete — (K(u))—Fw)=0 (3.6.6.7) 


has an exact solution of the form wu (az, ¢, ¢) = W(t), with tT = 
x + bt. The function W (t) satishes the standard equation 


», aW je ((K (W) —b*) < ) — F(w) =0, (3.6.6.8) 


dt 
whose properties were studied in Section 3.2. 
At 6 = 1 the solution to Eq. (3.6.5.5) has the form 
1+(1—exp(—v+—C)) if t> —1 (C=const> 0), 
W (t)= | ; 
1 if t< —1. 
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The graph representing this solution is shown in Figure 3.21. Sup- 
pose that in Eq. (3.6.6.8) 


K (u)=44+V2—u, F(u)=2V2--u(9—6 V 2—u—3u), (3.6.6.9) 


where a, = 1, a, = 2, q = 1/2, and k = 3/2. Then the solution to 
Eq. (3.6.6.8) has the form 


2 if toO 


2—(1--expt)? if t<O. ers 


| 


The graph of this solution is shown in Figure 3.20. 


uf Solution of Equations 
of the Ginzburg-Landau Type. 
Waves in Ferromagnetic Substances 


In this chapter we build the asymptotic solution to parabolic semi- 
linear equations of the Ginzburg-Landau type, a solution that describes the 
spin waves in a ferromagnetic substance, one of the initial stages in the devel- 
opment of turbulence on the surface of a liquid under parametric excitation, 
and some other phenomena. 


The nonlinear problem of regular structures emerging on the sur- 
face of a liquid and of the complication of these structures and their 
stochastization is important to many fields of physics, to such 
phenomena as the Langmuir waves in plasmas, the Tolmien-Schlicht- 
ing waves in fluid mechanics, waves on shallow water, spin waves 
in ferromagnetic substances, and waves on the surface of liquid in- 
sulators placed in an electric field or on the surface of ferromagnetic 
liquids placed in a variable magnetic field. Similar phenomena are 
observed when surfaces are exposed to ion and laser beams [3.23]. 

A theory concerning these phenomena and based on the approach 
used in studying capillary waves has been developed in [3.21, 3.22]. 
The emergence of structures on the surface of a liquid, the so-called 
Faraday ripples, is due to the parametric generation of counter- 
running waves. The conditions under which the complex-valued 
amplitude of such a wave varies smoothly in space have been for- 
mulated in [3.23]. The reader interested in the theory of such waves 
can also refer to [3.37-3.39]. 

When a pair of such waves interact, the graph of the absolute 
value of the complex-valued amplitude shows, in a certain interval 
of values of the parameters (see [3.23]), a number of sufficiently 
stable grooves, or bands (see Figure 3.7), while as the system evolves 
a sequence of dark bands emerges, and against the background of 
these dark bands smaller structures develop. Apparently, these 
structures can be described in the nonlinear approximation because 
the model describing this system has asmall dimensionless parameter. 


23% 
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The system of equations for the envelopes has the form 


da, Oa, i Ug Oa, _ lg Oa, 
Qa ete Oe a 
=i(H + Fb,b_) a& + tas [7 Jas? +8 laz|?+R (bs 2+ [0_])], 
(3.7.0.1) 
Ob, 0b, i Ug 076, _ vg 67d, 
a Yea Te oy Oe oer VP 


= i(H + Fa,a_)b% + ib, [T |bs.|? +8 |bz|?+ R (las|2+ [a_]?)], 


where y is the damping constant, a and 0b the dimensional complex- 
valued amplitudes of the wave, v, the group velocity of the wave, k 
the wave number, and F, H, R, S, and 7 are constants (see Sec- 
tion 3.1). 

The characteristic values of the parameters for steady-state capil- 
lary waves are F = 0.33 wk’, H = [k/(4w)] c, R = —0.18@k?, S = 
0.6250k?, T = 0.06250k?, y = 2vk*, vg/Ay = 3.4, and k = 20 x 
10-2 m-!, with A the wavelength and w the frequency. 

The excitation of a pair of waves modulated across the wavefront 
(i.e. along the y-axis) is described by an analog of the Ginzburg- 
Landau equation [3.23], which in dimensionless variables has the 
form 


+ w—ihu*—iu|ul]+iou=0, — (3.7.0.2) 


where o is a constant equal to B/y (see Section 3.1), n = ee 
t=ty, u=al(S4+T7)/y?"?, h= Aly =1+h, hh~ €, 

Vg (2kA*ym*)-*, and m an integer. Here ¢ = = Vi/o = Iv, als 
at -1]1/2 ig a small parameter (¢ < 1). 

The boundary conditions are 


1 oe, a ons o (3.7.0.2’) 


The following theorem holds true: 
Theorem 3.7.0.1 Problem (3.7.0.2), (3.7.0.2°) has an asymptotic 
solution of the form 


= V 0/2 (w, + tWs), 


nr 


n= Do (™M Va) 


I=! 
where 1, = 16,, 5, >> 26, with & the period of the structure, 
v2 _ Vo 
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and the following estimate holds true: 


—V2Nelne<8, <a ( MY ’ Ni N> : 


Proof. Equation (3.7.0.2) implies the equation (see Section 3.1.3) 
g2 
aoe aE + @(1—w*)=0, (3.7.0.3) 
where u =n (1+ i) = (1 -+ i) Vo/2o (£). Equation (3.7.0.3) has 
two trivial stable solutions wo = +1 and the solution 


Ws = +V 2/cosh €. (3.7.0.4) 


The graph of function (3.7.0.4) is given in Figure 3.9 (curve /). 
A constructive method of building solutions of the (3.7.0.4) type and 
time-dependent solutions for more general quasilinear parabolic 
equations is discussed in [3.3]. The function (3.7.0.4) is exponenti- 
ally close to O at a fairly small distance from point n = 0; precisely, 
for w_ the following estimates hold true: 


; -| 1—eN+o(e%), N>1, E>d5Vo/e= —N Ine, (3.7.0.5) 
~— {| —41+e%+o(e%), N>1, Ex Nine. oo 


Similar estimates exist in relation to solution ow +. 
Equation (3.7.0.3) is invariant with respect to the translation 
group; hence, the function 


1—exp ((y-+1) V 2/2) 

) y) ” 
Afexp (n+ m1) V 2/e) (3.7.0.6) 
w_—= — VY 2/cosh (£-+&,), &,=const 


is also a solution to this equation. The graph of function w_ is shown 
in Figure 3.9 (curve 2). Obviously, it is easy to select constants JN, 
6, and 6, in such a manner that all the necessary conditions are satis- 
fied. The function wu (y/e) + u ((n -+ )/e) is also, to within O (e%), 
an asymptotic solution to (3.7.0.2). The graph of this function is 
shown in Figure 3.8 (the cross section z = const). Apparently, the 
sequence of grooves can be described by the formula 


wo, (n/e) = 


u= (1+) X o E+) (3.7.0.7) 


where €; = /&,, &, = Ove, 6, < 26, and 6, is the period of the struc- 
ture. 

The steady-state distribution of the amplitude, that is, the graph 
of the functions |u | =o | W,; |, j = 1, 2, is shown in Figure 3.7. 
The functions 


u = (VY o/2)(W;+iW),) (3.7.0.8) 
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are asymptotic solutions to Eq. (3.7.0.2) to within O (e€%) uniformly 
in variable 1. The solutions thus constructed are stable within a 
certain interval of parameters. Their stability has been studied in 
[3.231]. where the solution to Eq. (3.7.0.2) was sought in the form 
U = Uet.-ct —~ Y (N, T) and a linearized equation for was studied. 
The solution of this linearized equation was sought in the form of 
plane waves. The characteristic modulation period in variable 
must not exceed 65 = [(2h,)7'/4/m] (mvg/(yA))'/*. Thus, the value of 
the period has the following upper and lower bounds: 


— VY 2Nelne< 6, < [(2e%1)-1/4/m] (av,/(pd))!/2. 


In conclusion we give the following 
Theorem 3.7.0.2 The semi-linear equation 


© tt om ieyeO, wee (3.7.0.8') 


: Ot ~e Ox? 


(ec is a small parameter), has an exact two-phase solution of the form 


1— Aexp(+V 2z/e) 


t, re ge te te Ree ee en gs eee en ee ee 
u (x e) 1+ Aexp(+YV 22/e)+ Bexp {(42/)/ 2—3t/2)/e} 


(3.7.0.8") 
with A and B constants. 

Proof. The proof of this theorem is given in [3.3] and can be carried 
out by directly substituting into Eq. (3.7.0.8’) a function of the form 
u (x, t, ©) = F (a, t, e)/G (a, t, &). : 

Function (3.7.0.5") depends on two “phases” (functions), +Y 2z2/¢ 
and (+2/Y 2 — 3t/2)/e, and satisfies, say, for the plus sign in the expo- 
nents, the following conditions: 


Ulyro > —1, Ulys+—-o > 1. 


Two-phase solutions to semi-linear parabolic equations have, appa- 
rently, not been studied up till now. 


3.8 Asymptotic and. Characteristic Exact Solutions 
to Semi-Linear and Quasilinear Parabolic 
and Hyperbolic Equations 
(Wave Type Solutions; Synergets Bounded as ¢ — OQ) 


A number of papers and books by the authors of the present article 
(primarily [3.3]) and other investigators, say [3.26-3.30, 3.37-3.40], devoted to 
the study of properties of semi-linear and quasilinear parabolic and hyperbolic 
equations involving a small parameter e have made it possible to clearly specify 
some classes of solutions to such equations. Here we give the solutions that 
are characteristic only of two classes. 
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In this section we deal with nonlocalized synergets of semi-linear and quasi- 
linear hyperbolic and parabolic equations that are bounded as € - 0. For com- 
parison, in Subsections 1.6, 1.7, and 1.8 we give without proof the formulas for 
localized solutions to singular parabolic equations bounded as e —> 0 [3.3] 
None but the one-dimensional case will be considered. 


1.1. Semi-linear parabolic equations with constant coefficients: 


0 02 2 | ee 
= — 3a —F (z)=0, .F (Z)EC [a,, a,]. (3.8.0.1) 
The equation .¥ (z) = O has two roots: z = a;,i = 1, 2. (The scaling 
transformation Z = u (dg — a,) 7- a, reduces this equation to 
F (u) = 0 with roots uw = 0 and u = 1.) The characteristic exact 
solutions have the form u (z, t) = 0 (&), § = ax + bt. Depending 
on the properties of F (uw), Eqs. (3.8.0.1) are defined as follows: 

1.14.4. Kolmogorov-Petrovskii-Piskunov equations (KPP equa- 
tions): 

ak dF 

F (0) =Q, F (1) = Q, ai ger A ven < 0. (3.8.0.2) 

A.l. F=u(i—u’), O=[e/(1+e8))?", a=-vV44+2v, b= 
(4-+ v) v/(4-+ 2v) (see also p. 184 in [3.3]). 

A.2. F=(u—1)(1—(1—u)*), O= [(1 + €8)7/" — e28/¥]/(4 + €8)?/”, 
a=v/V 4+2v, b= —v(4+ v)/(4+ 2v) (see also p. 184 in [3.3]). 

A.3. F=u(l—u), @=0(, a=1, 6>0, v>0, AgE= 


\ [w (1 —@®/2))-t do, Ay =[— (2+ bv) + (16 — 126 + 62 + 64y2)1/2] 
0 
(4(5—1)}-!, b= —6v/2 (see [3.37]). 
1.1.B. Zeldovich equations: 
F(0)=0, F(t)=0, | =0, “| <0. (3.8.0.3) 
7 du ju--0 ”’ du ju=t ; il 


B.l. F(u)=w(1—u), O=[(1—e-§V271, a@=+1, b=1/V2 
(see p. 198 in [3.3]). 
1.1.C. Semyonov equations (Fitzhugh-Nagumo equations): 


F(0)=0, F(a,)=0, F(1)=0, a,€(0, 1), 


aF - IF - IF (3.8.0.4) 
du ju—o . du uU=Q1 : du~ u=1 
C.1l. Two wave-type solutions: F = —uu? + (u + v) u? — vu, 


gq =Veci,u = (1 +e), a = +Y n/2, b =v —u/2 (see p. 193 
in [3.3]); u = a, (1 + e)-', @ = +v (2u)-/*, b = v (Qu — v) x 
(2u)7* (see p. 197 in [3.3]). 

1.1.D. If condition F € C1 [0, 1] is not met, Eqs. (3.8.0.1) may 
have localized solutions. 
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dF dF 
D.1. If F(0)=0, F(1)=0, aa =—o, $— 


; > 0, say, 


u=(0 ui 


F = —yul (1—u-9/2), yx 0, O<cq<l, then 


o=| (1—exp[ —<>4 yb |)" if 7<0, 


O if t>QJ, 
b=[—2(1+ q4)'y]!7, a= —1 (see [3.40]). 
dF dF 
D.2. ie F (0) =O, F(1)=0, aa — — Ow, Te we say, 


F—uln?u[b—Inu(2-+1nu)], 6=const, a=1, then 


e exp(—1/&) if &>0, 
=| 0 if E<0 


(see p. 73 in [3.3]). 


1.2. Semi-linear parabolic equations with variable coefficients:' 

0 0 0 , 
et — 2? — (A(z, t) = | —y(«e, t)F(u)=0, (3.8.0.5) 
u(—oo, t)=0, Uu(o, t)=1. 


The basic formulas for constructing asymptotic solutions: 


u(r, t, €)=[(O(E)+eW, (E, t)]Jexsve (3.8.0.6) 
S(z, t, €)=(B(¢) + Bs (¢)) (2 + @ (2) 

+B, (0 (c+ (OP +85), (3.8.0.7) 
a — a —F (0) =0, Oz, =0. Ole. 40—1 (3.8.0.8) 


© = exp (JE) +0 (exp (/f)) as E> —oo, 
@ = 1—exp(—Ig) + 0 (exp (— hg)) as E> 0, 


BA(— (4), N= y(—@(Z), 4), p  — »(—@(2), t) b, (3.8.0.9) 
an 0B 1 
Bi ()= —| PB) oS 
7 _g |RA(=@ 9 Br, (3.8.0. 10) 
WE, N= Ch '(—@, OPE 


13 Here and below we assume that the variable coefficients in 
the equations are smooth functions of z and ¢ and vanish nowhere. 
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x l v (2) (jw dy) d&’, (3.8.0.1) 


d?@ d@ 
_-g €—S)-Gr +8 |e 


+ 2824 (— §, A agli ae 


dp dB 7§—S, d® ae 
—| 26,42 + + | Bde sr ~ ee F(@)} 
+4 (Get + Bs Gr) ag (8) 2B 7 se 
V — exp (28), (3.8.0.12) 
— 1 em a oF Y+A(—@, t) 2BY1-+ pl -<* -* x=— 
+ 28,4 (—@, t) = 0 : (3.8.0.13) 
j exp (b) { (+ +B, 2) 4 
2 © OX 
—iA(-—-q, 2) 28, Sz — | B(E— Si) 7 - x= 
d@ dh dg = b— 51 de 
+ Be dé Oz |x=- —| 28, dt var r | Bode 
_ F (9) 225 — a oy _ Bano (3.8.0.14) 


1.2.A. KPP equations (see (3.8.0.2)). The asymptotic solution to 
problem (3.8.0.5) has the form (3.8.0.6). Function © can be found by 
solving problem (3.8.0.8), with J = [b — (b? — bjjin)!/7)/2, 1, = 
—b/2 -|- (b°/4 + | dF/dO |e, |)", Bs =O, and S, = S, (a, t) in 
(3.8.0.7). For functions B and @ we have system (3.8.0.9). Function 
6, is defined via formula (3.8.0.10), where B = 1 (b® — bjyin)!/’, 
and b >bmin = 2 (dF/dO |e—,)'/*. For function S, (z, t) we have 
Eq. (3.8.0.13), with Y = dS,/ozx. Function W, has the form (3.8.0.11), 
where a = -}oo (see Remark, p. 320): 

W, =O (Eexp {2/8}) as E> — oo, b> (3/V 8) bai; 
W,=O (exp {(b— 1) &) as E> — —=w, 

b= (3/V 8)b,,,, b—l>1; 

W, =O (exp {(b—1) 8}) as E> —o, 


Omin SOX (3/V 8) O mini 
W ,--O0 (exp {—1,§}) as E> oo. 
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1.2.B. Zeldovich equations (see (3.8.0.3)). The asymptotic solution 
to problem (3.8.0.5) has the form (3.8.0.6). Function © (§) can be 
found by solving problem (3.8.0.8), with b = by the Zeldovich con- 
stant, 1 = by, 1, == —b,/2 + (b7/4 -- | dFidO lez, |)'/°, and S, = 
S, (t) in (3.8.0.7). For functions B and @ we have system (3.5.0.9). 
Function 6, is defined via formula (3.8.0.10), where B = bj). For 
functions S, (t) and B; (t) we have the system of equations (3.8.0.13), 
(3.8.0.14), with Y — B, and /= b= by. Function W, is defined in 
(3.8.0.11), where a = —oo, while in (3.8.0.12), 


W, =O (Eexp {20)8}) as E> —oo; 


a as 
W,=O(E exp {—1§}) as E> 00; => =fs. 


1.2.C. Semyonov equations (see (3.8.0.4)). The asymptotic solu- 
tion to problem (3.8.0.5) has the form (3.8.0.6). Function © can be 
found by solving problem (3.8.0.8), with 1 = b/2 + m,m = (07/4 + 
| dF/dO |e=> |)'/?, 25 = —b/2 + (b7/4 -:- | dF/dO |o_, |)'", and S, = 
S, (t) in (3.8.0.7). For functions B and @ we have system (3.8.0.9). 
Function 8, is defined via formula (3.8.0.10), where £ = 2ml. For 
functions S, (¢) and Bs (t) we have the system of equations (3.8.0.13), 
(3.8.0.14). Function W, is defined in (3.8.0.11), where a = —oo, 
while in (3.8.0.12) 0S,/d0x = By and 6 < 2 (dF/dO |o—,,)'/*. Function 
W, has the following estimate: 


W,=O(§ exp {21&}) as E> — oo; 
W,=O(@ exp {—1,&}) as E> oo. 


1.3. Quasilinear parabolic equations: 
Ou 0 Ou Ou = 
PY) Se — ae LK (4% Ge) ar ]-F <0. 


The exact solutions to the equation 
dWw d , dW adWw 
» (Wo) — a eee (Wo. Te 
are related to the solution O(E) to the equation 


i 0 nvrla @ 
» (9) -— Fe — F (0) K (9, E 


|—F (4) =0 


)=0 (3.8.0.14’) 


through the relationship 


dW,\ dW, _ dO ; 
K (Wor “pe ) ae ae (EM), 


where €(W,) is the inverse of function © (&) calculated at point 


= ne 


3. Mathematical Models in Computer-Component Technology 363 


1.4. Quasilinear parabolic nonsingular equations: 


u J 0 0 
eo (u) ¢ (x, 7) ote? — | K ( u, ) d(x, t) = |-1 (x, t) F(u)=0, 
p(u) >0, K (w, =) >0, (3.8.0.5) 


u(oo, t)h=1, u(— o, t)=0. 


The basic formulas for constructing asymptotic solutions: 

u(x, t, e)=[W,(t)+eW, (tT, bt] lc=s/e; (3.8.0.15') 
S(x, t, &) = (B(t) + eB, (t)) (@ + Q(t) + By (2+ G)? + eS, (3.8.0.16) 
bp (W) —+-| K (Wy, 2) 22 |—F(W,)=0, —(3.8.0.47) 


dt dt dt at 
W (wo)=1, W(— ~w)=0, 
p’A(—9, t)h=y(— lz), 2d), (3.8.0.18) 


e(— p(t), BEY = dy(—@ (0), 2), 


B, (t)= — | preK (0, 0) 2% a rare t) 0 (0) 
_ sa 14 _— a 
pe], POs] | RA(—@, OBr, 
(3.8.0.19) 
W(t, t)=C, 2 —1-4(—@, HB () SV ae) (he 
, dW dW, 0K (W5, B)171 , 
<[V (K (Wo at) ) +e a | dt) de’, 
(3.8.0.20) 
Il 
f= —{B(r—S) +p =] + 28MA(—@, 0 
' OC 0 —S§ 
+ 48,4 (— g, )(c—S,)-—p =e ee 0 (W,) sd a 
Uy 0 
--[ 28, 64-4 | - B ; slid c(— , t) p (W',) 
+3]. _ F -_ 


+{(= + BE + \ st e(— 4, t)p (Wo) 


0S, all ye ‘ 
—i(—@, t) 2B aly, (3.8.0.21) 
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V=K* (Wo, S*) [| {60 (Wo) — Se (“Fe Ge (Mor 9) J 


Kk (W., sd dt | 


dt 
dW,\ dW, 
N=K(W,, S*)—2, 
(— af F) 9(0)¢ (—g, t)+A(—@, t)1,pxA (0, 0)Y 
+ BK (0, 0) __g t (Bik (— 9, t)K (0, 0)—0, (3.8.0.22) 
M{("F +B; 5") p (W.)e(—@, t) 2 — 2a (—@, t) BBA = 


— 0O 


Bae (8 Bae ; ani = 


—- Wo 
— 48,1(—g@q, t) 1 a eer fee + 0 (W,) I - 
+ (28: Ge + #) Anes; an 
— = IF (Wy) (t—S,) eS dt =: QO, (3.8.0.23) 


M =exp| — | {bp (Wy) K" (Wo, G2) 


= Ko (Wy Me) fe (Me eB) a 


1.4.A. Equation (3.8.0.15) with F satisfying (3.8.0.2). The asymp- 
totic solution to problem (3.8.0.15) has the form (3.8.0.15’). For 
function W, (t) we have problem (3.5.0.17), with By = Oand S,; = 
S, (x, t) in (3.8.0.16). For functions B and @ we have system 
(3.8.0. a Function £, is defined via (3.8.0.19), where 


== 2] [bp (0)/4— K (0, 0) (dF/dW|w,—o)|'/?; 
b> Onin = (2/p (9)) LK (0, 0) (dF/dW | w,=0) 17; 
L =: (b—YV 0? —Binin) p (0) (2K (0, 0))-*. 
For function S, (z, t) we have Eq. (3.8.0.22), with Y = Bs. Finally, 
function W, has the form (3.8.0.20), where a -= --oo (see p. 320). 


1.4.B. Equation (3.8.0.15) with F satisfying (3.8.0.3). The asymp- 
totic solution to problem (3.8.0.15) has the form (3.8.0.15'). For 
function W, (t) we have problem (3.8.0.17), with b = by the Zeldo- 
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vich constant for Eq. (3.8.0.14’), and S, = S, (¢) in (3.8.0.16). 
For functions B and @ we have system (3.8.0.18). Function fj, is 
defined via (3.8.0.19), where 


B =(b,p (0))2K-*(0, 0), L=byp (0)/K (0, 0). 


For functions S, (t) and fs (tf) we have the system of equations 
(3.8.0.22), (3.8.0.23), with Y = Bs. Function W, and Wronskian V 
are defined via (3.8.0.20) and (3.8.0.21), with a = —oo. 


1.4.C. Equation (3.8.0.15) with F satisfying (3.8.0.4). The asymp- 
totic solution to problem (3.8.0.15) has the form (3.8.0.15’). For 
function W, we have problem (3.8.0.17), with S, = S, (¢) in 
(3.8.0.6). For functions 6 and @ we have system (3.8.0.18). Function 
6, is defined via (3.8.0.19), where 


B=2ml, 1-= [lp (0)/2+ m] K-1(0, 0), 
m = [b292(0)/4+- K (0, 0) dF/dW,|w,=o0)'"?. 
For functions S, (t) and Bs, (¢) we have the system of equations 


(3.8.0.22), (3.8.0.23), with Y = Bs. For function W, we have 
(3.8.0.20), with a = —oo. 


1.4.D. The asymptotic solution to the boundary value problem 
for the KPP equation with a variable root of the equation 
F (x, t, vu) =O, that is, 


O e 
eS —& (A(z, t) —) —v(a, t)u(u(zr) —u) =—0, 
U | xe 4-00 = Bb (XL) |xe-+00: | gcaen =U, O<cmp< 1, 


has the form 
u (x, t, ©) = pw (x) [0 (S/e) + EW, (S/e, t)l, 
where function S has the form (3.8.0.7), Bs =O, S,; = S, (gz, ¢), 


function © (&) solves problem (3.8.0.8), and functions B (t) and 
q@ (t) are found by solving the following system of equations: 


FT TOV (—@, t)u(—@), A(—@, HRP =y(—@, t)u(— g). 


Function B, has the form 


ff 0 (AL) _ lL dp 
By = | Be" dr |x=-g L(— g) B dt 
1 a (yp? dp a 
re St sind ae _-g [RM t)u(— 4) by, 
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where B = 1 (b? — bhiin)/7, 1 = [b — (b° — 4)" 1/2, and bmin = 2 


a Subsection 1.4.A). Function S, is found from the equation 


p) 1+ 24(—@, thu(—@) Bp +y(—9) pS or 
_ BY ABA (—@, De(—@) 1 = 9. 


0 
4-20 (—@, t) 


CaS 


Function W, has the form (3.8.0.11), with a = -++oo, and f is defined 
by the formula 


dQ 
f={p(—9) (26, ae ) aa g "4 EE 
_ ap E—S dp dO dO On 
Te —— 5B ae ae —p(— Pp) B dE Ax. reer, 
‘S) 
— 2A (—9q, 1) wo? GE 


d?Q 0 (Ap) 
—B(§—S,) dé2 Ax og 


— 4B, (t)4(—@, ane 


i 


0 0 d? 
a “Sw (—@)—22(—9, 1) w(—@) Bt SP}, V = exp (08). 

The asymptotic solution to a problem involving the Zeldovicih or 
Semyonov equation with a variable root u = uw (az, t) can be con- 
structed by reasoning along similar lines (see p. 87 in [3.3]). Another 
asymptotic solution to the semi-linear parabolic equation is given 
in [3.30]. 

1.5. Hyperbolic quasilinear nonsingular equation (for the one- 
dimensional case see [3.3], while the multi-dimensional case has been 
considered in Sections 3.6.0 and 3.6.6). 

The boundary value problem: 


07u OE ran 
ate an ge (Ba, t) K (u) 3 +) -F (“= — (3.8.0.24) 
F oa =0, i=0, 1, K (u) > 0, U|x+400= Ay, Ux co = Mp. 


— 2B,A(—q, t) w(—®@) i 


Soe aaa e(1— 6) maa 


The basic formulas for constructing asymptotic solutions: 
u(x, t, &)=Yx(t)+eW, (Tt, 2), (3.8.0.25) 
S(xz, t, e)=B (2) ia a lilly (t) (x-+ @ (¢))*+ eS, (a, t) (3.8.0.26) 


d d = 
b ky | Kw-P| 4 ]-F (y)=0,  (3.8.0.27) 
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X(— 00) =a, Y( + O)= 4, 


B2(t).(—, =1, B=, (3.8.0.28) 
p(t) = {2 — 218 2K (a,)— Pl (3.8.0.29) 
+ BLK (a,) bias Sacue | K (ay) —D?|-1 {__2A(— gq, t) (b+ 2lw)y" 

as 218 dp 0S d dep 

adie Seen! 1 ae ae ie ee ae 


+ 2B, (t)° | + pk _ 


2h (—q, t) LK (ao) aa _ 
Tai Sh ae 


X= —@ 


W(t, I=C a +A1(—q, t) Bp *(t) = ck 
T t’ (3.8.0.30) 
x . V (SE) (\ EV (K Q—Pyt de) av’, 
Se cg 51 OS 4 
lS , (a Ba) ea | (3.8.0.31) 
— “7 [28 ans 2(tT— 84) GP 7 P (= + By +) | 
“FL (BE) +28: (GE) 480-80 ae |g 


Od 
+plE—=—| ot -BiA(— ®, t) II 
0S, dil 


+ 4B,4(— 9, De— 5) +h(—@, t)2B =, 


V = (K (y)—B)y%exp (0 \ [K(y)—Pytde) , I= K (x) HE. 
(3.8.0.32) 
1.5.A. The asymptotic solution to problem (3.8.0.24) with 


= _, <0, K(yy-P>0 


ax 
u=d, 7 du 


for y € [ay, a,] has the form (3.8.0.25). For function y we have prob- 
lem (3.8.0.27), with 


b> bmn =2{ | Kay [1+4= |] Py. 


X=A9 
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For functions B and @ we have system (3.8.0.28). Function fp, is 
defined via (3.8.0.29), with p» = 1 and / = b/2 — {(b? — bnin) X 
i! + 4 (dF¥/dy |y=<a,)]}/?/2. For function S, we have Eq. (3.8.0.30). 
Finally, function W, is defined via (3.8.0.31), (3.8.0.32). 


1.5.B. The asymptotic solution to problem (3.8.0.24) with 


- Fe | una, <0? K ()—- 8 <0 


du U=Ao : du u= 


for y € lay, a,] has the form (3.8.0.25). For function y we have 
problem (3.8.0.27), with 


b<Pmax= UF /dx yao] K (a)) (4[ AF [byl yma, | — A114. 


For functions 6 and @ we have system (3.8.0.28). Function £, is 
defined via (3.8.0.29), with wp = —1 and 


1 —b/2 + [b2/4+ (d.F/dy|y—a,)|K (ay) — 6?|]*/2. 


For function S, we have Eq. (3.8.0.30), and function W, is defined 
via (3.8.0.31) and (3.8.0.32). 

The asymptotic solution to problem (3.8.0.24) involving equations 
with the function ¥ satisfying (3.8.0.3) or (3.8.0.4) can be built by 
reasoning along similar lines (see [3.3]). 


1.6. Quasilinear singular parabolic equations: 


0 0 0 
eS — et 5 (K(u) 5) — Fu) =0, 
K (0) =0, K(u)>0 for u>0, (3.8.0.33) 


u(—oo, t)=0, u(o, t)=1. 
1.6.A. Characteristic exact solutions to Eq. (3.8.0.33): 


mu 


A.1. K(u)=(2—q)u'4, F = (4 — 21-9) 


(1—q)? 
x f ag et a urt-a | 
m 9 


0<q<1, b> G=4, m=(3—29) (2-9), 


xt bt—zx 1/(1-9) 
= {Les (—— ) | for r—2z,+bt>0, 
O for z-—-2z,+bt< 0 
(see p. 33 in [3.3]). 
A.2 K=Du™", F=u'(1—u’), m, g>0, m+q=1, v>9), 
U =x (§) | gaan bt)/e> a= 1, b= (4+ v) v/(4+ 2v), 
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D = v7/(4 + 2v) (see p. 78 in [3.3]). Function x (€) is given by the 
integral 


A.3. K(u)=2u, F=u([1—2u(1+21nw) Inu] In*u, 
exp(—t") if t> 0, 
u= ¥(§) em (x+ey/es i= | 0 if +< 0. 


A.4. The asymptotic localized solution to Eq. (3.8.0.33) (the 
“product” of exact solutions): 


u=[w (=t™) 4—#) +2,]| w (== *) (1-2) +2], 


& 


where W (&) is an exact solution to problem (3.8.0.33), and E£, and 
FE, are infinitely differentiable functions, 


. 0 if r< —bt—a), 
—~ 1 if z> —bt—a,+46,, 0<6,<l, 
F (i if c>bt+y,—Q, 
2 (1 if c<bt+y,—a,— 4, 
(see [3.3] and Section 3.7). 


1.7. Quasilinear parabolic singular equations with variable co- 
efficients: 

A.1. The asymptotic localized solution to the boundary value 
problem 


e Se — 9? (A(z, t)K(u) 5*)—F(u, 2, t)=0, (3.8.0.34) 
K(0)=0, F(0)=0, F(1)=0, 
K(u)~ u*! and F(u) ~ y*(z, t)u% as u—0, 
u(—oo, t)=0, u(oo, #)=—1, 
has the form 
u=[W,(S/e)+ eW, (S/e, 2%). 


Let us put K (vu) = u''p (vu) and F = y* (z, t) w9G (u), with 
po (0) #0, G (0) #0, and G (1) = 0. Function W, (t) satisfies the 
equation 


aw d dw 
ba — ae (K(W0) Gt) —F(W.) =0, 


Wy (T)|rm0 =9, Wo (T)|x+00 > 1 —0. 
Afg 24—0105 
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Function S(z, t, ¢) has the form* 

S(x, t, e)=B(t, e)(x+ (4, &))+Bi (4 e)(@+o(4, &))°, 

where functions B and @ are defined via the system of equations 
BY A4(—9@, t)=y(—-4@, 4), pt — (9, t) b. 

For function W, the following estimates hold true: 


W(t) =O (1%) as t>0, 


W,=1—exp (— +4") Fo (exp( — 5 )) aS T—> 0. 


e(1) 
Here 
(a) if kK+q>2, q>1, and F(u) >0 for u € (0, 1), then 
a= 1/(k —1) and J, = —b,/2 + [b?/4 + dR/dO |e-,]"/*, with by 


the Zeldovich constant in the Zeldovich equation 


d® d20 

(b) if k+q=2,q<1, and F (u) >0 for u € (0, 1), then a = 
(tk —1)* = (14 —q)t, 1 = —Ob/2 + [67/4 — dR/dO |e, |)? and b > 
2 (dR/dO lexo)'/*; 

(Cc) if kK+q>2, q<1, and F(u)<O0 for weE(O, 1), 
then a= (1—gq)7, 1, = 0/2 — [b?/4 — dR/dO |g_,))/", and 
6 <= —2(dR/dO |e.1)'/, where R (0) = ep (O) OF *¢G (0) = 
K (9) F (9). 

Function W, (t, ¢) has the form 


ow 
W,= —h*(—@, t) BP (tL, &) == 
T v’ 
V f(t, §) (@Wo/9) 
x \ eee \ ak 7 <0 dé | dt’. (3.8.0.35) 


Here 

(a)iigs>1, k+q->2, then the lower limit a in the inner 
integral in (3.8.0.35) vanishes; 

(b) ifg<1and k +q=2, then a = 0; 

(co) ifg<1 andk+q>2, then a = +o. 


Functions V and f are defined thus: 


V = K~? (W,) exp (b | Ko dt), 


14 Here and below, if functions B, m, and £, are independent of 
e at t=0, we must put 6 (t, 0), @ (t, 0), and 8, (¢, 0) in all formulas. 
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= { 2B)A (—9Q, I)A(W ae a“ + 48,7 —— pres =) A(—@®, t) 


d dB) t dWo | ay*(a, 2) 
—| 28, + B at 2 ae a, F(W>) 
aw 
+p eet ae (KWo) =) 
W 
+p S| KW) SS}. 


The following estimates hold true: 
W,=O(t#+!) as t—>0; 


a 


VS O (vexp (— Zay)) as T—> OO. 


Function 6, is specified by the condition 


(i) f(t, 1) 22 v-4K-+ (W,) dv =0 


O°) Q 


ifk+q>2andq>1 
or if k +q=2 andq<l 
or by the condition 


0 + 


if k + q >2 and q <1, and is given by the following formulas 
(1) ifk +g >2, ¢>1, 
or 1f A+q=2,q¢q<1,_ then 
y) ~1 
B,(t, e) ={2I,4(—@, 1) +404 (—9, H-F-ET, 
On dh 
~ {Bos weg PA ae a a 
1 dp 1, oy 
te ae fie ls ae _-o} ’ 
a \ Nx (K (W,) 2) dr, inet NK (W,) —* dr, 


0 0 


oo 


I= \ Nx 2 de, Iy= | Nu (W,) dr, 
0 0 
15 The condition (ii) can be rewritten in the form of (i). 


24* 
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at : 
~exp (— | gary); 
(2) if k+q>2, Pr then 
; 2d =-1 
B, (t, &) = a | {217,2(—¢, t)+4M,A(—g, t)— a M,} 


N= K (W,) 


B dt 
x {— pM, =— - e/g tat BM Se ra ee 
oe ue ga 
where 
My= (Vv (2%)? (( weep 4 ar (K (W,) S32) de’) dr, 
0 yore) 
m= \v (He) (( N(x’)! eo as ) dr, 
0 fore) 
T T 
M,=\v (=) (\ NOK WO Ze Tt dt’) dr, 
0 
m=(v (2 —| 20 we) v'F (W,) dz’) de 
0 (ore) 
For the multidimensional case see [3.3]. 
1.8. The equation 
et — 2? (A(z, t) 2) —8(2, 1) 
—y'(z, t)ut[A(z, t)—u] v=0, (3.8.0.36) 


u(—oo, t)=0, u(o, t)=—1 


with a variable root of the equation ¥ (x, t, u) = 0. 
The asymptotic localized solution to it has the form 


u(x, t, 2) =W ([S/e+eg (Sle, t, e)+O(e)], t, @) 
= Allu(z, t)y(S/e+eg(S/e, t, e) +O (&?)) 
ik >1,¢ >0,k +q¢q>2, uw >0, and function A (z, ¢) satisfies 


0A 0A 
; — 6(z, th =0, (3.8.0.37) 
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which is the limiting equation as e > 0, with u# + A. The function 
% (€) solves the boundary value problem 


dy d2yk 


dyk 
FE ae TA 0) = 0, Xiao = 0, Xle-0 = 1, SE 


de 


—_ 0. 
ee 


.ction S(z, ¢, ¢) has the form 


S(z, t, e)=P(t, e)(x+ (Et, €)) +B, (é, 2) (x-+ Q(t, €))*, 


where functions B and q can be found by solving the system of 
equations 


pAM-o/n-1(—@, t) (SP—6(—@, 1) =by*(—9, 2), 


(3.8.0.39) 
p°A(—@, t) AC-Diu-1(_—@, th=y?2(—@, 2). 


For function y (t) the following estimates hold true: 
X= CE°—C,E++B + 0 (E*+8) as E— 0, 
% = 1—exp(—1,&/k) +0 (exp (—1,&/k)) as Eo. 


(a) If k+q>2, q>1, and v=1, then a=(k—1)? and B= 
1+ (q— 1) (k—1)- and | a —b J2+[b/4— (dR/dO|g—1))'/*, where 5, 


is the Zeldovich constant in the equation 


b d® d*@ 


0 “dE de —R (0) = — 


(b) if k+-q=2, q<1, and v=1, then a=(k—1)!=(1— 9)", 
9 = —b/2 + [b?/4—(dR/dO/eu4)|'/2, b> 2(dR/dO|e_y)'/2=2Y k, 


__ akz (k-+-1)—2b + [(akz? (k + 1) — 2b)? + 4kz (q + kz?a2k — baz))}/? 
p= 2hz2 : 
__ b+ (b? —4k)*/? 


<7 (see Remark 3.2.2.1’, p. 270); 


(co) Pk +4 >2, es and v = —1, then a = (1 — q)"’, B = 
(k —1) (4 —g)2— 1, 1, = b/2 — [62/4 — (dR/d® |o_,)!"?, and 
b > 2 (dR/dO |e=,)'/*, where R (QO) = vkORtI-! (1 — OF), 

Function g(t, t, O) has the form 


t G 
g(t, t. O= — \ exp (I (§)) [| f(n, t) exp (—I(n)) dn | dé, 
: (3.8.0.40) 
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with 
: b dyk 
= a a aXr 
I(n) = \ (qut—2- nF) ak 
and function f defined thus: 


_ { 
Fe ee ee ar 
(8: 9= “ame pao, ) yh a 


1 
{BE A (— 0. Dp (Get 2B Ge) 


on 4B,1 (— Q, t) | 


2k ON 
+& es Aki (—@, ft) | B— 


dyk 
+ AtH (—@, t) 2B,A(—@, t) 


Alu (—g, t) - 
x= —Q 


On 
td oes 
— Ai dyk 
x=—- © dé 
.. q({— yn) Aa/ptt (— 
ceo BY ITA (— ®, ¢) 


+8(—9, t) Alm (—@, 1) 


eh = 1) = 


ars oe ok FH}. 


lik + q >2andq > 1, then the lower limit g in the inner 
in (2.8.0.40) is zero; if q<c 1 and & + q= 2, then a =| 

lig<i1andk+q>2, then a = ow. 

For function g(t, t, 0) the following estimates hold true 


g=O(t?) as t>0; 
g=O(t? exp (—J,t/k)) as T+ 00. 


Function B,(¢, €) is defined thus: 6, (tf, ©) = 6, ifa= 
lim 6, if a = + oo, 
T+ 0 
~ def y) d 
pb, = Bi Al/b(—@, t) ( (—Q, t)) I, 
—4A(— 9, t)1,A*/™(— @, 2) 
—24(—9, t)1,A%#(—@, t)] 
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Lame, 9 (8 EB) 
+AMH(—@, BSR] OL, 

+B (= eg i (-® 4) 

+2(—9, )24"| Ys, 

El paeimn nh] 


if a = O, the integrals are evaluated according to the formulas 


T 
I, = Se exp (—-\ xi* dé’) EE dk, 
0 


I= | (SE) ox (-4 | ui" db) a 
/ (3.8.0.41) 
tom [SB on (—E arta) Ba 


5 
I, = j exp (—+ \ inh dé! ) Ey (1— yx") dé, 


las 


oo 


tendo (Fete) (YO) 


: 
x exp (— | xt* a8) & hak] ak, 


tr J ox (= ee) (BE) *L| (PY 
x exp ( —2 ( = dé ) dé’ | dg, (3.8.0.42) 
E 
2 


tom (BY om (Eh are) [fF 
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x exp = xi* de) & SH ae’ | ak, 


: - 
tam { (SR) t oe (8 been [ 


es 
x exp ( _ \ = df | iy fas Raa ad de’ | dé. 


Let us describe the case where function A (zx, t) does not satisfy 
Eq. (3.8.0.37) and & >1,q¢ >0,k +q>2, and »p >0. Then the 
asymptotic to within O (7) solution to problem (3.8.0.36) exists and 
has the form 


u(x, t, e) = A(z, t)x¥(E+O0(e?)). 


Function y solves problem (3.8.0.38), and functions B and @ are 
defined via system (3.8.0.39). In view of the fact that function 
g(&, t, z, ©) can not be expanded in a Taylor series at point € = t 
in such a manner that the uniform (in t) estimate of the remainder 
term remains valid, g(&, ¢, z, 0) has the form 


wf 


2. kk 


exp (I (8))| | f (n) exp (—(n)) dn | a8, 


a 


g (&, L, L, 0) = — 


OXR 


T(n) = | ({xt*—2 m2) az; 


OO) 3 OC 


as E—>oo, the following estimate holds true uniformly in xz, 
t, and eg: 


g(é, t, x, 0) ~ — (exp BY wo (2, t), 
where 
Wy (2, t)=lim Eg, t, x, O); 
T-00 


finally, 
g=0O(6&) as 6-0. 


Function f is determined by the expression 


7 { 
, t= 
f(§, £) are t) B*. (—@, 1) _— 


x {— a AM (—@, t) > > (= +28, <P) 
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+ 48,2 (—9, #) | 


+E Ave(—o, ) [BS], 


d 
+ Amn (—@, t)2B,A(—@, #) 


dyk On 
+PAk/u(—9, t) 3p 


dyk @A/v 
+ 2h(—@, oa > a a 


: " — yh) Adee (— 9, 2) 


x=— 


x=-@ 
pee 
+6(—@, t) At/*(—@, 1E = # ee 


x=-@ 


dy 06 
+EAl/u(—@, ft) - 98 leant 


[we gAl/b ye 
+x) [-“A= 89 4 5(-9, ) AO) 


lig >1,k + q >2, then the lower limit a in the inner integral 
iS zero. 

Ifg<i1 andk4+q= 2, then a = 0. 

Iig<1 and k+q>2, then a = +o. 

Function f, (¢, ©) is defined thus: §,(¢, ¢) = 8, if a = 0, 
B, (é, ¢) = a ifa=+to, 


f, = {241(—9, #1, [22 —6(—@, 4) |B 


—4i(—@, t) AM (—9, t)I,—24(—@, t) T,A¥H(—q, NY 
06 id 
x { Ai/H(—@, t) iF (— i Br | 


an 
+ Abu (— g, 2) Ip =— 


x=-— |D 
On 
+ Bl | Akin (— 9, t) —— 


gAnl4 (—@, 1) 
7 oh =O, 2) 


x=— 


a 
weak: 


Ifk+q>2 and g>iork+q=2 and g<i, then a =0 
and the integrals J,, are e evaluated by formulas (3.8.0.41). 

If g<i1 and &k+q>2, then a = +oo and the integrals J,, 
are evaluated by formulas (3.8.0.42). 


25—0105 


~ 


+a ds Avett (—@, ths 
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1.9. Quasilinear hyperbolic equations: 


07u 


0 0 0 | 


F (a;)=0, i=0, 1, O<a,<a,, K(u)>0, dK/du¥0 


for WE (a, 4). 
The boundary conditions: 


The basic formulas: 


u(x, t, e)=W (S/e+eg (S/e, ¢, x) +O (e7)), (3.8.0.44) 
S(z, t, e)=B(t) (e+ (4)) +8, (O (e+ G(4))?, (3.8.0.45) 
be as ((K (W)—b) “= ) — F— (W)=0, E=t+eg, (3.8.0.46) 


ap <W<ay, W\tno =O, We+ieo= ay (K(W)—8) | = 0, 


2 = bVA(-—-@ 4), B(t)=YV a-1(— 9, t), (3.8.0.47) 


p, 22 _ *° _ R(@)=0, where R(@) =(K (0)—2).F (0), 


Oa dt? 
(3.8.0.48) 
t g 
g(t, t, 0)= —\ (exp 1(&)[ | F(n, t) exp(—Z(n)l dn | ab, 
0 


a 


(3.8.0.49) 


| 
I (f)= —2In| K(W) 5 — S| + | (KW) — bye, 


f= [(K(wW)—o) |] {= (E+ 28, 3B) 

+2 “ge 8p (28 Geta) +e Lar (Br) 
tara +28: (ar) J—bae (Ke) (8-0 0 
KW) (28A(—9, 04+8- |, o)}- 


g=O/(t?) as t—0, 
g= O(t? exp [—1,1(K (a,)— b?)-!]) as t— 00, (3.8.0.50) 


—— 


llere 


where 


or 16 
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Bi {5G Tot Ale (GF) —4(—o OT, 
+ 27, (2 By — 2i(—9, “—- ‘(a5 ah 
—2@ 7, [2 (pt) 42 2] I, 


_-e} (3.8.0.54) 


+ 1,6 +, 


Kae — 


hy 
S 
| 


E() Me, 


| (4) 1.4, 


hoy 
no 
| 


7) K (W) M, (E) dé, (3.8.0.52) 


4 
| 
o°——2 B ots 8 O°) g 


a “Eb ge (KM) MO, 
I= \ 8 Se Mi (a, 
0 


M (8) (\ (4) 8M, &) ab’) at, 


——— 
op 

omens 
ed 


= 


I, ( 
§ 
I, (e) (\ (S-) m.&) a’) @, 
E 
I ( 
: 


= (we (e-) Mi (8) K(W) db’) dé, (3.8.0.53) 
0 


16 Below we will discuss which formulas for J, (3.8.0.52) or (3.8.0.53), 


should be used in each specific case. 


25% 
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n= \M@(\ (Km SB) mere) a, 
0 g 

r= (1 @ (le Sem, ey ay) a 
0 § 


where 
M (8)=(K (W) —b*y2exp (—\ b(K (W)—2*)-*d8) . 


A.1. Suppose that 1<k< 2, g>0, wp >O, and K (u) ~ 
K (a)) + wu (u — ay)F-* and ¥ (u) ~ (uU— ao)? aS U> ay, with 
aF /du |u=a, <0. The asymptotic solution to problem (3.8.0.43) 
has the form (3.8.0.44). Function W (&) is a partial solution to prob- 
lem (3.8.0.46), function S has the form (3.8.0.45), and functions 
B and can be found by solving system (3.8.0.47). 

The asymptotic expansion of W as €—0O has the form 


W =a,+C,E%+0(E*), a=(k—1)-\, (3.8.0.54) 
and the following estimate holds true: 


W ~ a,—exp (— |1,(K (a,) — 5?)*|§) as E00, 
(3.8.0.55) 


If g>1 and k+q=2 or q<1 and k+q= 2, then J, 
—b/2 + - [2/4 — (dR/d®O |exa, I”. 

Ifg<iandk + q >2, then 1, = b/2 — [b?/4 — (dR/dO |e_—a,)]"/?. 

If k+q=2, then b > 2 (dR/dO |gxc,)'/* (see Remark 
3.2.2.1’). 

li k+q>2, then 6 = 0, is the Zeldovich constant. 

The necessary condition for the existence of a solution of the 
(3.8.0.44) type is that b* = K (a,). Function g(t, t, €) is defined 
via (3.8.0.49) and possesses the estimate (3.8.0.50). 

li g>1, k+¢q>2, or q<i1, k+q= 2, then the lower 
limit a in the inner integral in (3.8.0.49) is zero. 

lfig<i1andk+q>2, then a = +o. 


Function p, = 6, is defined via (3.8.0.51), where 


(a)ifg >1,k —- q >2, or q<1, k + q = 2, then the integrals 
are evaluated via formulas (3.8.0.52); and 


(b) ifg<1, K+q>2, 8B, = lim 6, then the integrals are 
| +0 


evaluated via formulas (3.8.0.53). 
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A.2. Suppose that p< 0,¢g >0,k +¢>2, K (uv) = K (a) + 
u (u — ayy, F (u) ~ (U— ao)’, and dF /du |yoa,< 0. The 
asymptotic solution to problem (3.8.0.43) has the form (3.8.0.44). 
Function W (&) solves problem (3.8.0.46), function S has the form 
(3.8.0.45), and functions 6 and @ can be found by solving system 
(3.8.0.47). 


The asymptotic expansion of W as § 0 has the form 
W =a, + CiE* + 0 (&*), a = (1 — Q)", 
and the following estimate holds true: 
W ~ a, — exp (—| 1, (K (a,) — 57)"* | §) as §> oo. 


The necessary condition for the existence of a solution of the 
(3.8.0.44) type is that b? = K (a,). Functions g and f, are defined 
in the same way as in Subsection A./, that is, by (3.8.0.49) when 
a= oo and by (3.8.0.51) when a = 0. 


A.3. Suppose thatg >0, u < 0, K (u) = K (a,) — p (a, — wu)? , 
F (u)~ (a, — u)%, and d¥/du |y-a, > 0. The asymptotic solution 
to problem (3.8.0.43) has the form (3.8.0.44). Function W (&) solves 
problem (3.8.0.46), where ag < W < ay, W |t-5-0 > dq, W |ts0 = 
a,, and (K (W) — 6b?) (dW/dé |z=0) = 0. 

If kK +q=2, then b> 2 (| dR/dW |wea,|)'”. 

If k+q>2, then b= by is the Zeldovich constant in lq. 
(3.8.0.48). 

The asymptotic expansion of W has the form 


W =a, — C,&* + 0 (&), a = (k — 1)", (3.8.0.56) 
and the following estimate holds true: 


W ~a,+ exp (1, (K-(a,)— 67) *|&) as E—- — 00; (3.8.0.57) 


here ifg>1,k +q¢q>2o0rq<1i1,k + q = 2, then 1, = —b/2 + 
[b?/4 — (dR/dO |g=a,)|'”. 

The necessary condition for the existence of a solution of the 
(3.8.0.44) type is that b* = K (a,). Function g (t, t, ©) is defined 
via (3.8.0.49) when a = —oo, while in formulas (3.8.0.52) and 
(3.8.0.03) the integration limit co should be replaced with —oo. 

A.4. Suppose that uw >0, Ox<qg<1, k+q>2, K (u) = 
K (a,) — wu (a, — u)Pt, F (u) ~ (a, — u)?, and d¥/du |y=a, > 0. 

The asymptotic solution to problem (3.8.0.43) has the form 
(3.8.0.44). Function W (&) solves problem (3.8.0.46), where a, < 
W <a, W |t+-co > a, W leno = a1, (K (W) — 6?) (dW/GE |g=0) = 
0, and b>2 (| dR/dW |wea,|)'”. 

The asymptotic expansion of W as €-— 0 has the form 


W ~ a, — C,E* + 0 (&), a = (1 — Qq)", 
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estimate (3.8.0.54) holds true. Functions g ad , are defined 


in the same way as in Subsection A.3. The necessary condition for 
the existence of a solution of the (3.8.0.44) type is that b? = K (a,). 


3.12. 
3.13. 
3.14, 
3.15. 
3.16. 
3.17. 
3.18. 
3.19. 
3.20. 
3.24. 
3.22, 
3.23, 
3.24, 


3.25. 
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